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A NEW VARIATION ON ABSOLUTE SUMMABILITY

SEBNEM YILDIZ
DEPARTMENT OF MATHEMATICS, KIRSEHIR AHI EVRAN UNIVERSITY, TURKEY

ABSTRACT. In [4], Bor has proved a main theorem dealing with absolute
weighted arithmetic mean summability factors of infinite series by using a
positive non-decreasing sequence. In this paper, we have extended this re-
sult to absolute matrix summability method by using an almost increasing
sequence in place of a positive non-decreasing sequence. Also, some new and
known results are also obtained.

Let > a, be a given infinite series with the sequence of partial sums be denoted
by (sn). We denote by u? the nth Cesaro mean of order «, with o > —1, of the
sequence (s,), that is (see [9])
us = L i Aol
n A% n—v°v
v=0
where
1 2)....
qo = ot Dlat ') @1 _ o), 4%, =0 for n>o0.
n!
A series > a,, is said to be summable |C, alg, k > 1, if (see [10])

(o)
an*1|u$ — uﬁ_l\k < 0.
n=1

If we take o = 1, then we have the |C, 1|, summability. Let (p,) be a sequence of
positive numbers such that
n
Pn:va—>oo as n—oo, (P_,=p_;=0, i>1).
v=0

The sequence-to-sequence transformation
1 n
Wn = Fn E DPvSv
v=0
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defines the sequence (wy) of the weighted arithmetic mean or simply the (N, py,)
mean of the sequence (s,,), generated by the sequence of coefficients (p,,) (see [L1]).
The series Y a,, is said to be summable | N, p,|x, k > 1, if (see [2])

e3¢} k—1

P,
g (") |wy, — wn_1|k < 0.
=1 \Pn

In the special case when p,, = 1 for all n, then |N, p,|x summability is the same as
|C, 1] summability.

Let A = (any) be a normal matrix, i.e., a lower triangular matrix with nonzero
diagonal entries. Then A defines a sequence-to-sequence transformation, mapping
of the sequence s = (s,) to As = (A4,(s)), where

n
:g ApopSy, Mm=0,1,...
v=0

Let (¢n) be any sequence of positive real numbers. The series > a,, is said to be
summable ¢ — |A, p,|,, k > 1, if (see [15])

oo

Z P11 A, (s) — Ap_1(s)]F < .

If we take @, = %, then ¢ — |A, p,|, summability is reduced to the |A,py|,

summability (see [I7]). If we t_ake On = % and a,, = ;—’;, then ¢ — |A,pnl,
summability is reduced to the [N, p, |, summability. If we take ¢, = n, an, = &

and p, = 1 for all n, then
© — | A, pn|,, summability is the same as |C, 1|, summability.

1. KNOWN RESULT

A positive sequence (b,,) is said to be almost increasing if there exists a positive
increasing sequence (z,,) and two positive constants A and B such that Az, < b, <
Bz, (see [1]). It is known that every increasing sequences is an almost increasing
sequence but the converse need not be true. The following theorem concerning on
absolute summability factors of infinite series has been obtained.

Theorem 2.1 [4] Let (X,,) be a positive non-decreasing sequence and let (p,) be
a sequence of positive numbers such that

P, = O(npn)a (11)
PnApn = O(pnanrl)' (12)
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If the sequences (X,,) , (8n), and (\,,) satisfy the conditions

[AAn| < Bn, (1.3)
Bn —0 as n— oo, (1.4)
> nlABL X, < oo, (1.5)
n=1
[An| X, = O(1), (1.6)
i 5nl* =0(Xy) as m— o0 (1.7
n=1 nXﬁ_l " 7

then the series Y~ , an% is summable | N, p,|x, k > 1.

Remark 2.1 Tt should be noted that, under the conditions on the sequence (\,)
we have that (A,) is bounded and A\, = O(1/n) (see [3]).

2. MaIN REsSULT

The aim of this paper is to generalize Theorem 2.1 by using an almost increaing se-
quence for ¢ — |A, p, |, summability method, which is more general matrix summa-
bility method than |N,p,|; summability method. Some papers have been done
dealing with absolute summability methods (see [5]-[8], [18]-[24]).

Given a normal matrix A = (a,,), we associate two lower semimatrices A = (G,)
and A = (Gny) as follows:

n
Apy = § Qni, n,v=0,1,.. (21)
i=v
and
ago = Goo = Q00; Qny = Gny — an—l,va n=12.. (22)

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

An(S) = En:anvsv = zn:anvav (23)
v=0

v=0
and
AAn(s) =) noay. (2.4)
v=0
Let w be the class of all matrices A = (ay,,) satisfying
A is a positive normal matrix, (2.5)
Gno=1,n=0,1,.. (2.6)

anfl,v 2 Any, n Z v+ 1 (27)
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With this notation we have the following theorem.
Theorem 3.1 Let A € w satisfying

o
a7l77/ - O(Pn)’ (2.8)
1= O(nanm), (2.9)
n—1
Z avv|dn,v+1‘ = O(ann) (210)
v=1

Let (X,,) be an almost increasing sequence and (¥2%) be a non-increasing sequence.
If the sequences (X,,), (Bn), (An), and (p,) satisfy the conditions (1.2)-(1.6) of
Theorem 2.1, and the condition

m k
Z(('Onpn)k_1 |Snk‘ =0(X,,) as m— (2.11)
Pn an_l
n=1
are satisfied, then the series Y ° | an% is summable ¢ — |A,py |, k > 1.

Remark 3.1 It is noted that by using the conditions (2.8) and (2.9), we have
P, = O(npn) (2.12)

We need the following lemmas for the proof of Theorem 3.1.
Lemma 3.1 [I2] Under the conditions of Theorem 2.1, we have

nX,fn = O(l),
Z BnXn < 00.
n=1

Lemma 3.2 [I4] If the condition (1.2) of Theorem 2.1 and (2.12) are satisfied, then
A () =0(h)-

npn
Lemma 3.3 [I6] Let A € w and by using (2.1) and (2.2), we have that
m—+1
Z |dn,v+1| S ]-7
n=v-+1

and by using A, (dnv) = Qpy — Gn—1,0, We get

n—1
Z |Av(dnv)| < ann,
v=1
and
m—+1

Z ‘Av(&nv” < Qyy.

n=v+1

3. PROOF OF THEOREM 3.1

Let (V) denotes the A-transform of the series 3 a, 222, Then

npn
n

~ P,

AV, = E A @y ——.

1 UPv
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Applying Abel’s transformation to this sum, we have that

n—1 v n
= Ao Py Ann P
AVn:ZAv<a"”M) QT+MZ%
v=1 UPv r=1 "Pn v=1
n—1
. Ao Py Ann P
AVn — A,U <a”n/7j vV ) S,U + ann n‘\n Sn’
p— VP npn

by the formula for the difference of products of sequences (see [I1]) we have

n—1
- G PrAn P/\ P,
AVn:Ln_’_ v 5v+ Qp v )\A( )51)
ZC S INTNES SN

+ Z an v+1 U+1 AAUS’U

AVn = Vn,l + Vn,2 + Vn,3 + Vn,4~

To complete the proof of Theorem 3.1, it is sufficient to show that

> ek [ Vig [F< oo, for r=1,2,34. (3.1)

n=1

Firstly, by using condition (2.8), (2.11) and (2.12) and applying Abel’s transforma-
tion, we have

- k—1 k - k—1 k P, g k‘37l|k
Z ‘ an | < ng Qpn |\ — |)‘7l‘ nk
n=1 n=1 Dn
m k
1 ( Pn P, IsnI
—om S et (Be) (2)

m @npn k—1 Pn k—1 . |Sn|k
owd- (%) ()

n=1

< PnPn i k—1 k|3n|
=0 (% Aal

n=1 n

m Onp k—1 1
—om > (522) sl

n=1 n

S $nPn o k—1 |sn‘k
=0 ("5 Al Al

n=1 n

= PnPn bt 1 |3n|
:0(1)2 B kallx\nl -
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k_
' ‘3v|k

m—1 n m k—1 k
PoPo PnPn |$n|
=0(1 E A E — 1 E
O< ) |)\n|v:1 ( Pv ) ’UX571 +O( )‘)\m|n:1 ( Pn ) aniil

3
-

=0(1) AN, | X + O(1) | A | X

3

il
,I_.>—A

=0(1) ) BnXn+ O1)|An| X

3
I
—

=0(1) as m — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.1. By applying Hoélder’s
inequality with indices k& and k', where k > 1 and % + % =1, and as in V,, 1, we
have that

m+1 m—+1 n—1 P A k
k—1 k k—1 v\ ~

Z Cn | Va2 "= Z Pn Z . Ay (lnv)sy

n=2 n=2 vt UPv

k—1

m—+1 n—1 1 P k n—1
—om Y ek {Z Ao (2 } x {Z |Au<am>}
n=2 v=1 v v=1

m-+1 Onp k—1n—1 1 P k
= 0(1) Z ( ;) n) Z |Av(dnv)”)‘v|k|sv|k07 (v)
n v=1

n=2 Pov
m 1 J2 k m+1 Onp k—1
=0(1 Avksvk<”> ( ”“) Ay (G
<>;| Flsol* 55 (5 HZZM B ) 1A
m ©up k—1 1 P k m+1
- O(l)z P> ‘/\U|k|5v|kﬁ (p) Z |Av(&m))|

n=v+1

- A
o Al (5

v

AN SN e AN
Fv?|v||3v|ﬁp7

(
()
()
—om 3 (B2) T (BT s
()
()

1 1
k—1 k
v W\)\UH&J ok

1
o1 |/\v||3v|k
v

by virtue of the hypotheses of Theorem 3.1, Lemma 3.1 and Lemma 3.3. Also, by
using the the fact that A ( Py ) =0 (%) and Lemma 3.3, again as in V;, 1, we have

VPv
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that

m—+1 m—+1

k
n—1
_ _ . P,

§:¢1umw:zyglzymﬂA(v)M%
n=2 n=2 v=1 UPv

+1 n—1 1 n—1 k-1
=0(1) Z 9051_1 {Z a};;k|dn,v+1|>‘vksv|kvk} X {Zavv|dn,v+l}

v=1 v=1

3

n=2
m—+1 QD D k—1n—1 1
—om > (L) S ettt
n=2 n v=1 v
m m+1 k—1
= 0(1 L—kiy |k k 1 PnPn R
- ( )Zavv | U‘ |SU| 1}7]6 Z ? |an,v+1|
v=1 n=v-+1 n
m <P P k—1 1 m—+1
—om>- (5 it uFinl g Yl
v=1 v n=v+1
L 1
—o(1 vPy 1k kg [E L
WX (5) et
m P k—1 1
— O 1 VY k—1 )\U k v k =
WX () sl
m Do k—1 1
:O]- i )\vk_l)\v 'uki
WD () el
m 90 D k—1 1
=0(1 e PN
”Z(a) el

by virtue of the hypotheses of Theorem 3.1. Finally, by virtue of the hypotheses of
Theorem 3.1, Lemma 3.1, Lemma 3.3 and considering the fact that vf, = O(Xi),
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we have that

m+1 m+1 k
k—1 k__ v+1
P | Vaal'= ) e e ANys,
Z nZQ v+ 1)put1
m+1 n—1 -1
1) Z 90’:;1 {Zavv |an,o+1|(Bv) |5v|k} {Zavvan v+1|}
n=2 v=1
mAl g pn ) BTl
—0) > (L) S ati el (5
n=2 n v=1
m m+1 Onp k—1
—oW Y at G Y () e
v=1 n=v+1 n
m P k—1 m—+1
—om > () al G sl S fanaal
v=1 v n=v+1
S AN
=0m), < b ) L) sl
v=1 v
NS AN
=0(1)) ( » ) (0B0)* " Bulso*
v=1 v
S (eopo )T sl
— 1 Vv 5 v
om Y (5) v

m—1 v k—1 k m k—1 k
rPr Sp vPv Sy
=0(1) A(vBy) E (SOP_ > r|Xk|_1 +O(1)mp,, E (SDP > v|Xk‘_1

v=1

m—1

Z |A Uﬂv |X +O( )mﬁm m

v=1

m—1

DY (v +1D)ABy = Bul Xy + O(1)mBn X

v=1

m—1

=0(1) ) vlAB,|X, +0(1 me +O(1)mf, X

v=1 v=1

=0(1) as m — oo,

This completes the proof of Theorem 3.1.

4. CONCLUSIONS

.. . _ P _ p
1. If we take (X,,) as a positive non-decreasing sequence, @, = o2 and any = 5,

then we have Theorem 2.1.

2. If we take (X,) as a positive non-decreasing sequence, ¢, = n, an, = 5 and
pn = 1 for all n, then we obtain a new result concerning the |C, 1|, summability
(see [13]).
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3. If we take @, = 5—:, then we have a new result concerning the |A, p, |, summa-
bility.
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