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Ozet — Ogretmen adaylarmin matematiksel akil yiiriitmeyi 6gretme yetenekleri sahip olduklar1 ispat
kavramlarinin kalitesine baglidir. Bu nitel ¢aligma, ortaokul matematik 6gretmen adaylarmin ispat kavramlarina
odaklanmaktadir. Bu amagcla, bu ¢aligma 6gretmen adaylarinin ispat deneyimlerindeki farkliliklar1 belirlemek
icin fenomenografik bir yaklagim kullanmistir. Yar1 yapilandirilmis goriismelerin analizi, niteliksel olarak farkli
bes kategori ortaya ¢ikarmistir. Buna gore, ispat (a) bir problem ¢6zme yoludur, (b) anlamanin bir aracidir, (c)
diisinmeyi ikna edici bir sekilde agiklamaktir, d) mantiksal argimanlar kullanarak varsayimlart dogrulamaktir ve
(e) matematigin kesfi igin bir aractir. Bu calisma, ispat kavramlariyla ilgili pedagojik bilgiye katkida

bulunmaktadir. Sonuglar, matematik 6gretmeni hazirlik programlarinin kalitesini artirmak i¢in kullanilabilir.
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Genis Ozet
Giris
Matematigin daha iyi Ogretilebilmesi igin tiim smif seviyelerinde ispata dayal
diisinmeye Onem verilmesi gerekmektedir (Herbst & Balacheff, 2009; Stylianides &
Stylianides, 2009). Ogrenciler, bulunduklar1 sinif seviyelerine uygun égretim etkinlikleriyle
matematiksel ifadelerin dogrulugunu veya yanlishigim1 gosterme potansiyeline sahiptir
(Stylianides, 2007). Onceki calismalar, hem ilkokul hem de ortaokul 6grencilerinin ispata

yonelik etkinliklerde bulunabileceklerini ve matematiksel bir iddianin dogrulugunu nasil
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tartisacaklarini anlayabileceklerini gostermektedir (Almeida, 2001; Miyazaki vd., 2017).
Bununla birlikte, 6gretimlerinde ispat etkinliklerine yer vermeleri ve 6grencileri bu etkinlikler
icin motive edebilmeleri i¢in, matematik 6gretmenlerinin etkili bir ispat anlayisina sahip
olmalar1 gerekir (Knuth, 2002a; Stylianou vd., 2015). Ancak yapilan ¢alismalar matematik
Ogretmenlerinin ve Ogretmen adaylarinin ispatin dogasini anlamamis olabileceklerini
gostermektedir  (Bansilal vd., 2017; Tamisli, 2016). Ayrica, Ogretmen yetistirme
programlarinin, O6gretmenlerin kapsamli bir ispat anlayisina sahip olmalarina rehberlik
etmesini destekleyecek sekilde diizenlenmesine katkida bulunabilecek olmasina ragmen, az
sayida arastirma matematik 6gretmen adaylarinin ispat kavramlarina odaklanmistir (Lesseig
vd., 2019; Sears, 2019). Bu nedenle, matematik 6gretmen adaylarinin ispat kavramlarinin

daha iyi anlagilmasini saglayabilecek ¢alismalara ihtiya¢ duyulmaktadir.

Ispat kavramlariyla ilgili calismalar, matematiksel bilgiye, yani deneysel, timevariml
veya tiimdengelimli siireglere (Makowski, 2020; Martin & Harel, 1989; Morris, 2002; Sears,
2019; Zeybek, 2017) veya icerik bilgisine yani ispatin anlamima odaklanmaktadir (Knuth,
2002a; Lesseig vd., 2019; Varghese, 2009). Bu c¢alismada da, ispatla ilgili i¢erik bilgisi
arastirilmistir.

Bu calismada, matematik 6gretmen adaylarinin ispat kavramlarini belirlemek icin nitel
bir yaklagim tiirii olan, fenomenografi kullanilmistir. Bu baglamda, ¢alismanin arastirma
problemi su sekilde ifade edilmistir: Ortaokul matematik Ogretmen adaylarmin ispat
kavramlarinin dogasi ve kapsami nedir?

Bu ¢aligma, 6gretmen egitimcilerinin 6gretmen adaylarinin ispatla ilgili igerik bilgilerini
daha iyi anlamalarini saglayabilir. Elde edilecek sonuglar, 6gretmen adaylarinin matematik
Ogretim pratiklerini olumlu etkileyebilecek bir ispat anlayisina sahip olarak mezun olmalarina
katkida bulunabilir. Ayrica, son yillarda yapilan bir calisma Ogretmen adaylarinin ispat
kavramlarinin kiiltiirel olarak farklilagabilecegini gostermistir (Lesseig vd., 2019). Farkli
tilkelerde caligmalar yapilmas1 6gretmen adaylarinin ispat kavramlarmin dogasinin daha iyi
anlasilmasini saglayabilir. Bu nedenle, bu ¢alismanin sonuglar1 6gretmen egitiminde kiiltiirel

farkliliklarin anlagilmasina da katkida bulunabilir.
Yontem

Egitim arastirmalarinda fenomenografi, 6grencilerin belirli bir fenomeni (bu ¢aligmada
ispat kavrami) deneyimledikleri, anladiklari, algiladiklar1 veya kavramsallastirdiklar:
niteliksel olarak farkli yollar1 ve bu fenomeni anlama yollarindaki cesitliligi tanimlamay1

amaclamaktadir (Marton, 1981). Bu niteliksel olarak farkli anlama yollarinin “referans” (veya
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atfedilen) ve “yapisal” olmak tizere iki bileseni vardir (Marton & Pong, 2005; Pang, 2003).
Referans ve yapisal bilesenlerin bir araya getirilmesi “sonug alan1” olarak adlandirilir. Sonug
alani, bir fenomenin ¢alisilan grup tarafindan nasil anlasildiginin farkli yollarini ve bu yollar
arasindaki iligkileri temsil eden bir gercevedir. Bu cerceve birbiri ile nasil iliskili oldugu

aciklanan kategorilerden olusur (Akerlind, 2005).

Bu calismadaki katilimcilar bir devlet {iniversitesinin matematik egitimi anabilim
dalinda &grenim goren dordiincii siif dgretmen adaylaridir. Ogretmen adaylarmin ispati
ogrendikleri ve kullandiklar1 matematik derslerinin cesitliligi, ispat ile ilgili daha fazla ve
farkli deneyimler yasamalarini saglayabilir. Bu farkli deneyimler 6gretmen adaylarinin ispat
anlayislarindaki ¢esitliligin daha iyi anlasilmasi i¢in Onemlidir. Bu nedenle, ispatla
karsilagabilecekleri tiim matematik derslerini almis ve genel not ortalamalarina gore farkli
basar1 seviyelerinde olan 6gretmen adaylarinin ispat kavramlari incelenmistir. Veriler yari

yapilandirilmis bireysel goriisme yoluyla toplanmis ve analiz edilmistir.

Bulgular

Veri analizinde arastirmacilar kendi ispat kavramlarmmin ya da literatiirde Onceden
belirlenmis ispat kategorilerinin veride olup olmadigina degil, tamamen 6gretmen adaylarinin
yaklasimlarina ve verdikleri yanitlardaki ¢esitlilige odaklanmaya ¢alismistir. Fenomenografik
analiz, ortaokul matematik 6gretmen adaylarinin ispat kavramlarinin niteliksel olarak bes
farkli kategoriyle ifade edilebilecegini gostermistir. Ayrica, bu kategorilerdeki farkliliklar
“biligsel siiregler”, “kapsam”, “ana odak” ve “duygular” olmak iizere dort boyutta
tanimlanabilmistir. Bu boyutlar ve kategoriler 6gretmen adaylarmin perspektifinden ortaya
¢ikmis ancak literatiirde yer alan ispatla ilgili baz1 anlamlar1 da icermektedir. Buna gore,
kategoriler ve ifade ettikleri anlamlar arasindaki iliskiler basitten karmasiga su sekildedir:
Ispat bir problem ¢6zme yoludur (Kategori A), ispat anlamak igin bir aractir (Kategori B),
ispat diisiincenin ikna edici bir sekilde aciklanmasidir (Kategori C), ispat mantiksal
argiimanlarla varsayimlarin dogrulanmasidir (Kategori D) ve ispat matematigin kesfi i¢in bir
aractir (Kategori E).

Ispat problem ¢dzerken gerekli olan bilissel siireclerden biridir. Ancak ispatin sadece bir
problem ¢6zme yolu olarak goriilmesi (Kategori A) farkli baglamlardaki ispat
farkindaliklarmi simirlandirabilir. Ispatin bir ¢6ziim yolu olarak gériildiigii bu kategori bu
nedenle, ispat anlamak icin bir aragtir kategorisinden (Kategori B) daha az anlam
icermektedir. Kategori B' de sadece ¢oziim yolu degil bu ¢6ziim yolunun kavramsal olarak bir

konunun anlasilmasindaki rolii de onemlidir. Bir diisiincenin veya matematikte kavramsal
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olarak anlasilanin bagkalarina da yazili veya sozel olarak ikna edici bir sekilde agiklanmasinin
(Kategori C) bir ispat oldugunu diisiinmek de Kategori A ve Kategori B' den daha fazla anlam
icermektedir. Benzer sekilde, varsayimlarin mantiksal argiimanlarla dogrulanmasini (Kategori
D) bir ispat olarak gérmek, 6nceki kategorilerden daha fazla anlam igerir ¢iinkii bu kategoride
ogretmen adaylar1 ispatin matematiksel yapisinin farkindadirlar. Ispati matematigin kesfi igin
bir ara¢ olarak gormek (Kategori E) ise Onceki tiim kategorileri kapsamaktadir. Ciinkii bu
kategoride ispat sadece var olan matematiksel bilgiyle (problem ¢o6ziim yolu, matematigin
anlasilmasi, agiklanmasi veya varsayimlarin dogrulanmasi) smirli degildir. Var olan bu
bilgilere ek olarak yeni matematiksel bilgilerin kesfedilmesi olarak da goriilmektedir. Bu
nedenle Kategori E 6gretmen adaylarindaki en karmagsik anlami tasiyan kategori olarak

nitelendirilmistir.

Kategorilerin yapisal bileseninin matematiksel bilgi ve ispat literatiiriine paralel olarak
tamimlanabilecegi goriilmiistiir. Ornegin, Sfard (2000) matematiksel bilgiyi bir sdylem olarak
tanimlamakta ve bireysel olarak sonuglari bulma veya bu sonuglarin digerlerine iletilmesi
olarak siniflandirmaktadir. Buna goére, bu c¢alismada elde edilen Kategori A ve B ispatin
bireysel olarak sonug¢larin bulunmasi ve anlasilmasi, Kategori C, D ve E ise sonuglarin
digerlerine iletilmesi olarak siniflandirilabilir. Ayrica, Zaslavsky ve digerleri (2012) bir
aciklamanin matematiksel yapidan bagimsiz kisisel olarak ispat olarak kabul edilebilecegini
belirtmektedir. Benzer sekilde, Kategori A, B ve C ispatin kisisel, Kategori D ve E ise ispatin

matematiksel kabuli olarak siniflandirilabilir.

Tartisma ve Sonuc¢

Bu ¢alismada elde edilen kategoriler toplanan veriden ortaya c¢ikmistir, ancak
literatiirde daha ©nce goriilen bazi ispat anlamlandirmalarmi da igermektedir. Onceki
caligmalardan farkli olarak kategoriler arasinda goriilen hiyerarsik iliski ortaokul matematik
Ogretmen adaylarinin ispat kavramsallastirmalarindaki artan farkindaliklarla ilgili bir ¢erceve
sunmaktadir. Bu ¢er¢evenin karsilastirilabilecegi baska bir ¢alisma bulunmamaktadir. Ancak,
elde edilen kategorilerin igerdigi her bir anlam, Onceki ¢alismalarda belirtilen ispat
anlamlandirmalartyla karsilastirilabilir. Ornegin, ispatin problem ¢dzme yolu oldugu Uygan
ve digerlerinin (2014) ¢aligmasinin, ispatin matematigi anlamadaki rolii ise Bastiirk (2010)
tarafindan yapilan ¢alismanin sonuglar1 ile benzerlik gdstermektedir. Kategoriler kiiltiirel
agidan da karsilastirilabilir. Ornegin, bu ¢alismadaki ispatin anlamak icin bir ara¢ olmasi ve
ispatin matematiksel argiimanlar kullanarak varsayimlarin dogrulugunun gésterilmesiyle ilgili

anlamlar Lesseig ve digerlerinin (2019) calismasindaki Koreli ve Amerikali 6gretmen
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adaylarinin ispat tamimlarinda da goriilmiistiir. Ispatin matematigin kesfi i¢in bir arag
olmasina ise sadece Koreli 6gretmen adaylarinin yanitlarinda rastlanmistir.

Sonug olarak, bu ¢alismada bulunan kategoriler, d6gretmen egitimcileri tarafindan
O0gretmen adaylarmin ispat anlayislarin1 anlamak ve degerlendirmek i¢in bir model olarak
kullanilabilir. Ayrica, bu c¢ergeve Ogretmen adaylarinin matematik 6grenimlerinde ve
Ogretimlerinde ispatin onemli yonlerini géz Oniinde bulundurmalarina yardimeci olabilir.
Ancak, daha detayli ve genellestirilebilir bir ¢ergeve elde etmek i¢in baska calismalara da

ihtiyac vardir.
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Abstract — The capability of pre-service teachers to teach mathematical reasoning depends on the quality of their
proof conceptions. This qualitative study focuses on proof conceptions of middle school pre-service mathematics
teachers. To this end, this study employed a phenomenographic approach to identify the variation in pre-service
teachers’ experience of proof. Analysis of semi-structured interviews revealed five qualitatively different
categories: proof is (a) a way of problem-solving, (b) a means for understanding, (c) explaining thinking in a
convincing way, d) validating conjectures using logical arguments, and (e) a means for discovery of
mathematics. This study contributes to the pedagogical knowledge about a framework of proof conceptions.

Results may be used to promote the quality of the mathematics teacher preparation programs.
Key words: phenomenography, pre-service teachers, proof conception
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Introduction

Mathematics educators argue that proving activities should become a part of
mathematics teaching practices at all grade levels (Hanna, 2000; Herbst & Balacheff, 2009;
Stylianides & Stylianides, 2009). The reason for this argument is that the logic of proof is
necessary to develop students' mathematical reasoning. Students of all grades have the
potential to understand the truth or falsehood of mathematical statements through some grade-
level appropriate teaching activities (Stylianides, 2007). For example, previous research
shows that students at elementary grades can engage in proof-oriented activities and
understand how to argue for the truth of a mathematical claim (Almeida, 2001; Shifter, 2009).
Similarly, previous studies report that middle-grade students can construct justifications for

their solutions and convince their peers by explaining their reasoning (Aylar & Sahiner, 2014;
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Miyazaki et al., 2017; Mueller, 2009). These findings support the view that students should

encounter the activities involving reasoning and proving in early grades.

The manifestation of proof in school mathematics largely depends on the nature of
teachers' views and understandings about proof (Knuth, 2002a; Stylianou et al., 2015).
However, providing opportunities for their students to engage in proof-oriented activities can
be challenging for mathematics teachers (Stylianides et al., 2013). Previous research shows
that mathematics teachers may not have a proper understanding of proof (Tanisli, 2016).
Similarly, research demonstrates that pre-service teachers have difficulties in understanding
and constructing proofs (Bansilal et al., 2017; Bastiirk, 2010; Zeybek, 2015). These results
suggest that teacher preparation programs should pay a careful attention to the proof
understandings of pre-service mathematics teachers. The research on proof conceptions may
lead to refining teacher preparation programs in a way to better support the development of
teachers' understanding of proof. However, the studies focusing on pre-service mathematics
teachers' conceptions of proof are not so abundant (Lesseig et al., 2019; Sears, 2019).
Therefore, there is still much work to do to further clarify pre-service mathematics teachers'
proof conceptions.

Studies regarding proof conceptions usually focus on mathematical knowledge, i.e.,
empirical, inductive, or deductive processes (e.g., Makowski, 2020; Martin & Harel, 1989;
Morris, 2002; Sears, 2019; Zeybek, 2017), or subject matter content knowledge, i.e., the
meaning of proof (e.g., Knuth, 2002a; Lesseig et al., 2019; Varghese, 2009). This present
study focuses on the subject matter content knowledge.

Literature Review

Understanding Mathematical Proof

Proof plays a central role in mathematical thinking and it can be defined primarily as an
argumentation (i.e., logical process) that justifies the truth of mathematical claims. Besides,
researchers indicate that proof is not only whether the mathematical claims are true, but also
is about why these claims are true (Hanna, 1995; Hersh, 1993). Rav (1999) states that proofs
involve the know-how of mathematics and they are the bearers of mathematical knowledge.
According to him, proof should be seen as new methods, strategies, concepts to solve
problems, the foundation of interconnections between theories, and the systematization of the
mathematical results. Similar to Rav (1999), de Villiers (1999) also emphasizes proof as a
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systematization (i.e., integrating various mathematical results to establish a deductive system
of axioms, definitions, and theorems.). Besides, de Villiers (1999) argues that proof serves as
a means of the creation of new mathematical results through a deductive process. He states
that proof should also be regarded as a communication tool among members in a community,
for example, between mathematicians or between teachers and students. He also states that
proof should be understood as an intellectual challenge. Mathematicians may view proving as
a challenging activity such as solving puzzles or other creative attempts. In addition,
researchers emphasize that proof serves as a means of understanding mathematics (Hersh,
1993; Knuth 2002a; Weber, 2010).

Prior Research on Meanings of Proof

According to de Villiers (1990), teachers should understand that the above discussed
aspects of proof are crucial at all grade levels. Otherwise, teachers may think that it is not
reasonable to introduce proof in early grade mathematics. Knuth (2002a) finds similar
meanings in teachers' explanations regarding the nature and the role of proof. According to
him, teachers view proof as logical thinking, displaying thinking, communicating
mathematics, explaining mathematical reasons, and creating mathematics knowledge.
Similarly, in another research, Knuth (2002b) reveals that mathematics teachers view proof as
a means of verification, explanation, communication, knowledge creation, and
systematization of results. However, studies show that pre-service teachers may not be aware
of some of these meanings of proof. For example, in the work of Mingus and Grassl (1999),
the majority of pre-service mathematics teachers state that proof is an explanation for
mathematical concepts used in arguments. Varghese (2009) finds that a minority of the pre-
service teachers consider the explanatory and discovery meanings of proof. She also finds that
secondary school pre-service teachers mostly define proof as verification of a mathematical
statement. Pre-service teachers' awareness of proof as a verification tool is the most reported
finding in the studies (e.g., Bastiirk, 2010; Likando & Ngoepe, 2014; Uygan et al., 2014). In
another study, Dickerson and Doerr (2014) state that how high school mathematics teachers
think about the role of proof varies widely. In their study, teachers view proof as a tool to
build mathematical understanding, develop logical thinking and metacognitive skills, and

reify mathematical knowledge.

In addition, Lesseig et al. (2019) demonstrate that a minority of secondary school pre-

service teachers are aware of the discovery and communication meanings of proof. Their
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study also shows that proof conceptions vary across countries. For example, in their research,
Korean pre-service teachers mostly mention the verification and understanding functions of
proof but do not mention the systematization and communication functions of proof. Unlike
the Korean pre-service teachers, American and Australian pre-service teachers consider the
systematization function of proof. Also, only American pre-service teachers mention the

communication role of proof.

The present study

Given that the pre-service teachers' capability to teach reasoning depends on the quality
of their proof conceptions, in this study, we aim to understand the subject matter proof
conceptions of middle school pre-service mathematics teachers. Pre-service mathematics
teachers' understanding of proof concept mostly depends on their proof experiences in the
high school or university mathematics courses. The variety of these experiences can reveal
different conceptualizations of proof. A particular focus on these conceptualizations may lead
to allow a deeper understanding of the proof conceptions of pre-service teachers. This focus
may provide a framework for teacher educators to facilitate the pre-service teachers' education
by changing less desirable proof conceptions to the more desirable ones. As pre-service
teachers' proof conceptions may vary from culture to culture (Wilder, 1981) addressing proof
conceptions of pre-service teachers in different countries might provide some additional
information to reveal a more definite picture of proof conceptions. Therefore, the results of
this study may also contribute to the understanding of cultural differences in teacher
education. As will be described later in the paper, in this study, the approach we chose to
determine the proof concepts of pre-service mathematics teachers is phenomenography. In
this context, the present study investigates the following research question: What are the

nature and range of pre-service mathematics teachers’ conceptions of proof?

Methods

Research Design
In educational research, phenomenography aims to describe the qualitatively different
ways that students experience, understand, perceive or conceptualize a particular phenomenon

(conception of proof in this study) and the variation in the way of understanding this
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phenomenon (Marton, 1981). Conceptions, ways of experiencing or ways of understanding
are the examples of the terms used to describe the knowledge that phenomenography
investigates (Marton & Pong, 2005). Phenomenography assumes that the way of
understanding or conceptualizing something is an internal relationship between the
experiencer and the experienced phenomenon. The experiencers cannot be aware of all the
characteristics of a phenomenon at the same time. Also, individuals may experience different
characteristics of a phenomenon. Even if they experience some similar characteristics, they
may perceive them in different ways (Marton & Pang, 2008; Pang, 2003; Yates et al., 2012).
Therefore, there are qualitatively different ways of understanding a phenomenon. On the other
hand, these different ways are not endless but are limited in number (Marton & Booth, 1997;
Pang, 2003; Cibangu & Hepworth, 2016). These qualitatively different ways of understanding
can be described regarding two aspects: the referential aspect (or attributed component) and
the structural aspect (Marton & Pong, 2005; Pang, 2003).

In line with the research question of this study, the referential aspect deals with what
proof understandings the pre-service mathematics teachers have. The referential aspect aims
to produce description categories to represent such conceptions. Thus, using
phenomenography in this research, we aimed to reveal a set of description categories

describing the pre-service mathematics teachers' ways of understanding proof.

The structural aspect, on the other hand, deals with the relationship among the
description categories. Despite some distinctions among the categories, they are oriented on
the same phenomenon. Therefore, it is reasonable to expect the categories to be logically
related to each other (Limberg, 2008; Marton, 1981). This relationship can be described
hierarchically from least to most complex or from general to specific (Marton, 2000). The
nature of this relationship (i.e., how these qualitatively different categories are related to each
other and how they together form a whole) is referred to as the structural aspect. The
structural aspect can also be considered as the researcher's interpretation of the variation

among the description categories (Marton & Pong, 2005; Pang, 2003).

The combination of the referential and the structural aspects forms the outcome space.
The outcome space can also be regarded as a framework that represents the different ways of
how a phenomenon is understood by the studied group, and the relationships among these
ways (Akerlind, 2005).

Finally, it is important to state that this present study does not intend to reveal if pre-

service mathematics teachers possess some specific or pre-determined proof conceptions.
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Instead, the study intends to provide an outcome space that illustrates the range of proof
conceptions present within the group of pre-service mathematics teachers.

Participants

The participants of this study were 16 undergraduate students (11 females and 5 males)
majoring in mathematics education (middle school mathematics, grades 5-8) at a state
university. The participants were selected using the purposive sampling method to maximize
the variation in their proof understandings. The criteria used to this end were the following:
First, the participants should be among the fourth-grade level students who took all the
mathematics courses in their curriculum (e.g., Abstract Mathematics, Analysis I-11, Algebra,
Linear Algebra I-11). The variety of mathematics lessons pre-service teachers took may allow
them opportunities to experience different aspects of the concept of proof. Second, the study
group should be composed of students from a wide range of achievement levels. Since
students’ achievement levels may be related to their proof schemes, cumulative grade point
average (CGPA) scores were taken into account to obtain the required variation in the sample.
CGPA scores of the students sampled in this concern varied from 1.94 to 3.51 (out of 4).
Third, the sample should include students of different gender because gender may also be

related with the conceptualization of proof.

Overall, with these criteria, we aimed to assure that the participants possessed a wide
range of experiences a phenomenographic study requires (Marton & Booth, 1997). The pre-
service teachers voluntarily participated in the study. We informed the participants about what
we aim, and what we expect for the output in the study. We also informed the participants that
their names and interview records would be kept confidential.

Data Collection

The suggestions of Akerlind (2005) on preparing interview questions and conducting
interviews guided our data collection process. We used the semi-structured interview
procedure that is usually referred as a useful data collection technique in a phenomenographic
study. We tried to prepare interview questions that would reveal the variation in proof
understandings of participants. To this end, we conducted pilot interviews with a different
group of pre-service teachers to test the interview questions we prepared. The final set of
interview questions after the revision process, could be specified as follows: a) what proof and
proving mean to pre-service teachers, b) how pre-service teachers define proof, c) what
features they think an argument should include to be a proof, and d) how they evaluate their
own or others' proofs. Also, during the interview process, participants were sometimes asked
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to further explain "what they mean" and "why they think that way" to elicit their intentional
attitude towards the proof concept. Each interview lasted around 30 minutes. Interviews were

recorded and then transcribed verbatim for data analysis.

Data Analysis

Although some steps have been suggested to follow, there is no agreed method for
conducting phenomenographic data analysis (Han & Ellis, 2019). In this study, we followed
similar data analysis steps as in the work of Akerlind's (2005) and Gonzales's (2010). First,
we independently read all interviews several times to understand the details and gain a sense
of the data. We highlighted the sections related to the question being investigated based on
their commonalities and differences. In this process, to minimize subjectivity, we attempted to
discern meanings found in the participants’ responses and did not attempt to measure
predetermined categories in the literature. Also, we refrained imposing what we believe to be

the concept of proof.

Second, after the investigations of all meanings between and within the transcripts'
sections, we came together to compare and discuss the initial list of meaning statements we
had specified. In this step, first, we agreed on the meaning statements. Then we tried to reduce
these initial sets of meaning statements by looking for dimensions of variation as experienced
by the participants. We grouped the meaning statements which we thought representing a
similar understanding of proof. As a result, we obtained initial "categories of description”

that represented the variation in pre-service teachers' understanding of proof.

Third, we re-read the transcripts to better distinguish each category from the others and
decided on the final version of the description categories. We independently re-examined the
accuracy of the categories several times by focusing on critical aspects of the proof
understandings of the pre-service teachers. This process enabled us to define the variation
among the categories of the proof itself as experienced by the pre-service teachers. After
reaching a consensus on the categories of description, we grouped the transcripts by the

category they best represent.

Next, we re-examined the dimensions of variation in the categories together with the
participants' responses to interpret the structural aspect. We investigated empirical and logical
inclusive relationships to reveal the hierarchical relationships between the categories.
Concerning the empirical inclusiveness, we saw that pre-service teachers' responses in one

category include some meanings that exist in preceding categories. For example, the
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meanings such as "correctness” and "explaining" in Category C (i.e., proof is explaining
thinking in a convincing way) exist in the responses related to Category D (i.e., proof is
validating conjectures using logical arguments). Therefore, Category D includes Category C.
We explained how we defined the logical inclusiveness among the categories in the Findings

section below.

Findings

In this section, we primarily present the categories of description that emerged in the
data analysis process. Then, we explain the outcome space that describes the relationships

(structural and inclusive) between the categories with their referential aspect.

This study identified five categories of description of proof: a) proof is a way of
problem solving, b) proof is a means for understanding, c¢) proof is explaining thinking in a
convincing way, d) proof is validating conjectures using logical arguments, and e) proof is a

means for discovery of mathematics. The dimensions of variation and the categories of

description of proof are seen in Table 1.

Table 1 Dimensions of Variation and Categories of Description of Conceptions of Proof

Category A Category B Category C Category D Category E
. proof is
. . proof is . .
proof isaway  proof is a means explainin validating proof is a means for
Key aspects of problem for thinFI)<in inga conjectures discovery of
solving understanding ing using logical mathematics
convincing way
arguments
transferring, articulating
. problem deep thinking,  communicating, reasons, improving,
Cognitive . . . . . .
solving, using not learning by ~ demonstrating, validating, discovery,
process - . L - .
strategies heart, reasoning explaining, arguing step by expanding
accepting step
explaining extended how  further extended to
. - conceptual thinking, to validate construct new
Main Focus finding a result - .
understanding arguments or arguments mathematical
solutions mathematically results
certainty, existing .
. . ) new conjectures,
correctness of a grasping the reality, conjectures, : .
Scope . ; e discovering new
solution meaning convincing already known
knowledge
arguments knowledge
. feeling of no- appreciation,
. positive . admire
Feelings not clearly seen ; - doubt, making  not clearly seen S
disposition sure mathematicians
work

The dimensions of variation are the main focus, scope, cognitive process, and feelings.

After explaining each category of description with quotes from transcripts, we demonstrated
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the outcome space (referential and structural relationships) and inclusive relationships among

the categories of description in Table 2.

Description of Categories
To indicate that the selected quotes are from different transcripts a number and gender

of participants were provided at the end of the quotes (e.g., PST1, gender).

Category A: Proof is a way of problem solving

In this category, the proof is seen as being synonymous with a way of problem solving.
The responses in this category do not go further than considering proof as a way of solution.
In this category, pre-service teachers emphasize the solution or right answer to a problem. The
following quote illustrates this understanding.

I think it [proof] is to be the solution to a problem, and, well, if the term “unfalsifiable” is correct, proof
can be a way of unfalsifiable solution. The definition of proof is the best of the ways that are used to solve

a problem we encountered. [PST12, female]

Some pre-service teachers in this category expressed the way of problem-solving. In the
following quote, one pre-service teacher talks about modeling the problem-solving process
and describes the similarity between proving and solving a problem. However, her
expressions are limited to follow some steps.

...when being encountered a problem, first, [we’re looking at] what is given in the problem,...it [proof] is
also, similar to the steps of problem-solving. For the next, what do | know, what is the thing related to
what | know? Following [step], what was in the second step of problem-solving? We can use a model, for

example. Similarly, we also need modeling while making proof. [PST3, female]

Certainly proving is one of the important cognitive processes for problem solving, but
seeing proof as the best way to solve a problem limits the awareness of proof in other
contexts. This understanding may cause future teachers to give importance only to problem-
solving practices and therefore not to include other proving practices in their teaching. This
category is different from Category B because there is no evidence that proof is associated
with reasoning in other contexts in mathematics. Therefore, this category is the least complex

category we found in the analysis of data.

Category B: Proof is a means for understanding
In category B, pre-service teachers viewed proof as a means for grasping the meaning or

going deep into a subject. Pre-service teachers presenting this understanding think that proof
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is important for conceptual understanding. According to them, subjects cannot be learned
without proof but learned by heart. For example:

What do | mean by proof? If we interpret [proof] in the context of mathematics, | understand something
such as grasping, making sense of a subject, going deeper...For example, while teaching the order of
fractions, it is written generally directly as "this is greater than that"... [In class] | used a model to explain
why one is bigger and why another is smaller. Well, the proof came into play here. We used models to see
which one is closer to 1. How closer to 1? How many pieces do | have to add to both of them to reach 1?
[I asked]. Is the piece we add to this bigger or is the piece we add to the other bigger? [l asked]. In this

way, [students are] making sense of them. Well, here | put the proof into play. [PST8, male]

If we want to go deeper into a subject [in mathematics], [in other words], if we want to understand it
conceptually, for me, proof is necessary ... We should understand its logic; there should not be learning
by heart. [PST11, male]

In addition, some pre-service teachers possessing the view in this category have a
positive disposition towards the proving process due to its role to better understand and teach
mathematics. The following quote is an example of these feelings.

[With the help of proof] When | will explain a subject [in mathematical content] to the students I can
easily make them assimilate it, because | have assimilated it. | can get them to love mathematics more

easily. Thus, it will attract more attention from the student. [PST14, male]

Category B is different from Category A. In Category A, the main focus is on finding a
solution to a problem, whereas in Category B the main focus is on conceptual understanding.
Category B reflects a more complex perception of what proof is in mathematics. Therefore,
Category B includes Category A. According to pre-service teachers, proof is a valuable means
for learning and teaching mathematics. However, although they mention the role of proof in
understanding, the answer of how this understanding is possible is seen more clearly in
Category C. In addition, there is no evidence about the details of the cognitive processes in

proving as seen in Category D.

Category C: Proof is explaining thinking in a convincing way

The conception in this category represents a shift from understanding an idea to
explaining thinking. In Category C, the scope of the pre-service teachers' proof
understandings is explaining thinking written or verbally. As seen in the following quotes,
according to pre-service teachers, it is important to be convinced or to convince others that a
thinking or an idea is correct, and proof is a means that enables a thinking to be understood by
others.
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For example, we say that prime numbers are infinite. .. | should think about how this happened. If it's

proof in my mind so that | can both explain and convince the others. [PST10, female]

In my opinion, proof means...to be able to explain thinking to someone clearly and to show them its
correctness. [PST14, male]

For example, when a friend of mine does a proof in class, sometimes, | am getting stuck on something in
their explanation. When | get stuck with something like this, this proof is not accepted for me. | do not
know if their way of proof is right, but it is not accepted for me when | get stuck at a point when I do not
understand. It is important to be descriptive and explanatory... As | said, it is also very important that you
can convey and write what you say. This is necessary to have it admitted to being true, in other words, to

show that it cannot be falsified and that whoever does will get the same thing. [PST12, female]
In this category, it is also seen that there are feelings that encourage pre- service
teachers to prove such as, not doubting and being sure.

I make sure that something [an idea] is correct, so | feel comfortable. | do a proof to be sure. The proof is
done to show how it [the idea] exists. [PST7, female]

Category C differs from Category B in that it focuses not only on grasping the mean of
an idea but also on convincingly explaining its reality or rationality. Similarly, Category C
different from Category A. In category A, the scope is only a solution of a problem, whereas,
in Category C, the scope is an understandable explanation of a solution. Therefore, Category
C reflects a more complex understanding of what proof is.

Category D: Proof is validating conjectures using logical arguments
In Category D, proof is described as a means for validation of given conjectures in
mathematics. As seen in the following quotes, pre-service teachers are more aware of the

processes of mathematical proof.

When you say proof, the first thing that comes to my mind is to prove something, to show its correctness.
Well, it means to show that a conjecture is true by using particular things mathematically, [for example],

by using particular axioms. [PST7, female]

When we go from the least to the most complex feature, we are explaining lots of features and finally,
after combining and justifying all of these features, we are getting that complex structure [proof]. [PST5,

female]

In the following quotes, pre-service teachers explain logical arguments in the
justification process by using the expressions such as “sequence,” “path,” “cause-effect,”
“pre-end relationship,” or “steps.”

When | look at the proofs, they all have a sequence. | realized that one part of "proof" comes before
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another according to a logical sequence... If one comes after, it will not support the other. So, one must
come before the other. [PST15, female]

The proof is a conclusion that being reached after following a particular path by establishing a pre-end

relationship or a cause-effect relationship. [PST1, male]
[In the proof] | must have given a justification for each step. [PST14, male]

I examine the steps. | examine the meanings of statements...one statement must be the reason for the
following statement. | look at these steps. The proof is used to see how these (statements) are connected
and related to each other. [PST7, female]

In this category, arguing step by step, justifying, and articulating reasons are the new
cognitive processes we found in pre-service teachers' responses. These processes describe
how pre-service teachers use proof to validate conjectures. In both Category C and Category
D, pre-service teachers focus on demonstrating the truth of an argument. However, in
Category D, pre-service teachers ascribed a more specific meaning to proof. The content of
this category is more aligned with the formal definition of "proof" in mathematics compared
to previous categories. Therefore, Category D is qualitatively different from the other

categories.

Category E: Proof is a means for discovery of mathematics

What makes this last category qualitatively different from the prior categories is the
understanding of proof as a means for the discovery or invention of new results or knowledge
in mathematics. In this category, rather than proof being a means for validating existing
conjectures, the new conjectures themselves are discovered or invented by proof. The

following quotes illustrate this understanding.

For example, the proof was required to reveal number theorems...Proof was required to find the existence
of natural numbers, the existence of integers, the existence of all of them... So nothing had certainty. I

think all emerge from particular proofs and finding out the truth of particular theorems. [PST4, female]

Because through the use of proof, some concepts in nature also were discovered like Fibonacci. [PST5,

female]
As seen in the following quote, some pre-service teachers see the discovery function of
proof as expanding the boundaries of mathematics.

There is different mathematics used by someone [a mathematician] in terms of further development of
mathematics we use, and the proof is required to expand the boundaries of this mathematics. [PST1,

male]
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In addition, admiration or appreciation is the feeling that we found in the responses of
pre-service mathematics teachers who present this view.

The proof is the stages of the emergence of something geometric or anything mathematically... | admire

people who can prove, because... | could never think of that. [PST2, female]
Category E is the most complex category we found as the proof concept of pre-service

mathematics teachers.

In Table 2, the outcome space that describes the relationships between the categories
with their referential aspect is presented. As seen in Table 2, we organized the categories from
least to the most complex way of understanding proof according to the depth of meaning we
explained above. The outcome space we presented is hierarchically inclusive. In Table 2, we
presented this outcome space with referential and structural aspects of each category together.

Table 2 Referential and Structural Aspects of Categories of Description, and Hierarchical

Relationships

Structural Structural
(discourse) (acceptance)
Referential Oneself Others Personal Mathematical
Proof is a way of problem solving A A
As in (A) and a means for understanding B B
As in (B) and explaining thinking in a convincing c c
way
As in (C) and validating conjectures using logical
arguments
As in (D) and a means for discovery of mathematics E E

As stated above, Category E reflects the more inclusive and complex understanding of
proof in mathematics. It includes the elements of previous categories. In this category, "proof"
is not only seen as a solution for problems, a means for understanding or verification of
thinking and already known knowledge but it also is considered as a means of discovery of
new knowledge in mathematics. Similarly, Category D includes not only some elements of
previous categories such as finding solutions, understanding mathematics, and explaining
thinking, but it also includes an awareness of how to validate conjectures mathematically. On
the other hand, Category A represents the least complex understanding of proof, as it shows
no awareness of conceptual understanding and explaining thinking or validating conjectures at

all. Proof awareness in Category A is only limited to the solution of a problem.

According to Sfard (2000), mathematical knowledge is a discourse practice with oneself
(trying to find or understand results) and with others (trying to communicate results to
someone else). Similarly, we considered Categories A and B as the "oneself" component
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because pre-service mathematics teachers' conceptualizations are mostly related to their own
proving and understanding. We considered Categories C, D, and E as the "others" component
because the conceptualizations in these categories include meanings of communicating a
proof with others. Besides, Zaslavsky et al. (2012) stated that the decisions given in accepting
something as proof may not always be mathematical but may also be personal. In Categories
A, B, and C, there is no evidence that the proof understandings of pre-service teachers should
be mathematical. Therefore, in the acceptance aspect, Categories A, B and C are identified as
the "personal” component. In category A, pre-service teachers may think that their solution to
a problem is proof although it is not proof. In Category B, the reasoning that helps them to
understand mathematics better may not be a mathematical proof. Similarly, in Category C, it
seems that the proof understanding is personal because there is no strong evidence that the
responses related to "explaining thinking in a convincing way" are consist of the cognitive
processes of mathematical proof. On the other hand, in Categories D and E, the cognitive
processes better reflect the nature of mathematicians' work. Therefore, we considered

Categories D and E as the mathematical component.

Discussion and Conclusion

The phenomenographic analysis of the pre-service teachers' responses regarding the
proof conception revealed five qualitatively different categories. These categories emerged
from the data but also reflected some of the meanings presented in the introduction. The
hierarchical relationship between these categories from least to most complex is; proof is a
way of problem solving, proof is a means for understanding, proof is explaining thinking in a
convincing way, proof is validating conjectures using logical arguments, and proof is a means
for discovery of mathematics. Four dimensions of variation were emerged (cognitive
processes, scope, main focus, and feelings) in understanding these proof conceptions. Unlike
previous studies, this study reveals expanding awareness of the proof conception that provides
a deeper understanding of the proof conceptions of pre-service middle school mathematics
teachers. The framework we obtained may be helpful to understand how teachers need to
know proof they teach (Ball et al., 2008). Below, we discussed the categories found in this
study with a selection of the available literature.

Previous research indicates that pre-service teachers may view proof as a problem-
solving process (Uygan et al., 2014). Similarly, in this study, we found a category (Category

A) in which pre-service teachers equate proof with a way of problem solving. In recent
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research, Son and Lee (2021) show that pre-service teachers' problem-solving views do not go
further than a means to a solution. In this respect, combined with the literature, pre-service
teachers who focus on answer or solution in this proof conception may tend to view problem-
solving as finding a solution. However, with this lower-level perspective on problem-solving,
the mathematical reasoning feature of proof may not go beyond finding a solution to a
problem in school mathematics. Therefore, the relationship between pre-service teachers'

proof conceptions and problem-solving conceptions needs to be detailed in further studies.

Also, previous studies indicate that proof should be used to promote the understanding
of mathematical concepts (Knuth, 2002a; Weber, 2010). In this study, Category B (proof is a
means for understanding) is in line with this view. Similarly, Dickerson and Doerr (2014)
report that one of the concepts in the answers of mathematics teachers is "proof provides
understanding." Bastiirk (2010) finds a similar conception in which proof is seen as deep
thinking by pre-service teachers. In his research, first-year secondary school pre-service
mathematics teachers who presented this view focused on learning mathematical ideas and
criticized learning by heart. This result parallels the cognitive processes we found in Category
B.

In this study, Category C denotes that proof is explaining thinking in a convincing way.
This finding is in line with the literature that indicates that the notion of convincing argument
can be seen in the proof conceptions of undergraduates (Davies, Alcock, & Jones 2021,
Knuth, 2002a).

Results of this study might be considered from a cultural perspective as well. For
example, in the work of Lesseig et al. (2019), both American and Korean pre-service teachers
indicate that proof serves to deepen understanding of mathematical concepts. Similarly,
teachers in this study also emphasized the "understanding role" of proof. The work of Lesseig
et al. (2019) also states that Korean pre-service teachers focus on the verification meaning of
proof. Korean pre-service teachers do not consider the systematization role of proof while
American and Australian pre-service teachers consider it. Korean and Turkish pre-service
teachers' proof understandings may be very similar. Like Korean pre-service teachers, Turkish
pre-service teachers hold conception (Category D, i.e., proof is validating conjectures using
logical arguments) related to the verification/validation meaning of proof. Likewise, in this
study, an understanding linked to the systematization role of proof is absent in Turkish pre-

service teachers' responses.
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This similarity also exists concerning the discovery meaning of proof. In the work of
Lesseig et al. (2019), few but only Korean pre-service teachers mention the discovery of
mathematical theorems. In another study, Varghese (2009) states that only one pre-service
teacher is aware of the discovery role of proof in his study group. The most complex level
category of description revealed in this study is “proof is a means for discovery of
mathematics.” This more advanced understanding of proof might be a reason of why only the

minority of pre-service teachers mention this conception.

Before concluding, it is crucial to address some limitations in the study. The study
revealed proof conceptions of 16 participants coming from one Turkish university. Further
research from different universities with more participants may reveal different proof
understandings of middle school pre-service mathematics teachers. Another limitation of the
study may be that the participants' lack of appropriate vocabulary in explaining their thinking
about proof. This study is the first phenomenographic attempt to examine the pre-service
mathematics teachers' conceptions of proof. Despite its limitations, the categories of
description found in this study offer a framework for expanding awareness of proof
conceptions. The framework in this study may be used by teacher educators as a model to
understand and evaluate pre-service teachers' conceptions of proof. Also, this framework may
be helpful for pre-service teachers to consider crucial aspects of proof in their mathematics
learning and teaching. However, further studies are needed to obtain a more detailed and
generalizable framework. In this respect, research associating conceptions of teaching proof in

middle school and conceptions of proof may provide more insight into relevant literature.

Notes

Ethical approval for this study was obtained from Ethics Committee for Human Studies in
Social Sciences of Bolu Abant izzet Baysal University (01.02.2021 / 21).
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