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Abstract

In this paper, a simple proof for the existence iterative scheme using two Hilbert spaces due to Kazmi et al.
|K.R. Kazmi, R. Ali, M. Furkan, Hybrid iterative method for split monotone variational inclusion problem
and hierarchical fixed point problem for a finite family of nonexpansive mappings, Numer. Algor., 2017] is
provided.
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1. Introduction

To see the definitions of maximal monotone operators and a-inverse strongly monotone mappings one
can refer to for example [I} 2 3, [4] 6] [7, [§]. The following theorem have been proved in [5, Theorem 3.1 |.

Theorem 1.1. [5, Theorem 3.1] Let Hy and Hsy be two real Hilbert spaces and C C Hy, Q C Hy two
nonempty, closed and conver sets, A : Hi — Hy o bounded linear operator with its adjoint operator A*,
M : Hy — 2H1 and My : Hy — 22 two multi-valued mazimal monotone operators, f : C — H; and
g: Q — Hy two 01- and O2-inverse strongly monotone mappings, respectively, S : C — Hi a nonexpansive
mapping, {Ti}gio : C' — C a finite family of nonexpansive mappings, and W, a W-mapping generated by
Ti, -, Ty and My 1, -+, AN for every n € NU{0}. Assume thatT = Q" ® # 0. Suppose that the iterative
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sequences {un}, {yn} and {x,} are generated by the following hybrid iterative algorithm:

o € C, Co=C

Up = (1 — ap)zy + anPo(onSxy + (1 — o) Whay);

zn =Uun); wp=V(Azn);  yYn = 2n + YA (w,, — Azp);

Cpn={2€C:|yn— ZH2 < (1 —anon)|lzn — ZH2 + anop||Sz, — ZH2}§

Qn=1{2€C:{xyn—2z20— ) >0};

Tn+1 = Po, n@nTo,n > 0. (1.1)
where U = J/]\Wl(f —Af), V= J/]\Vb([ —Ag), A(Range(U)) C Q, v € (0, W) Let {\ni}Y| be a sequence

in [0,1] such that X\p; — A, (i =1,2,--- ,N), A € (0,a) with o = 2min{6y, 6>}, and {on,}, {on} two real
sequences in (0,1) satisfying the conditions:

(i) n11—>1200n =0,

lZn — unl| _

(i) lim 0.

n—o0 A Op

Then {x,} converges strongly to z € ', where z = Ppxy.

In this paper, some simple proof is introduced for the existence of the above Theorem.

2. A simple proof for Kazmi et al.’s iterative scheme
The following relations between the relations (3.25) in [5], i.e,
lim || fu, — fpl| =0
n—oo

and (3.26) in [5], i.e,
lyn — ZnH2 < Lillzn — ynl| + 297K [Jwn — Azy|| + anon K,

have been proved to prove the relation (3.27) i.e.:
lim ||y, — zn|| =0,
n—oo

as follows:
“Since

lyn — pII* =llzn + vA* (wn — Azy) — pl|?
=(zn + YA (wy, — Azp) — D, Yn — D)

1 *
=5 [1Gz0 = ) + 74" (wn = Az0) 2 + llgn =PI + (20 = 3m)

YA (wn — Az) 2]

— Az = llgn = znl® = |7 A"(wn = Az0)|2 = 27 — 20, A*(wn = Aza)],
which in turn yields

1yn =PI <llzn = DI = lyn — 21> + 27]| 420 — Ap||[[wn — Azy||
+ 29[y — zal[|A"[[Jwn — Az
<llzn = pI* = llgn = 2all” + 21w — Azal| (| 420 = Apll + [A7lllgn = 2al),



E. Soori, R.P. Agarwal, Adv. Theory Nonlinear Anal. Appl. 1 (2022), 2832 30

and this together with (3.3) and (3.5) implies that

3 — ZnH2 <z —pH2 — lyn _PH2 + 27|/ Az, — Ap||||wn — Az ||

<Li||zn — yull + 27K ||wy, — Azp|| + anon K,
Now, a simple proof to prove the relation (3.27) i.e.,
lim ||y, — zn|| =0,
n—oo
instead of the above relations is proved in the following remark:

Remark 1. Simple proof:
Using the relation y, = z, + yA*(w, — Az,) in the algorithm (3.1) in [5, Theorem 3.1], obviously, it is
concluded that

[yn = 2nll <A A™([[[wn — Az, (2.1)
then from the relation (8.21) in [3] i.e., limy, o0 ||wn, — Azy|| = 0, it is implied that li_>m lyn — zn|| = 0.
n oo

Also the following relations between the relations (3.42) and (3.43) in [5] have been proved:

|(Szp,x — Una— In Tn) — (Sz*,x — x")|

Up — Tn Up — Tn

:KS:En,:L'— - —:L‘n>— (Sz*,z — - —p)
+ (Sa*,x — Una— In Tn) — (Sa* 2z — 2*)|
n
S}(an — Sz*, x — Un — T _ xn>}
Qp
* % Un —Tp
+ ‘<Sl‘ , T ~ xn>‘
<||Swn — Sz ||| — “”a_ 7 1 (2.2)
n
Remark 2. Note that the weak convergence

Qp

have been claimed in [J](see page 15, line 8), but this is not valid since a real number can’t be added with a
member of o Hilbert space in general.

Remark 3. In [, line 8 in page 15], “"a_f” +x, — =¥ must be replaced instead of the conclusion W +
[un — znl|

Ty — x*. Indeed, from the fact that x,, — x* ( [J, line 10 page 14]) and li_>m =0 ([3, line 6
n o0

page 15]), it is implied that

n

lim <un —In + 1z, — 2, y) = lim <un — mn,y) + lim (z, — 2%, y)
n—00 ay, n—00 ay, n—o00
< tim B =Tl v g — a4y = 0
n—00 o n—o00

n

for each y € H (H is a real Hilbert space). Now, line 8 in page 16 in [5] in the above of the equation (3.43)
should be changed by:

Up — T, Up — T

< |[|Szn — S|z — — zp + [(Sz%, 27 —

N o — Zn)|-
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Remark 4. Note that the authors have taken limit on n on both side of the equation (2.2)) to get the equation
(3.43) in [5] as follows:

. . uTL - "BTL _ _ * _ *
nl;ngo (Sap, a Tn) = (Sz*, 2z — z¥), (2.4)
this means that the strong convergence x* — “»—*~ — x, have been used instead of the weak convergence. But

if oF — #n=tn — g, converges strongly to 0, since moreover, lim M =0 [3, line 6 in page 15], it is
n n—0o0 O[n
implied that
lim [|z* — 2, < lim |J2* — Un — Tn zpll + lim [[un = xnl| —0,
n—oo n—oo n n—oo (0779

then {x,} converges strongly to x* while the aim of Theorem 3.1 is to prove that {x,} converges strongly to

x* in the step VI. Hence this is a scientific error in the article.

Now, the following proof instead of ([2.2) is given in the following remark:

Remark 5.
(St = I ) (50— %)
n
:Kan’aj — una;nxn _ xn> o <S.T*,{L‘ . Unoznfﬂn _ $n>
+ (Sx*,x — Una;% —apn) — (S, — 2")|
n
§|<Swn — Sx*,x — On = In _ $n>|
a,
+ ‘<SZL'*,ZC* _Un T $n>‘
Qp
<[|Szn — Sz*|[|lz — I g+ (Szt, 2t — I ). (2.5)
n (679

then from the weak convergence of x* — #»-%» — x, we conclude the relation (5.43) in [5].

Remark 6. Another problem in theorem 3.1 in [J] is that the authors have used from the continuity of S
from the weak topology to the norm topology in [5l](see page 16 line 4) while this can not be valid in general.
For ezample, let H = L*(R) equipped with the standard inner product. In L*(R), the strong convergence and
the weak convergence is not equivalent. Indeed, define a sequence {fn} by fu(T) = X(nn41)(x) where X is the
characteristic function. Then one can check that {f,} converges weakly, but not strongly, to zero in L*(R).
Suppose S : L*(R) — L?(R) be the identity mapping that is nonezpansive, too. But, if S is continuous from
the weak topology to the norm topology , then the strong convergence and the weak convergence in L*(R) are
equivalent which is a contradiction. Then we should to consider S as a continuous mapping from the weak
topology to the norm topology in theorem 5.1.
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