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ABSTRACT. The class IV2 of 2-nondegenerate constant Levi rank 1 hypersurfaces M® C C? is governed by Poc-
chiola’s two primary invariants Wy and Jo. Their vanishing characterizes equivalence of such a hypersurface M? to
the tube MEC over the real light cone in R3. When either Wg # 0 orJo # 0, by normalization of certain two group
parameters c and e, an invariant coframe can be built on M®, showing that the dimension of the CR automorphism
group drops from 10 to 5.

This paper constructs an explicit {e}-structure in case Wy and Jy do not necessarily vanish. Furthermore, Pocchi-
ola’s calculations hidden on a computer now appear in details, especially the determination of a secondary invariant
R, expressed in terms of the first jet of Wy. All other secondary invariants of the {e}-structure are also expressed
explicitly in terms of Wo and Jo.
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1. INTRODUCTION

We study the equivalence problem under biholomorphisms of real hypersurfaces M°® C
C? — hence of CR dimension 2 — whose Levi form is degenerate of constant rank 1, and
whose Freeman form is nowhere zero, or equivalently, which are 2-nondegenerate. There are
previous approaches to this problem, and we refer our readers to the the articles of Medori-
Spiro [12, 13], in which a Cartan connection was adressed.

In a recently published article [18], the authors exhibited two important primary invariants,
Wy and J,, whose existence was not previously discovered prior to Pocchiola’s prepublica-
tion [25], and which, in depth, required the help of a computer algebra system. These invari-
ants have useful applications, such as in Isaev’s study [9] of tube hypersurfaces in C? that are
2-nondegenerate and uniformly Levi degenerate of rank 1.

Our first objective here is to reconstruct Wy and Jy, by presenting fully detailed computa-
tions, only by hand, without the help of any computer. In contrast to [25, 18], the present text
has the ambition of exhibiting all calculations, without requiring any extra work from the read-
ers: ‘no pen needed, no computer needed’. Within the Cartan theory, this sounds quite like a
challenge opposite to a certain tradition of hiding a lot of computations. But we believe that
fully detailed articles can be read, checked and studied more rapidly.

As a second objective, we construct an explicit {e}-structure which characterizes equiva-
lences under biholomorphisms of these types of hypersurfaces M> C C3. This way, we give a
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theoretical proof which will provide a definitive confirmation of the existence of exactly 2 pri-
mary invariants, Wy and Jy. Unlike the approach of [25, 18] which proceeded at each step with
systematic and explicit calculations of all torsion coefficients, we will bypass some of these steps,
thereby economizing some computations. On the way, we will closely observe the evolution of
the modified Maurer-Cartan 1-forms during the Cartan process.

The basic principle of Cartan’s approach is to create a collection of 1-forms (a coframe), by
absorbing as many as possible torsion terms, in order that the structure of this coframe be as
close as possible to the structure of the Maurer-Cartan coframe on the (prolongation of the)
model M- C C?, the tube over the real light cone {z} + 23 = 23} in R%:

MPc = {(21,22,23) € C*: (Re21)” + (Rez2)” = (Re23)*}

whose local CR automorphism group is known to be isomorphic to SO3 2(R).
Recall that a Maurer-Cartan form w valued in some Lie algebra g satisfies the structure equa-
tion with no curvature:

dw+ 2w Aw] = 0.

In practice, as in our current case, the right-hand side of the equation is not always zero, and
this constitutes the default of w being a Maurer-Cartan form. This happens when an invariant
is written as a linear combination of torsion terms, and such a linear combination fails to follow
the structure equations, thus obstructing the absorption process.

We now give a summary of our results. Recall that if J denotes the complex structure of
TC3, then the tangent bundle TM?® has a distribution T°M?® := TM® N JTM®> C TM?> of
codimension 1 which is invariant under J at each point of M5. Let p be a real 1-form with
Kerp = T°M?®. The Levi form is a bilinear map on T°M°® defined as (X,Y) +— dp(X, JY) for
any two sections X, Y of TM?>.

Letting CT'M® := C®rTM® be the complexification of the tangent bundle of M°, by defining
TYOMS := CTM® N T"OC? together with its complex conjugate 70! M® := T1.0M5, we have
the (classical) direct sum decomposition CT°M® = TOM® G T M®. Let {£1, L2} be two local
generators of T10M?5, i.e. a frame for TH0M.

Section 2 provides more information, while complete background may be found in [19].

By the assumption that the Levi form is uniformly of rank 1 at each point of M, there exists
by [19] a uniquely determined slant function k: M —: C such that the vector field:

]C = k£1 +£2

generates the kernel of the Levi form, of constant rank 2 — 1 = 1. If we let 7 denote a vector
field with p(7) = 1, we may consider the coframe {p, ko, (o} dual to {7, £;,K}. In fact, the
conjugates %o, ¢, and £;, K also come into play in order to really make up a (co)frame on
CTM?, whilep = pand T = T are real. A certain appropriate real 1-form p will be chosen, and
denoted pqg.

Performing the Cartan process, we will make a series of changes to these 1-forms:

(p07 Ro, <0) ~ (p07 ’%67 <(/]/)

and after (really a lot of) computations, we will obtain a 4-dimensional G-structure whose lifted
1-forms write up as:

p cc 0\ /[po
— e /

k| :=1| —ticCe 0 Ko
C _ 4 cee c 11
2 c c 0
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Also, after a long process, we will construct modified Maurer-Cartan forms:
7= a— (tf%ImZz)p— (Rl —F6> k—R*¢C - KSR -0,
72 = ﬁ—ile— <t—%|mZQ+K1)H—K2C—K3E—K4Z7

with R, K*, Z' being some explicit functions on M> x G*, where t is a new real variable, and
then, after meticulous absorption work, we will obtain as is stated below in Theorem 13.1 on
p- 366, three finalized structure equations of the neat shape:

dp (7r1+ﬁ1)/\p+i/<;/\ﬁ,

dk = T Ap+ 1 Ak + (AR,

d¢ = (7' =7Y)AC+it* Ak
+RpANCH+IpANE+W KA,

in which are present Pocchiola’s two primary invariants:
1 -
W:*WO and J:f,Jo,
c
together with a single secondary (derived) invariant:

. e 1 T — i 1 1—
R = Re [ZmW0+m<— 251(Wg)+2(— 3[,1(k)+3P)WO>‘|

We would like to mention that the two invariants that Pocchiola denoted W and J are now
denoted in our paper Wy and oJ,, with the subscript (+), designating functions defined on M?®
alone, independently of any extra group variable.

The expression of R was discovered by Pocchiola in [25, 18] thanks to intensive computer
explorations, but no details of proof appeared in print at all. In Section 12 of this paper, a
complete, detailed, hand-done proof, will be provided, thus verifying that R is indeed a function
of the first jet of Wy, hence a secondary invariant.

We will also construct a certain real 1-form A = dt + ---, and in Section 14, the final {e}-
structure that we obtain will take the following form (conjugate equations are unwritten):

dp =T Np+T ' Ap+ik AR,

de =T Ak + 72 Ap+ (AR,

dC=im* N+ 7 AC—T'AC+WRrACHRpAC+ Jp AR,
dr' =ANp—im2AK+CAC+ O,
d7r2:A/\/f+7r2/\ﬁ1—ﬁ2/\§—|—§2+hp/\/£,

AN =AAT  + AAT +in? AT2 + D,
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with
O =—2Wr Ap+ SWrt A p— LRy —T)p Ak — LRepAC

+ 3(Re — J)p AR+ 5Rzp AC+ (éWH—iR)m\n—Wm\g—Wg/\m,

Qo= —Rr*Ap— WP Ak + 2WF Ak —i(W, — 2R, + Jo)p A ¢
—i(WJ = Jo)p AR —iJp AC = §ReE AC+ 5(Rr — JO)R AR + 3Rz AC
— R(AR.

Furthermore, we will show that h and ® can be expressed in terms of ﬁl, of QQ and of their
first-order derivatives. Thus, this demonstrates that there are exactly 2 primary invariants.
Clearly, when W = J = 0, the {e}-structure collapses to:

dp=7T'ANp+T ' Ap+ik AR,
di =" AN+ 72 Ap+ (AR,
dC =im> Ak + 71 AC =T AC,
drt =ANp—iT2 A+ C NG,
dr? = ANk + 72 AT -T2 AC,
dA = AAT + AAT 4 in® AT

and these constant coefficients equations correspond to the structure equations of the tube M-
over the light cone, which is the reference model for this equivalence problem.

We would like to mention that, strictly speaking, Cartan’s equivalence method of producing
homogeneous models requires to normalize any group variable which occurs in some essential
torsion term, and this is what Pocchiola did in Section 7 of [25] for ¢ := (J;)'/? and in Section 8
for c := Wy, showing afterwards that e can also be normalized in both cases.

For this deep reason, Pocchiola then disregarded the — essentially useless — task of con-
structing a general {e}-structure, since, when Jy = W = 0, the final Section 9 of [25] shows
that one comes uniquely to the structure equations of the model M, without any further nonzero
essential torsion appearing. And this was really a discovery, because most of the times in CR ge-
ometry, primary invariants appear after a first prolongation.

However, because there is a tradition of setting up {e}-structures, even in absence of explicit
computations, even without discovering invariants at all, and because the needs for verifiable
computations has been expressed by some experts, we decided to set up the present article.
While re-building this chapter [25] of Pocchiola’s Ph.D. (Orsay University, September 2014),
we found a few copying mistakes in some intermediate formulas of [25, 18], but no error in
either statements or final formulas, e.g. Wy and J are correct.

For a more informative exposition of introductory aspects, the reader should read now the
brief and complementary Introduction to the Addendum to [18].

This paper is organized as follows. In Section 2, we recall the local geometry of 2-nondegenerate
Levi rank 1 real hypersurfaces M® in C?. In Section 3, we give a description of the G;-structure
of the biholomorphic equivalences of such real hypersurfaces. Section 4 gives a quick glimpse
of a series of normalizations of parameters, which will be detailed in Sections 5 to 10, with the
first appearance of Wy in Section 8. The explicit expression of the invariant J is given in Sec-
tion 11, and a complete proof of the above formula for R is detailed in Section 12. Section 13
gives a short summary of the things that have been done in the previous sections, and finally
Section 14 gives a proposed {e}-structure for the equivalence problem.
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2. LocAL GEOMETRY OF 2-NONDEGENERATE LEVI RANK 1 HYPERSURFACES M?® c C?

This section only summarizes what has been presented and detailed in [19, 17, 18]. Let
M5 C C3 be a C¥ (real-analytic) smooth, local or global, real hypersurface and let p, € M. In
any affine holomorphic coordinate system:

(zl,zg, w) eC? with w=u-+1iv,

centered at py = (0,0,0) = 0 in which a%’ o & ToM, there is a local C¥ graphing function
F=F (zl, 29,Z1, 22, v) with F(0) = 0 such that M is represented, in some (possibly small) open
neighborhood of the origin 0 by

u = F(Zla’ZszlaZQav)'

Convention 2.1. From now on, the hypersurface will be identified with its localization in some
small open neighborhood of the origin, and it will always be denoted by M.

As is known (see [19] for detailed background), the complexified tangent bundle CT'M :=
C ®g TM inherits from CTC := C ®g TC? two biholomorphically invariant complex rank 2
vector subbundles

TYOM = TYOC3NnCTM and 7'M = TOIC3NCTM = TYOM

which are conjugate one to another. Then a check shows that the two vector fields written in
the intrinsic coordinates (21, 22, %1, Z2,v) on M:

0 e 0 9 0
= —+A — d = — +A"—
= 0% + Ov an = 0z + ov’
whose coefficients are defined by:
; F
A= i ) =1,2
T, (=LY

generate T19M, locally. Hence their two conjugates £;, £ generate the bundle 79! M, also of
complex rank 2.
Then visibly the differential 1-form

0o ‘= d’l) 7A1 le — 142 dZQ — Kl dfl 722 dfg
has kernel
{o0=0} = T"'M & T™' M.

There are various (equivalent) aspects of the concept of Levi form of M, but they will not be
recalled here, since several sources treat that. Here, the Levi form of M can be represented as a
function of the points

b= (217 22,21, 22, U) € M7
valued in the space of Hermitian 2 x 2 matrices, and in terms of gy and of the Lie brackets of
the above vector fields, it writes as

_(00(i[L1,L1])  00(i[L2, L4])
LEn(p) = (Qg(i (L1, L5]) gg(i (L2, L>]) ) (p).

As is known, the biholomorphic invariance of the Levi form legitimates our current

Hypothesis 2.2. [Uniform Levi rank 1] At all points p € M, the Levi matrix (form) LF;(p) has
constant rank 1.
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After a linear change of coordinates in the (21, z2) space, we may assume that its (1, 1)-entry
vanishes nowhere on M:
00 (Z [ﬁl,zﬂ)(p) #0 (Vp e M).
This means that the real vector field
. —= ) —1, = ) O 0
T=i[Ln D] = i (L@A) -Ti(AY)) 5 = €

has nowhere vanishing real coefficient that will be abbreviated as
0= (K; +A'A, —AL —KlAi) £ 0.

Furthermore, since the 2 x2 Levi matrix has constant rank 1, the collection of its 1-dimensional
kernels at all points p € M spans a C* smooth subdistribution KM C T'°M which satisfies
([19], pp. 72-73):

[KYOM, K*YM] ¢ KYOM,
[K%'M, K%' M| ¢ K*'M,
(KM, K'M] ¢ K"M & K"'M (K%'M := K'OM).

With this, a vector field generator K of K'Y M writes uniquely as
K :=kLi+ Lo,

where the function £ — very important in the theory — is the negative of the quotient of two
entries of the Levi matrix

LA - L (4Y)

k= — .
Li(A)) = L (A)

Hypothesis 2.3. [2-nondegeneracy] At all points p € M, the Freeman form has constant (max-
imal possible) rank 1.

For a detailed presentation of this second concept of form, also biholomorphically invariant,
see [19].

Proposition 2.4. ([19]) In this formalism, M is 2-nondegenerate if and only if:
L1(k) # 0 (everywhere on M).

In summary, two functions will be assumed to be nowhere vanishing on M, corresponding
to the two Hypotheses 2.2 and 2.3:

Up) #0 and Li(k)(p) #0 (Vp € M).
Next, along with &, introduce a second and last fundamental function

L, + AN, — (A

P 7

All invariants and semi-invariants in this paper will express in terms of 2 and P.
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Next, according to [17, 25, 18], there are 10 Lie bracket identities

(7.0 =-P-T,
[T,K] = Li(k) - T+ T(k) - L1,
[T, =-P-T,

[T.K]| =Li(k) - T +T (k) L1,
[ﬁl,/q =Lq(k) - Ly,
(L1, L1) =—iT,
[£1,K] = L1(R) - L1,
(K, L1] = — La(k) - L1,
[, K] =0,
2.K ~Z.(F) T

Lemma 2.5. ([19, 17]) The following 3 functional identities hold identically on M.

K(k) =0,
K(P) = —PLi(k) — L1(L1(R)),
K(P) = — PLy(k) — L1 (L1 (R)) — i T(R). 0

Then the coframe

{po, Ko, Co, Fo, Co}
dual to the frame

{T. L1, K, L1, K},
i.e. which satisfies by definition

po(T) =1, po(L1) =0, po(K) =0, po(£L1) =0, po(K) =0,
I{Q(T) = 0, Iio([q) = ]., Ko(IC) = 0, Iio(él) = O7 lﬁo(E) = 07
G(T) =0, Go(£L1) =0, G(K) =1, Go(£1) =0, G(K) =0,
Fo(T) =0, Fo(L£1) =0, Fo(K) =0, Fo(£L1) =1, Fo(K) =0,
CO(T) =0, Co(ﬁl) =0, Co(’c) =0, Co(ﬁl) =0, Co(’c) =1,

has its 5 component 1-forms given explicitly by

dv—Aldz — A’dz — A dz, —Adz,

Po

ko = dz1 — kdzs, ‘
Co = dzz,

Fo = dz1 — k dZo,

(o = dza.

Notice that a different notation py # 0o has been employed just now. Hence using a classical
formula which goes back at least to Lie ([11, Chap. 5]) which holds for two arbitrary vector
fields X and Y and for any differential 1-form w

dw(X,Y) = X (w(Y)) - Y (w(X)) —w([X,Y]),
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by representing the 10 Lie brackets in some appropriate array

T L1 K L1 K

dpo dC
[T.£1) = -P-T + 0 + 0+ 0 + 0
[T,K] = £Litk)-T + Tk)-L1 + 0 + 0 + 0
[T.2,) = -P-T + 0 + 0+ 0 + 0 po Ao
[T,K] = Li(k)- T + 0 + 0 + TE Li + 0 po A Co
[£1, K] = 0 +  Li(k)-L1  + 0 + 0 + 0 ko A Co
[£1, L) = —-i-T + 0 + 0+ 0 + 0 ko AEo
[£1,K] = 0 + 0 + 0 + Lik)-L1 + O ko Ao
K, L] = 0 + —Lik)-L1 + 0 + 0 + 0 ¢o A Ro
K. K] = 0 + 0 + 0+ 0 + 0 Co Ao
[, K] = 0 + 0-Ly + 0 + Li(k) + 0 %o A G

and by reading this array vertically, we obtain the initial Darboux-Cartan structure:

dpo =P -poNko—L1(k)-poACo+P-poNFo—L1(k) poAy+i

dry =~ T(k)-

dCO = 01

po ACo— L1(R) - ko Ao+ L1(k) - Co Ao,

dRo = _T(E) " Po /\ZO_El(E) 'HOAZO_Zl(E) -Fo A o,

)

R0 /\EO7

325

The fact that the frame {7, £1,K, £;,K} is dual to the coframe {po, ro, (o, Ro, (o} yields a
formula that shall be used several times later.

Lemma 2.6. The exterior differential of any function G = G(z1, 22, %1, %2,v) on M expresses as

dG = T(G) po + L1(G) ko + K(G) Co + £1(G) Fo + K(G) ¢o.

Proof. Indeed, starting from the definition

G = Z—Gd gcid gidzz—i—gcjcf +g—gdzz,
and inverting the above coframe
dza = Qo,
dz1 = ko + ko,
dv = Lpo+A" (ko + k) +A%Co+A (Ro+ECo) +A° G,

Cpo+At ko + (A2 + kAl) Co + conjugates

we can replace, reorganize — unwritting the redundant conjugates — and reach the formula

oG

oG
dG = — (Epo +A ko + (A2+kA1)go) +— (ko + ko) +

ov

0
0z2
o o

G
oot —Co

9 9 E) 9
=(¢=)(6)- = +A* 2\ (G) - A2 b2 pAl
(Bv)( ) p0+(8z1+ 81})( ) no+(al+ Rl s

35) @



326 Wei Guo Foo and Joél Merker

For later much deeper computations, we need strong notational conventions. The order
succession for our five 1-forms which we will constantly use
{pO; ko, CO) E07ZO7 }7

induces an order succession for the ten generated 2-forms on the 5-dimensional CR manifold
M

po N Ko po A Co po N\ Ko po A Co
1 2 3 4
ko A Co Ko A\ Ko ko A Cy
5 6 7
Co N Ro Co A Go
8 9
Ko A Co-
10

With such a numbering, we can abreviate the structure equations as — dropping their conju-
gates —

dpy = R(l)po/\fﬁ() +Rgp0/\C0 +Rgp0/\R0+Rép0/\Zo+ilio/\Eo,
dro = Kg po A Co + K} ko A o + K Co A Fo,
d¢o = 0.

Convention 2.7. All functions of p = (z1, 22,%1,Z2,v) € M will be denoted with a lower index
(+)o, always employing the special auxiliary font characters A, B, C, . ...

After some transformations in the next sections, this initial coframe will change and become
more complicated (unwriting the conjugates)

{PO; Ko, CO} ~ {[)07 Ko, C[/)} ~ {P07 "{6’ C(/)} ~ {pOa "{/Oa C(/)/}a

and new structure function R}, Kj,, Z{,, ... will appear.

We end up this section by stating some technical commutation relations that shall be con-
stantly necessary to normalize incoming (complicated) expressions in order to avoid ambigu-
ities. In fact, we can take advantage of (k) = 0 from Lemma 2.5, to make K ‘jump’ above
iterated derivatives like e.g. in

/N /N

K (L1(%)) , K (L1(L:(R))) -
Precisely, the last, 10" Lie bracket relation preceding Lemma 2.5
(2.8) —Li(k) - Li(+) = [K,L1] (),
when applied to the function « := k& yields

— L1 (k) L1(k) = [K,L1](k) = K(L1(k)) — L1 (K(k)o)
= K(L1(k))
Lemma 2.9. One has the 3 relations
1) K(L1(k)) = —Li(k) L1(R),
(2) K(Li(L1(k))) = —2L1 (k) L1(L1(k)) — L1(L1(R)) Li(k),
3) R(L1(L1(L1(R)))) = =3 Li(R) L1 (L1(L1(R)))
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Proof. As (1) is done, we can apply £ () to it, reversing sides

- Zl (Zl (k)) Zl (k) - Zl (k) L1 (Zl (k)) = Zl (’C (51 (k)))-
Similarly, we apply (2.8) to « := L (k) and we reach (2) after a replacement

“Li(R) Ta(La(k) = [K.L](La(k)) = K(L.(Za(R))) - L (K(Z1(R))) -

Now, as (2) is done, we can apply £;(+) to it, and get after reorganization

LT E®) = —22(F) T (B (B #) — 32 (B (B) T (B )
— Li(L1(L1(R))) La(R).
Lastly, we apply (2.8) to « := £1 (L1 (k)) and we reach (3) after a replacement

~Li(k) L (Li(k) = K2 (L1 (Ea(k)

= KT (ZR) - T (KT (T k). 0

replace

3. INITIAL G;-STRUCTURE FOR LOCAL BIHOLOMORPHIC EQUIVALENCES h: M — M’

Now, let h: U = U’ C C? be a (local) biholomorphism from an open set U C C? containing
U > 0 the origin onto its image

WU) = U’ 5 0 = h(0),

which is also an open set U’ C C"* containing the origin 0’ in another target complex Euclidean
space C’* having the same dimension.

(CS

U

| e— |

V 0 \

As in Cartan’s equivalence theory, assume that h(M NU) C M’ is contained in another real
hypersurface M’ C C'?, also passing through the origin 0’ € M’, represented in holomorphic
coordinates (2], z5, w’ = v’ + iv') by a similar C* graphed equation
u = F'(2], 2,7, 75,0").

We now make the convention of not mentioning the open sets that must sometimes be shrunk,
so that we think of h: M — M’ as being a CR equivalence between hypersurfaces M C C3
and M’ c C"°.
In the target space, introduce similar generators £}, £} for T*:°M’. Since h is holomorphic, its
differential h,: CTC?® — CTC’® stabilizes holomorphic (1,0) and holomorphic (0,1) vector
fields

h.(TV0C?) = TtoC” and he(TO1M) = T,
Furthermore, by invariancy of the Freeman form, h respects the Levi-kernel distributions

hy(KM°M) = KMOM'.
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Consequently, there exist functions f/, ¢/, ¢’ on M’ such that
he(K) = f' K,
hi(Ly) = LY+ € K,

whence by conjugation
— —

h(K) = F K,
he(L)) =L, +eK.
On the other hand, there is a priori no special condition that shall be satisfied by h.(7), except

that it be a real vector field, because 7 is real. Thus, there are a real-valued function ¢’ and two
complex-valued ¥’ and d’ on M’ such that

hoT)=d T +V L, +d K +b L, +d K.
In fact, the function a’ is determined, because
hi(T) = hi(i [L1,L1]) = i [ha(L1), he(L1)]
i[eLy+ K, @L, +eK ]
= 7 i [L], Zlﬂ mod (T°M' & T%'M'),

whence necessarily
a = 7.

Summarizing, we have the following matrix relations

T ey d b d T
L1 0 ¢ ¢ 0 0 1
|l K|l =10 0 f 0 0 K’
ol o 0o o0 ¢ e||ZL
K o 0 0 0 f K

As h, is invertible, the function f’, and then the fugction ¢’ too, must be nowhere vanish-
ing. The relation between the coframe { 00, K0, Cos Ko, C 0} in the source space and the coframe

{ b, Kb, Co- Fo, o) in the target space is therefore given by a plain transposition

o d¢ 0 0 0 0 o
K ¥ ¢ 0 0 0 Ko
el = d ¢ f 0 0 Co
RO b 0 0 @ 0 Ro
I d 0 0 e F) \&

These preliminaries, also explained in [16, 25, 18], justify that the initial G-structure for such
equivalences of CR manifolds is the matrix ambiguity group G is constituted of 5 x 5 matrices
of the form

c€c 00 00
b ¢ 0 0 0
d e f 0 0
b 0 0 € 0
d 0 0 & f

with free variable complex entries
c, f € C\{0} and b,d, e € C,
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namely
p cc 00 0O 00
K b ¢ 0 0 O Ko
¢ = § e f 0 O o
7l |poocofl®
¢ d 0 0 & f Co

Eliminating the conjugate 1-forms &, { for which the structure equations are redundant, this
can be abbreviated as

p cc 0 O 00
K = b ¢ 0 Ko
C d e f CO

4. A LABYRINTHMAP TO POCCHIOLA’S CALCULATIONS

The successive reductions of this G; structure will look as

cc 0 O cc 0 O cc 0 0
g=|b ¢ 0 ~ g:=1b ¢ 0 ~ g:= [ —ice ¢ 0
d e f d e ¢ d e
cc 0 0
~> g = —1Ce c 0 ,
i ce? [
T2 ¢ <

thanks to successive normalization of some group parameters (offered by some essential tor-
sion coefficients yielding invariants that are deeper than Levi and Freeman forms)

c— . { 1 Cee . C
f = Eﬁl(k), b := —ZCG—FgCBo, d:= —5?4‘2%1{07
in terms of the following two function on M
7 (7 (b B
By = Li(Li (k) -P,
Ly (k)
Ly (L1 (L (k L(Li(k) | 1 Li(Lk)P 1 1
H, = 1 1 i( 18)) 2 1£ 1(k)) L 1(71( ) +161(P)71P2'
6 Li(k) 9 Zi(k)2 18  Ly(k) 9

This function H, coincides with Pocchiola’s function H.

The next sections will present in details these successive reductions of G-structures, by these
normalizations of the group parameters f, b, d. Contrary to [18, 25], all computations will be
progressive, simple, detailed, readable, clear, without needing any help of either a computer or
a pen. A great care will be devoted to readability.

5. FIRST LOOP: REDUCTION OF THE GROUP PARAMETER f

We recall that the initial Darboux-Cartan structure of the coframe { po, o, (o, %o, o } is, with-
out writing conjugate equations — remind p, = po —
dpy = Ppo A —ﬁl(k)po A o +PPO N Ro —Zl(ﬁ) £0 /\ZO + 1 ko A\ Ro,
(5.1) dko = —T(k) po A Co — L1(k) ko A Go + L1(k) Co A Fo,
¢y = 0.



330 Wei Guo Foo and Joél Merker

With the first G-structure exhibited above, introduce the lifted differential forms, defined by

P cc 0 0 Po
Kk | = b ¢ 0 ko |,
¢ d e f Co
id est
p = cCpo,

K = bpg + cko,
¢ = dpo+ekro+fCo.

Here, c,f € C* and b,e,d € C. Mind that conjugate equations giving % and ( are not written,
but will be used.
An inversion yields

_ 1
PO = CEpa
1 b
(5.2) Ko = —K— —=p,
c ccc
be — cd e 1
G = ccef p_EH+fC'

With the above 3 x 3 matrix g representing the general element of a 10-dimensional (real) group
G1Y C GL3(C), the Maurer-Cartan matrix is

Cdc+cdc 0 0 i 0 0
dg-g~' = b de 0 || -2 1
dd de df be—cd e 1

a+a 0 0

= B a 0

~ 0 €

in terms of the group-invariant 1-forms

dc
o= —,
C
db  bcdc
B = c©  cc’
—cd
o @_bd:e+be 7c n
cc ccc cccf
de edf
6= — — —,
C cf
_df
€ = 2

As is known, after painful computations whose outcomes are presented extensively in [25, 18],
one can re-express, using (5.1) and (5.2), the exterior differentials of the 3 lifted 1-forms p, ¢,
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as
dp = aANp+aip

+ RPN+ REpACHR pAR+ R pAC+ ik AR,
dk = BAp+alAk
+K'pAR+K2pACHE3pAR+ K pAC
+ESKACHES AR+ K| AR,
dC =vyAp+dAK+eA(
+ZY oA+ ZPpANCHZBp AT+ ZApAC
+ 25k ANC+Zk AR+ Z8CAR
in terms of certain complicated functions R?, K%, Z* of the horizontal variables and of the group
parameters as well

(21,22,31752,’()) X (C,E,f,?, b,B,d,a,e,é) e M5 x Glo,

but we shall not need the expressions of all these functions, and focus only on the boxed one,
K?®, since it will bring an interesting normalization for the diagonal group parameter f.

Notation 5.3. Given a differential 2-form Q € T'(M, A>T* M) on an n-dimensional manifold M

equipped with a coframe {w',...,w"} for its cotangent bundle T* M, which is expanded as
O = Z Ai,j wi A\ on,
1<i<jsn

with uniquely determined coefficients-functions A, ., for fixed i < j, the coefficient A; ; of
w’ A w’ will be denoted by
[oﬂ A wj} {Q} = Ai,j~
To capture K 8 without pain, the computation / re-expression of dx starts from x = b py + c kg
as follows to see how Maurer-Cartan forms enter the play
dk = db A pg+dc A kg + bdpy + cdkg
=dbA (Zp) +dcA (L — L2 p)+ Torsion
= (db— 2% ) A p+ (£) Ak + Torsion
= B A p+ a Ak + Torsion.
Certainly, K® belongs to the torsion remainder, and we want to determine only
K® = [¢AR]{dr} = [¢ AR]{bdpo + cdno).

For the first term b dp,, we look at (5.1) in which we replace visually po, (o, K0 by p, ¢, K watching
simultaneously (5.2) — no pen needed! computers shut down! — and we get

b[¢ AR|{dpo} = 0+0+04+0+0 = 0.

Proceeding similarly, just with eyes

c[CAR]{dro} = 040+ Ly (k) [C/\/ﬁ]{(becc_cfdp—;ﬁ+:C)/\(— 2 ot 7

whence adding
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Furthermore, without computation, we see that K 8 is not absorbable in the Maurer-Cartan part
B A p+ a A k by means of any replacement

a=d +ap+ask+azl+as®+as(,
B=p+bip+brr+byC+biE+b5(,
because the result will always be
something A p + something A &,

whereas K® ( A is not A-divisible by either Ap or Ak.

Consequently, K® is an essential torsion coefficient, and by general Cartan theory, K® may
bring a group parameter normalization.

In fact, since the diagonal coefficients ¢ # 0 # f of the invertible triangular matrix must be
nonvanishing, and since £ (k) # 0 is nowhere vanishing by our assumption of 2-nondegeneracy,
it is natural, then, to normalize K8 to be constant nonzero, eg. K 8 := 1, and this yields a re-
duction of the G'°-structure to an eight-dimensional G®-structure by setting

fi= %Zl(k).

Inserting this in the lifted coframe

p cc 0 0 00
k| = b ¢ 0 ko |,
¢ d e £Lyi(k) Co
we are conducted to change the initial coframe by introducing the new horizontal — i.e. de-
fined on M — 1-form
(5.4) G = Li(k) Co-
As anticipated in a summary supra, we are thus changing of horizontal coframe

{p()a Ko, <07 EOa ZO} ~ {PO: Ro, C(/)y EO? Zé)}a

and unavoidably, we have to set up its Darboux-Cartan structure.
Thanks to Lemma 2.6, we can compute

Gy = d(Ly(R)) A Co+ La(k) AdSo
= T(Zl (k)) po N C() + L1 (Zl (k)) Ko N\ C() + K(Zl (k)) CO A COO + Zl (Zl (k)) Ro N\ CO
+ K(L1(k)) Co Ao +0,

and next, replacing everywhere (; =

Zcé)k) , reorganizing, and transforming the last term above
1

in application of Lemma 2.9 (1), we obtain the structure equations enjoyed by this new initial
base coframe

dpo :PpO/\HO_ﬁig:;pO/\Cé—i_PpO/\Ko_lﬁ:iE:; po/\zg—l—iﬁio/\ﬁo,
(5.5)
TR , Lk , ;o
dro = =7 k)) oA £1Ek) Fo Mo+ Go Mo,
, T(Li(R)) L1 (L1 (k) , Li(L®) (k)
d¢y = 72 ") po A Co + (k) ko A Co k) Go A LR Co A Co



Differential {e}-structures for equivalences of 2-nondegenerate Levi rank 1 hypersurfaces M° C C* 333

Sometimes, it can be useful to abbreviate these formulas as
dpy = Répo A Ko —|—Rgpo A ¢ —|—Répo A Ro —|—Egp0 /\Zg + 1 ko A\ Ro,
dro = Kg po A ¢+ Kg w0 A C+ ¢ A o,
dCh = Zg po NG+ Ziy ko A Gy + Zg G Ao + Z9 G A Coy

and no primes will be appended to these coefficients-functions, for the reason that exactly two
further changes of initial base coframes

R = =N
{PO, Ko, C(/)v Ko, CO} ~ {PO> "{67 C(/)v "{6, CO} ~ {pO» "{6, C(/)/a Ké)a CO}
will force us to introduce e.g. Zj and Z};’, so that we will avoid to use primes trice.

6. SECOND LOOP: REDUCTION OF THE GROUP PARAMETER b

With this new reduced (real) eight-dimensional group G, the lifted coframe, in which for
simplicity, we use the same letters p, «, { as before, becomes

1= cCpp,
o @ 0 0 00 p Po
k]l=b c 0 Ko — k= bpo + cro,
c C
¢ d e ¢ 5 ¢ = dpo+eno+ =G,
and inverse formulas are
_ 1
Po = e P
b 1
(6.1) kg = ——p+ — K,
ccc c
be — cd Ce C
I _ € e
G = ccc P’ + c ¢
The Maurer-Cartan matrix becomes
Cdc+cde 0 0 1 0 0
dg-g~' = db dc 0 -5 1 9
dd  de de—ck |\ b e o
at+a 0 0
= g a 0 ;

~ 6 a—a

in terms of the group-invariant 1-forms

dc
o= —,
C
db bdc
pi==-—
cc ccc
dd bde be—cd be —cd _
¥i=—=—-—++ — dc — —— dc,
cc ccc cccc cccc
5. de_edc ed
¢ cc cc

Now, let us exterior-differentiate the lifted coframe on the product manifold equipped with
coordinates

(21,22751,52,11) X (C,E, b,B,d,d,e,é) e M5 xG8.
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The computation starts as

dp = (EdC+CdE) /\p() +CEdp(],
(6.2) dk = db A pg + dc A kg + bdpg + cdky,
dc cdc

dCde/\p()‘Fde/\I{o‘i’(**j
C CcC

)/\C()erdpoJredﬁoJr%d((’).

As is known, one must replace in second lines dpg, dko, d¢, by the structure equations (5.5),
and after, replace everywhere py, Ko, (), using the inversion formulas (6.1).

However, contrary to Pocchiola’s systematic approach, we will not perform these calcula-
tions completely, but select only meaningful terms.

At least, at the level of Maurer-Cartan forms, after replacements of py, ko, ¢{ in the first lines
of (6.2) above using (6.1), we have as usual

dp = (a—i—a) A p + Torsion,
dk = BAp+ aA K+ Torsion,
d¢ = 7/\p+5/\m+(o¢—&)/\C+Torsion.

Question 6.3. Without computing everything, what are the shapes of the three Torsion remain-
ders?

Consider for instance what happens of the last term £ d¢j in d¢, when performing the re-
quired replacements, and restrict attention even to the last term of £ d( in (5.5), which becomes

cLi(k) , = _ cLi(k) (be—cd Ce < be—cd & c-
Egl(E)CO/\CO_E[:l(E) ccc p_ccﬁ+c< 4 cc p_&K+EC ’
After expansion, we see that are present the eight 2-forms
() p AR, ()P A, ()P AF, () pAG,
(s) K AR, (o) AC, (o) C AR, (o) CAC

Doing the same for all torsion terms, we may realize — although it is not necessary to check
this for what follows — with almost no computation that the nonexplicit shape of the structure
equations of the lifted coframe is

dp = (a+a)Ap+R1pAm+R2pAg+pAR+R2pAZ+mAE,
di = BAp+ank+ K ' pAk+K2pACHK3pAR+ K pAC
+K5/$/\§+/€/\E+1-C/\E,
d{ =vAp+dAk+ (a—a)A(
+ 2o AN+ ZPpANCHZPp AR+ ZpAC
+Z5/1/\C+Z6/£/\E+Z7n/\z+C/\EJngC/\Z.
Of course, the preceding normalization f := £ £; (k) forces
1 = [(AR|[{dr},
a fact that can also be confirmed by a direct computation of this torsion coefficient (exercise).

So we do not compute all torsion coefficients like Pocchiola did, but we determine before
some essential torsions, so that we may focus on just the useful torsion terms. In advance, we
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have boxed above the 3 useful ones, shown by Pocchiola. The subtle thing is that all three
structure equations are needed.

Lemma 6.4. Here is an essential linear combination of torsion terms
R —2K°+ 7%
Proof. In order to "absorb’ as many torsion coefficients as possible, let us substitute
=1 d +aptazk+as(+ask+asC,
= B +bip+bak+bsC+bsE+bs(,

=y 4+cpteartces(+eak+cesC,
= 5/+d1p+dgli+d3C+d4E+d5Z.

o, 2 ™ °
|

At first, we have to transform the structure equations after such a substitution, the task is easy,
and we write out the details so that the reader needs no pen and no computer.
Substituting, the Maurer-Cartan part of dp becomes

(a+a@)Ap=(a/+a)Ap+0+askAp+as(Ap+asRAp+as(Ap
+0+amrAp+asCAp+assAp+asCAp,

hence adding and reorganizing visually, we get

dp = (/ +@) Ap

+p/\f<;(R1—a2—a4) +pA§(R2—a3—65> +p/\E(§1—a4—62)

+p/\2(§27a5763)+i/<;/\ﬁ.
Next
BAp+ank =B Ap+0+bakAp+bsCAp+biRAp+bsCAp
+d ANk+arpAk+0+a3CANk+asRAK+asC Ak,
hence
de = B'Ap+ad Ak
+p/\li(K1+a1—b2)+p/\C<K2—b3)+p/\E(K3—b4>+p/\Z(K4—b5)

+HA§(K5—a3)+,<;/\E(>+fmf(—a5)+§/\ﬁ.

Lastly

YAp+oAK+ (a—a)A( =7 Ap+0+cakAp+cs(Ap+caaRAp+esCAp
+ 0 Ak+dipAE+0+ds(Ar+dyFAK+dsCAK
+d ACHarpACHak ANC+HO0+asBAC+asCAC
— A NC—a pAC—@RAC—a3CAC—agk AC—0,
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hence

dC =7 Ap+& AN+ (o =) A ¢
+p/\f€(Z1—02+d1) +p/\C(Z2—03+a1—61) +pAE(Z3—C4) +pAZ(Z4—65)
+m<(257d3+a2754) +/<;AE(ZG—d4) +m2(zld5)
+C/\R(Zg—a4+ﬁg ) +<AZ(Z9—a5+ag).

Extracting the boxed three new torsion coefficients

—=17 —=1

R =R —a4 — G2,
KG/ — K6 — au,
Zgl = ZS — a4 +52,

we see well the announced essentiality /invariancy of this torsion combination
R'—2K% 4+ 7% = R —2K%+ 2% O

Consequently, we may restrict ourselves to computing only these three torsion coefficients.

Lemma 6.5. Their explicit expressions are

El E ce Zl (E) b
C

K8 =

g 1olb®) &L
C

Proof. We proceed by chasing coefficients. Let us treat R'. From (6.2), replacing in (5.5) by
means of (6.1), we reach its expression

-1

—/1 b 1
R [pAn]{ccdpo}0+0+[pAn]{ccP(ccp>A<Cccp+cn)
 _Li(k) (1 be—cd & c-
«c L1 (k) (cé p) A ( cc / EH+ EC)
1 b 1_
+CCZ(_EP+EH /\(_a +C:‘€)}
=cc P ! 1—|—CE ZI(E) L E—icé b 1
T &, € T Ly(k) <K, cC ~Cccc, ©

Next, from (6.2), let us treat

Kb = [/i/\ﬁ]{bdpo —|—cd/£0}.
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In b dpy, the first four terms in (5.5) have zero contribution, since they are multiples of py, hence
of p, whence

[ AE|{bdpo} = 0+0+0+0+ [ AE|{birg ARo}

[nAH]{ib(clc)cerin)A(cicerin)}
b

=1—.

Also, in c dky, the first two terms contribute 0, and it remains
[k AE|{cdro} = 040+ [ AR]{c(y AFo}

= [I{/\H]{C(zin)/\<iﬂ)}

e

c
Lastly

c
78 = [ AT {d dpo + edro + Edgg)}.
Here, d dpg contributes 0. Next, the first two terms in e dkg contribute 0, and it remains

[CAE]{edro} = [CAE]{eliAro}

{9 (67))

e
.

Also, in £ d(;, the first two terms contribute 0, and the last two terms are

ermfgs) - - 2 o (G ()

c Ly(k . c ce
+c§1§k§ [CAH] {(CC) A (‘cc“)}
1 L (L1(k))  ce Ly(k)

Adding, we get Z8. O

Observing that necessarily —as = 0 from [k A (] {dk}, we realize that some other invariant
relations between torsion coefficients appear

RQI*KE), _ R2 *KS
R'+7” =R+ 2°
that could potentially bring normalizations of some group parameters, but will not, as it will

come out that they are identically satisfied. However, knowing them will be very useful later,
hence we state a supplementary:

Assertion 6.6. Three other torsion coefficients have the common explicit expression
—=9 C ﬁl (k)

RP=K'=_-7 = — 22222
c Ly(k)
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Proof. Our technique gives

R? = [pA(]{ccdpo}
_Lik) 1 ¢

~—

Next
K® = [¢AE]{bdpo + cdro}
= 0+ [ AK]{cdro}
(O
Li(k) cc
Lastly

Z9

[/ A C){ddpo +edio + = dy}

0+0-+ [RAc]{<dc}
Cﬂl(E

~—

O

Coming back to Lemma 6.5, we can now compute in details, emphasizing one annihilation,
the expression of the interesting invariant torsion combination

R —oKS 4+ 78 =

Since the group parameter b € C is not on the diagonal, there is no restriction for it to be
nonzero, hence we can normalize it by requiring that

0=R —2KS+ 75,
and this produces the announced normalization

i (ElLR) 5
6.7 b:= —ice+ -c —-P].
(6.7) iCet g ( o)
For convenience, let us abbreviate

_ Li(Li(R)) P
0o -— Zl<k) ’

which is function on M, as its lower index o points out, so that

b:= —ice+ %CBO.
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After this normalization, the lifted coframe becomes

P cC 0 0 25
K = —1Ce + %CBO c O Ko
¢ d ¢ 0

Consequently, we can transform /rewrite in a natural way

K = (—iEe—i—%cBo)po—i—cno

. i
(—ice)py+c (Ko+ gBopo),
———

=: K

and this conducts us to change of initial coframe on M
= ., =
{va Ko, C(,),Iio, CO} ~ {va Hé)a C(/Jv n67<0}7
by introducing
i
(6.8) K = ko + §B0 00-
It follows that )
c i c
¢ =dpg+ero+ %C(’) =dpy+e (56 - gBopo) + %C{)

) C
= (d— geBo)p(ﬂ—e%—I— EC(/)
d/

Before, d € C was a parameter representing some unknown function. Introducing the new
unknown /parameter

1

d :=d——e,
3

we come to a new G-structure of real dimension 6 parametrized by c,e € C* and d’ € C whose
lifted coframe writes

1) cc 0 0 Po
k| =1 —ice ¢ 0 K(
¢ d’ g G

We will write again d instead of d’.

—/
7. DARBOUX-CARTAN STRUCTURE OF THE COFRAME { po, k§, {5, Ko, Co }

Before continuing, we must compute the Darboux-Cartan structure of this new initial coframe

{po. K}, (6,%6,28}, for which absolutely no details were provided in [25, 18]. Here, we offer
complete explanations.
Abstractly, the structure in question will have the shape

dpo = RY po Akl + R po A+ Ry po N+ R po ACo+ ikl N,
(7.1) dry = Ky po Ak + K5 po A Gy + Kg' po ARy
+ K k) ACh+ K Ky AR 4 Co ARy,
dCh = Zg po A Gy +Zg kg A G+ 25 G Ao + 25 6 A G

Our goal is to compute explicitly all these coefficients, and the answer is stated as follows:
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Proposition 7.2. The Darboux-Cartan structure for the initial coframe { po, r{), (), Ry, Z{)} expands as

= <m+§P>poAﬂa—‘1(k) pAG

1 Ly (£1(k)) . Li(k)
+<3 Z ) +3P>p0/\/€0—£1(k)

Lo /\CO+Z’%O/\E65

L, (P) —9PP> po Ny +0po Ay

+ - P) ko NG + (o A R,

d¢y =

Observe from these explicit expressions that
51
2KY = R, + 7% and RY = KY.

Proof. We treat first dpy and d(;, which are easier than dx;. Observing from (6.8), that

po N ko = po A Kg and po NRo = po AR,
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it comes by replacement in (5.5)

= Li(k —
E ; 0 A Co+Ppo ANFo — ilgk; po A Co

3B )} (4580)

and a plain expansion yields the stated expression of dpg. Next, again from (6.8), it comes by
replacement in (5.5)

iy = TEE) gy A0 ®) (mo—é( éfk(f))—l’) o)Aca

dpo = P po N kg —

) (k)
L1(L1(R)) E1(£1 Li(k
7£1( 7 o A ( 3 < Lo ) + Co/\Co

and visually — no pen needed —, we obtain the stated result. To treat d/—@o, we start from
/ 1
Ky = ko + 3 By po

and we exterior differentiate

(7.3) drly = drsg + %dBO A po+ %BO dpo.
As a preliminary, we need to know dBy. Let us recall that
L1(L1(k — - Li(Li(k
O:M—P whence 3071(77()),13.
Li(k) Li(k)

A plain application of Lemma 2.6 provides this exterior differential

Ly(Li(k) 5\ _ (T(Li(La(R)) T (La(R) Li(La(R)
I6 s ‘P>‘< Lk Gep T(P)>p°

. (& GER) _ HEOLE®) £1<p)>
. (K(ﬁz(j,iﬁk))) B ’C(ﬁl(kg (k12(£1<k>> ) ,C(P)> G
(B 2 s).

N (’C(ﬁlﬁ(j}gk))) _ KRz <k21 (»212(&1 (k) ,C(P)> Z

an expression that we will abbreviate as
dBy = Uy po + Vo ko + Wo (o + XoFo + Yo (-
Assertion 7.4. After simplifications
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Proof. In the first two terms of Yy, we replace from Lemma 2.9
K(E(La(k)) = 2
K(Li(k)) = = L1 (k) L1(k)
and in the third term of Y, we replace from Lemma 2.5
K(P) = —PL(k) — L1(L1(E)),
which yields the result after one (underlined) pair cancellation

_ 2Li(k) Ly (L(R)) e
N7 Li(La(R)) |+

+PLi(R) + L (L)) 0

Temporarily, let us work with the abbreviations Uy, Vo, Wy, Xy, Yo. So, using the previous
structure formulas (5.5) in which, directly we replace

¢

CO El(k)7

let us add line-by-line all three terms of (7.3)

T (k) L1(k) _
drh = — — A -2 A /+ I AR
Ko . (k) po N Gy Zi(k) Ko A\ Gy + Co A Ko
+£U N +£V/<;/\ +£W Cé Npo+ = X/<;/\ E’Y 76 N
3 0P0 N Po, 3 Voko Po 3 Z1(k) Po 30 ko Po 3 Oﬁl@) Po
i Li(k) TR Ly (k)
4+ =BoPpo A fB ANCy+ =BoPpg A fB Bli/\li,
3 0L pPo /NkKo — Ol.ll(k) Po Co 3 0L Po /Nko — 0£1<k) Co 0 ko 0

hence after collecting coefficients of basic 2-forms, we get

TR i Wo o i, La(R)
d“o—m“o[*m*ﬁm*ﬁ Tt 5 v gmr
+p0/\f€0[ §X0+ BOP +p0/\C0|:—£— OZEZ;]

+ROAC6[—%1EZ;]+n0/\no[—fBo:|+Co/\no

Next, replace everywhere
, 0
Ro = Ko — gBOpo.

Then using again ko A po = K({ A po, only the last line changes, as it becomes

(-3 am) 6 [ 280 (o) 1 (3= ) [- 48] 61 (o § o)
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Expanding and collecting visually — no pen needed —, we get

Tk) i Wo Lik) | ip Lik) ig

= ponch|— LB 1 Wo ip L £
S S VA RE "Tik) 3Lk 3

+ po A g —%Vo+ %BOP+ ;B030:|

+ po /\RIO —2X0+ EBop—f— ;BQB():l

| 3 3
-/ [ ) YO 2 Zl(ﬁ)
+ po A —-—-———--B —
po A Co 3£1(k) 3 Oﬁl(k)o

[ Li(R 1
+ ko A ngkﬂ + Ky AR {330} + () A Ro.
L 1

To finish, we must yet replace V,, Wy, Xy, Y, by their complete values, and we will realize, as

indicated by anticipation above, that the coefficient of py A Zg vanishes identically.
Firstly, a replacement followed by a visual expansion finalizes

i£12121k iﬁlzlk Z1Zlk 7 —_
i L1 (Z1(k)) io— i (L (71(/%)) =\ [ L: (ﬁ1(%))
Secondly
, N T(k) i /C(Zl(21(k))) i K(Z1(k)) 71(51(]8))
on G} = = s T L B Li(k)®

i |K@)| i Ly(LiR)) i
T3 3 o@ 3l

but here, we must still replace the boxed term using Lemma 2.5

, N T(R) i /C(Zl(zl(k))) i K(Zl(k)) Zl(Zl(k))
P NGIRINE = C G T T D T3 Ly

3
ip i LLk) 1 TR i Li(Lk)

3 . 3 Lik) 3Li(k) 3 Lyi(k)
A pair cancellation makes the obtained expression match precisely with what Proposition 7.2

stated, after some permutation of terms.
The third replacement conducts directly to the stated result

i T1(C1 (Z1 (R i T (R)) il -
(oo AFo) {drg} = — 5 1(21((k1)( ) +3 121(115)2)) +5L1(P)

P .

o

1
3

1 Zl (Zl(k)) = 1 ==
e P—_-PP
MERATS) 3
J— S 2 3 —
n 2 £1££1(k ) _ ﬁ £1££1(k)) P+ EFP,
9 L k)2 9 L4 k) 9
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while the fourth (last) brings an identically zero result

—r iy b Zl(E) L (71(]%)) ) Zl(E) = i Ly (71(]%)) Zl(E)
79 lenGln) = s B TR Sam . 3 L) L),
i L1(k)
NN .

8. THIRD LOOP: REDUCTION OF THE GROUP PARAMETER d

After normalization of the group parameter b from (6.7), we have a new reduced group G°
of real dimension 6, and the lifted coframe is

= cC
p & 00\ [ P ,
(8.1) k| == —tce c 0 K — K 1= —1Cepo + CKy,
/ C
¢ d e £ 0 (::dp0+en6+EC{),
with inverse formulas
1
PO = —= P,
cc
e
(82) Kg = 1—p + — K,
cc
Cee d ce C
G (- ), BT
ccc  cc cc c
The Maurer-Cartan matrix becomes
Cdc+cdc 0 0 i 0 0
dg-g~* = | —iedc—icde dc 0 Qs : 0
at+a 0 0
=: 8 « 0 ,
~ 18 a—a
in terms of the group-invariant 1-forms
dc
a = —,
c
.edc .edc . de
Bi=t——1i— —1i—,
cc cc c
cd + i cee dc dc dd . ede
v = (f) -t =+t —=+1—.
ccc c c cc cc

Now, if we exterior-differentiate the lifted coframe on the product manifold equipped with
coordinates

(2’1,22751,52,11) X (c,E,d,a,e,é) e M5 x GG,
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after some computations, we may come to structure equations of the abstract shape
dp = (a+@)Ap
LR YAR T REpACHR pAR+ R pACHik AR,
dk = BAp+aiEk
+K1p/\H+K2p/\C+p/\E—|—K4p/\Z
+ K5k ANC+ KSk AR+ CAR,
d{ =vAp+iBAE+ (a—a)AC
+Z oA+ ZPpNCH ZPp AR+ ZEpAC
+Z5/£/\C+HAE+Z7/<L/\Z+ZSC/\E+ZQC/\Z.

Before really computing explicitly some of these torsion coefficients, let us examine what are
the absorption equations. For this, we replace

a=ad+aptazk+azl+as®+as(,
B =B +bip+bar+bs{+biE+bs5C,
y=94captertce(+aur+cl
A moment of reflection convinces that the result for dp is the same as in the proof of Lemma 6.4:
dp = (&' +@) Ap
+p/\m<R1—a2—a4> +pA§(R2—a3—a5) +pAR(R1—a4—62)
+p/\Z(E2—a5—63) +iKkAR.
Similarly, dx is unchanged
de = ' Ap+ad Ak
-‘rp/\li(Kl-i-al—bg)—&-p/\C(K2—b3>+p/\E(K3—b4)—‘y-p/\Z(K4—b5)
+/</\C(K5—a3)+/<a/\E<K6—a4)+nAZ(—a5)+C/\E.
However, for d¢, we have to compute
YAp+iBAE+ (a—a)AC =7 Ap+04+cokApt+esCAp+eaRAp+esCAp
+iB ANk+ibipAk+0+ibs( Ak +ibyRAK+ibsCAK
+a' ANCH+arpACHask ANCHOF+asRACH+HasCAC
— @A NC—TapAC—aRAC—a3CAC—TauwAC—0
and we get
dC =" Np+iB A+ (o —a) AC
—|—p/\f-£<Z1—|—ibl—CQ)+p/\C(Z2—03—|—a1—61)+p/\E(Z3—C4)—|—p/\Z(Z4—C5)
+/</\C(Z5—ibg+a2—64) +m\E(ZG—ib4> +mAZ(Z7—ib5)

+C/\E(Z8—a4+dg> +§AZ<Zg—a5+63).
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Lemma 8.3. Here is an essential linear combination of torsion terms
iK®—Z°.
Proof. Indeed,
K% = K3 — by,
Z% = Z° —iby,
whence
iKY — 7% = iK® - Z°. O

Proposition 8.4. Their explicit expressions are

K3 — _i+i _%Zl(il(k)) _EP _Z§Z1(k)
@ Li(k) 3 < Lo (k)
L (P L(G(E®R) 4 Li(Lak)
T <_3 ik 9 Lik?
? El(zl(k))— 1 — 21 =
9 Lik) +:sﬁl(lp)_gplp>’
go_ ;4 e e <1p 2£1(£1(k>)> e Li(k)
€ cc cc\3 3 Li(k) o Ly(k)

Proof. We start by differentiating (8.1), finalizing directly the Maurer-Cartan part, thanks to the
Maurer-Cartan matrix shown above, and setting aside dp for the moment

de = BAp+alAEk
— icedpo + cdky,
d{ =yAp+iB A+ (a—a)A(
+ddpy +edip + < dGj,
So we have to compute first

K3

[p ANE]{dr}
= —ice[pAE|{dpo} +c[p AE|{drj}.
The first term is, by (7.1), using the inversion formulas (8.2)
L
c

D (67 R () (g0 i) (6]

[0 AR {dpo) = [pm]{owm;’(c
_ iﬁé/—iﬁél— e

cce ccc ccc’

Similarly

DRE
ekt () () ¢ (2 2)0) 0 ()

1 5 e .
= tKO/‘i"LiKgI—Zi—i.
CCcC CcCcC
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Hence
3/ ee 3/ ;o d
K = —szU +sz0 i = K +i —Kﬁ — ——
_Cc, &O cc
. d e 1 £1(£1(k)) 20 = 1= = ee Li(k) 1 4
__cc+cc<_3 L. (k) _?P_§£1(£1(k))+3p ﬂ%g(%)’L%KO'

Replacing this last term K’ by its value from Proposition 7.2, we reach the stated explicit ex-
pression of K*. Next

78 = [n AR {dC)
= d [ AR {dpo} +e [w AR {dr} + = [ A ] {dGG ).
Separately
_ _ 1 d
[/{/\n]{ddpo} = 0+0+0+0+dz§ = ZCE7

ol —
|
| ®
oY
|
18

[k AR]{edny} = 0+0+0+0+eK6’%+e(_6£)
r{gac) o s0s (-2 ()05 () (-
- Sz =2y,
cc cC

hence summing and inserting the explicit expressions from Proposition 7.2, we conclude

70 =i L SRy _E gy g
cc cc cc cc cc
_ 4 e e flp 20(0K)) & Lik) -
cc cc cc\3 3 Li(k) < Ly(k)

Once we have reached the explicit expressions of both K and Z°, when we perform the
essential combination i K — Z5, we see that both the coefficients of £ and of £ disappear, and
it remains

d

iK3— 75 = —2i —+—C+ —K3’
:—%%+§
1 (ILEEER) 1LEER) 1LEER) 5 1, )+ 2PP
cc\ 3 L1(k) 9 Li(k)? 9 Li(k) 37" 9

We introduce, as is underbraced
ILEEER)  2LEE) | 1 GEER) 5, 1
6 Li(k) 9 Li(k)? 18  Li(k) 6

a function which coincides with Pocchiola’s function H. Then by means of the invariant con-
dition

HQ = —

L,(p)- ;PP

0=iK"—Z2°



348 Wei Guo Foo and Joél Merker

we reach a convenient normalization of the group parameter

d = - 5%4’2%[{0
e o 1LU(L(E®R))  2L(LiR)° 1 L(LR) 5 1w s los
___ZC_%C<_6 L o maer Tn onw Ltefh®)-gPP)

Before we really perform this normalization of the group parameter d, let us point out that
some other invariant relations between torsion coefficients appear. In fact, we see above that:

iKY = i K*—ibs,
Z" = Z7 —ibs,
whence
iKY -Z" = iK'~ Z".
However, the next lemma shows that no group parameter can be normalized so.

Lemma 8.5. Their explicit expressions are

|
~—

_ezl(

iKf=7"=-2
¢ Ly(k)

Proof. Indeed, by (7.1), replacing Ril from Proposition 7.2, we can compute using (8.2)
K* = [pA(]{ —icedpo + cdrj}
= —ice[pA(|{dpo} +c[pA]{drp}

— _ice (0+0+0+R§' (i)(i)) Yc0
e Zl(ﬁ)
%(@@J’

[ 7 Cl{ddpo +edry + = dcy |

= d[kAC]{dpo} +e [k AT {dih} + < [ ACT){dc))

©)

and similarly

Z7

0+0+C(0+0+0+Zg’(—ce)(
C CcC

C Li(k)

Another invariant torsion combination is the following.

| @
=

Lemma 8.6. Here is an essential linear combination of torsion terms

K24 257"

Proof. A glance at what precedes shows
K = K* —bs,
VA4 —ibs + ag — ay,
Z8 = 78 — a4 + a,
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whence indeed
8/ —8

—iK¥4+2Y -7 = —iK*+2°-7". O

Lemma 8.7. Their explicit expressions are:

. :ml( i K(E (5 ®)))

70 = -2 ==
c  Li(k) cc Ly(k)’
78 _ 27121(71(13)) 7521(]@)
T c T Li(k) o Ly(k)

Proof. Recall

dp = (a+@) Ap+ ccdpo,

dk = BAp+aAk—icedpy + cdrg,

¢ = 7/\p+iﬁ/\/<;+(a—a)/\p—&-ddpo—i-ed/ig—&-%d({),
hence

K? = [p/\g]{— z'éedp0+cdf<;g}.
Visually
1 C 1

pAc{dp}y = RBY (Z)(5) = RS,

cc C cc

pAdasg) = & (2)(O) & (1 ) () - (9)(-:5)

hence

Next, treat
75 = [kA(] {d dpo + edrly + %dg’)},

using
[H A C] {dpo} = Oa

i) 5 ()(8) - £
enciti) =% () - £
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SO
g _ <_ a(k)) 1 <£1(c1<k>)> |
cc\ Li(k)) <\ Li(k)
Lastly treat
Z8 = [CAF] {ddpo Vedw) + %dgg},
using

cl
[C/\K}]{dh}() —E%:E,
cl1 c ce 1 e
[CAE[{dG} = Zglgg +Zglg (‘ g) = CZ§/ ~--Zy,
which concludes
78 = Sy lgy _Eg
C C CC
e 1Ly(Li(R) ce Li(k)

= - T - =0 T — —. D

Thanks to these explicit expressions, we can compute the essential linear combination of
torsion terms, emphasizing two important annihilations by pairs

) 5 -8 o e 1 1 K(Zl (Zl(k))) 1 K:(Zl(k) Zl (Zl(k))
—iK?*+2°-Z _C+<—3 T ACEREAE L)

Lik) e Lik)
Also, in order to match exactly with Pocchiola’s function W introduced in [25, 18], we decom-
pose the last term of the second line as

2i T (k) _ 1 L1(L1(k)) 1 L1 (L1 (k)) i T(k)

3 Li(k) 3 Li(k) 3 Li(k) 3 Li(k)’

so that a third pair of terms disappears, and after reorganization — no pen needed —, the
result is

iK'+ 757 — i( 1 K(Z,(Z1(k)))

and this defines a new horizontal function Wy, equal to Pocchiola’s function .
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For now, we will not use the potential normalization ¢ = W, on the open subset of M° C C3
on which
0 # Wy (217 22,21, 22, U),
if nonempty — a hypothesis must be set up —, but we will deal with this discussion later. In
fact, before proceeding, we state a technical differential relation useful later, whose proof can
be skipped in a first reading.

Lemma 8.8. One has - o
K(Hy) = —2Ly(k) H.

Proof. Apply the derivation K to Hy

_ IRGEG®) | 1 KE®) L ()
KH) = =5=—Zm T Li(k)?
ARE(L®)) Li(L(k) 4 K(La(k) L(La(k))*
9 L (k)? 9 L (k)3
| R(Z1(R)) = 1 Li(La(k)) K(P)
BT o T Lk
K(Ly(k)) L1(Lo(R)) P 1 — — —
- LRI )Zl(k)(z WP k@ @) - 2P
perform replacements using Lemmas 2.9 and 2.5

— 1 Li(k) L1(L1(L1(R))) 1 Li(L1(R)) L1(L1(R)) 1o — — 7 1 L1(k) L1 (L1 (L1(R)))

KHo) = 3 Z1(k) T3 Z1 (k) teh@b®)) -5 Z1 (k)
8 L1(L1(k)” L1(k) 4 L1(L1(k)) L1(L1(k)) 4 Li(k) La (L1(k))?
9 L1(k) 9 L1(k) R 9 L1(k)?
3 121(£1(k)) Lyi(k) P 1 v (E))P_ifl(zl(k)) Li(k) P _izl(fl(k)) L1(L1(R))
9 Z1(k) 18 18 Zi(k) 18 Z1(k) )
b PO RBOLE LR @)+ S PRI + S PEE )

00

and observe some (underlined) cancellations to get an expression in which the last three terms
must yet be transformed

1Lk L (Li(R) 4 LiR) Li(La(R)” 1
3 Li(k) 9 L1(k)? 9 Li(k)

Lemma 8.9. One has
Ly (L1(L1 (k) + L1 (L1(R) P+ K(L1(P)) = —2L:(R) £
Proof. Apply the vector field £; to Lemma 2.5
LK) = ~T1(P) 1 (B) — PZ (24 () — s (s (B (B))).
K}()

On the other hand, apply the Lie bracket [£;,
known commutation relation shown in Section 2

Li(K(P)) =K(£:(P)) = [£1,K](P)

Y

S
—
S—

to the function P, using the concerned

~ LB ().
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and replace the first term £, (IC(P)) by its value above to get the result. O

Consequently, after this transformation, we see that E(H 0) is a multiple of £; (E) in which
we recognize —2 Hj, as stated

~ 1 L (L (L (k)

PR lelkp —_
Mm)—g@<3 X (Li(R)P 1

1 — 2 2
\ _14 _lnm P,
ke 0 mw  30PTg )

O

As we already observed, the essential (invariant) torsion i K? — Z5 can be set 0 to normalize
the group parameter d as

G it ey
2 c [
whence inserting in (8.1)
0 cc 0 0 00
k| = _—ice c 0 K
¢ —5 = +itHy e ¢ ¢

Thus, we are naturally led to change the initial coframe on M

{va 567 (l)vﬁé)vzg} ~ {va Hé)v (,)/,Eé)vzg}v
by introducing the new 1-form
0 = Go+iHo po,
so that a new, reduced by two real dimensions, G-structure, appears
0 cc 0 0 00
L ra

11
0

=
I
|
D
(g}
ol O

o
which is justified by the computation /reorganization
i Cee . C C
¢ = (—*f—ﬁ-Z:Ho)Po-f-e%-ﬁ-:Cé
2 c c c
1 Cee

C .

*§7P0+6H6+: (C6+ZH0P0)~
C C \'—_———

= ¢y

Back to previous expressions, this last coframe writes out as
1 —1 -2
po = E(dU—Aldzl —A2d2’2—A dEl —A d§2)7

ko = dzy —kdz + %Bo 00,

6/ : Zl(k) dZQ +ZHO £0-

9. DARBOUX-CARTAN STRUCTURE OF THE COFRAME { o, ), 6’,%,23}
The present change of initial coframe expresses as
0 = ¢+ 1Hppo — ¢ = ¢ —iHoy.
The exterior differentiation of {j comprises 3 terms that we shall compute soon

d¢ = d¢l +idHg A po +iHo dpo.
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Back to the previous structure equations written in the abbreviated form (7.1), we may start by
replacing (; in dpo, while observing that

=/ =4
po NGy = po A G and po N Co = poACos
we come to unchanged coefficients for
51 52 — . —
dpo = RY po Akl +RY po AC) + Ry po ATy + Ry po ACy + i Ky ATl
hence without computation, the third term is
=1 —2 —
’iHO dp() = ZHoR(l)/ Lo A :‘<66 + ’LH()R%/ Lo A C(/) + ’iHoRO/ £o /\EB + iHoRO/ Lo A CE) —Ho Ko /\Eé.
Next, we do the same replacement of ¢/ in
dely = Ky po A kly + Ko po A (C(’)’ —iHy po) + K3 po A
+ K k) A ( v —iH, po) +KY k) NFH + (g‘()’ —iH, p0> AR,
hence
d ! Kl/ .KSIH / KQ/ " KS/ i H —/
ko = | Ko +1Ky Ho | po A kg +Kqg po Ay + | Ky —iHg ) po ARy
~—_——— ——
=: K} =: K’
+ K ki NG+ KSRl ANl + G AR,
Similarly, do the same for
dy = Zg po (C(I)/ —iHy Po) +Zg Ko A (Zg +iHo Po)
+Z(8)/ ( 6’ — ZHO po) /\EB +Zgl ( 6/ — ZHO po) A (Zg + iﬁop0>,
hence
dC(/) = ZZS/HO Lo A :‘ﬁ() + (Z%/ — zZS’ITIO) L0 A\ C(/)I — ’LZ(8)/HQ Po /\Eé)
— i ZY Hopo ACo +Z3 k) NG+ Z8 CU AR+ Z8 ¢ A Co.
Next, we have to compute the second term in d¢{/, and using

dHoy = T (Ho) po + £1(Ho) ko + K(Ho) Co + L1 (Ho) Fo + K (Ho) (o,

it comes
dHo A po = 0— L1 (Ho) po A ko — K(Ho) po A Co — L1 (Ho) po ANFo — K(Ho) po Ao
_ ;4 _ G = iy
= —L1(Ho) po A (Ko 3 By Po) K(Ho) po N T (k) L1(Ho) po A (Ho + 3 By Po)
—/
- Co
— K(H, po N\ —
(Ho) Ly(k)
K(Hy) = _,  K(H,) -
= —L(H A Ky — = ANC)— L (H N — ACo,
1 (Ho) po A K Z.(k) po A ¢y — L1(Ho) po AR o) po A Co
hence multiplying by i, we get the expression of the second term
. _ K(H, = _, . K(H, —
idHy N\ pg = 7Z£1(H0) po N Ky — i E(l(ko)) po Al 71£1(H0) po N R z‘c(l(]:))po /\§g.
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Summing and collecting the three computed terms yields

/ . Hy) .
el = po A [zzg Hy—iLy(Ho) + ZHOR(%’] +po A cg[z” iZY Hy — ’Z( (k)) + zHoRS’}
1
=: Z}'
- Z2//
— - - IC H
+ po /\E{)[—iZS/HO — i Ly (Hp) +iH0R§’] + po A Cy [ iz Hy— i M) g B ]
=: Z3" - ©
+ZY KL NG+ R /\lﬁ:o[ —HO} FZ8 Ny +ZY ¢ NGy

=:Z8"

Lemma 9.1. One has the identical vanishing of the coefficient of po A Zg in d¢y
ZY = —iZyHy—i KHo) +iH, 73(2)'
1
= 0.
Proof. This is equivalent to
= ? . =2
’C(Ho) = El (k) HO ( - Zg/ +R0/>
and after a replacement using Proposition 7.2, to
_ ? — E k Li(k
]C(H()) = ,Cl (k) Ho 1(7) 1(7) 5
Li(k)  Li(k)

an identity which was already seen by Lemma 8.8. O

In summary
_ pls ’ 2/ n | pl — P =y
dpo = Ry po AN kg +Ry po NGy + Ry po ARy + Ry po Ay + ik ARy,
drgy = Ky po Ao+ Ko po A GG+ Ky po ARG
+ Ky ki ANCY 4+ KY Kl AR+ G AR,
¢y = Zy" po Ak + 23" po NG+ Zg" po ARy
FZY KNG+ Z8 Ry ARy + 2 G Ny + 28 G A .-

Notice that new coefficients Z3", Z3", Z" appear in d¢}/, which were absent in d(}, as they are
coming from the second term i dH( A po.

10. ABSORPTION AND APPARITION OF TWO 1-FORMS 7!, 72

With the 4-dimensional group parametrized by (c, e, é), the lifted coframe writes:

p = cCpog,
P c 0 - K = —icCepy + CK|
K = —iCe 0 K = : ro 0
i Cee < 1 1 Cee
e ¢
¢ 2 ¢ < 0 C:———f—po—i—e/ﬁ(ﬁ— C

2



Differential {e}-structures for equivalences of 2-nondegenerate Levi rank 1 hypersurfaces M° C C* 355

with inverse formulas

1
PO = e P
e 1
10.1 Kh = i—p+ =k,
( ) 0 cc P c
1 Cee ce c
a3
ccc cc c
The Maurer-Cartan matrix becomes
Cdc + cdc 0 0 i 0 0
dg-g~* = —iedc — icde dc 0 i 10
_ieede _ ;Tede | iteede go do _ cde _ice _Te <
2 c c 2 cc c cc 2 ccc cc c
at+a 0 0
= B a 0 ;
0 i a—a
in terms of the group-invariant 1-forms
dc

o= —,

Bi=i— i i —.

Now, if we exterior-differentiate the lifted coframe on the product manifold equipped with
coordinates

(21,22,%1,%2,v) x (c,C,e,8) € M® x G,
after hard computations, we may come to structure equations of the abstract shape
dp = (@ +@)Ap+ R pAK+REpACHR pAF+R pAC+ik AT,
di = BAp+ank+K'pAk+K*pACHK3pAR+K* pAC
+ Kk ANC+ KSk AR+ C AR,
dd =vAp+ifAr+ (a—a)A¢
+Z oA+ ZPpNCH ZBp AR+ ZpAC
+ 2Pk NCHZORANFR+ZTkNCH+Z8CAR+ZYCAC.
A moment of reflection convinces of the truth of

Assertion 10.2. The relations coming from the normalizations of the group parameters f, b, c are
preserved

1 = [¢AR]{dkr},

0=R —2KS 4+ Z8,
0=iK>—Z2°
as well as the auxiliary relations
K° = R?
ZT =iK*

)

70— _R. 0
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Now, we want to absorb as many as possible of these torsion coefficients. So we introduce
modified Maurer-Cartan forms — mind notations

ali=a—aip—ayk—a3( —as® —as(,

72 = B—bip—bak—bg( —bsR—b5C

and we try to determine (fix) the unknown coefficients a;, b;. By replacement, setting ¢; := 0 in
the formula seen above for d¢, we obtain without pain

dp = (71+ﬁ1)+p/\/<;<R17a2764>+p/\§(R2—a3—ﬁ5)
+pAE(§1—a4—ag)+pAZ(§2—a5—ag>+mAE,
dfi:7T2/\p+771/\ﬁ+p/\/i(K1+a1—b2)+pAC<K2—b3)
+pAE(K3—b4)+pA6(K4—b5)+Mg(K5—a3)
+1€/\E<K6—a4)+/€AZ(—CL5)+C/\E,
dc :m2m+(wl—fl)Achpm(lebl)+pA§(ZZ+a1—al)
+p/\E(Z3)+p/\Z(Z4)+m/\C<Z5—ib3+a2—a4>+/<;/\E(Z6—ib4>
+nAZ(Z7—z'b5)+<AE(ZB—a4+ag)+<AZ(Z9—a5+63).
Now, replacing from Assertion 10.2
78 .= ~R +2K°, 78 .= i K3, K® = RZ, 77 = i K4, 79 .= - R,
the absorption equations write out as

as +dy = R, —ay +by = K, iby = — 2,
az +as = R?, by = K? —ay+ay = 77,

by = K3, 0:,
b5:K4, 0:7

a5 = R, —aytay+ibs = 75,
as = K°, iby = i K,
= =9, ibs = iKY,
— Tyt a4 = —E1+2K6,
—Gs+as = —R.

The boxed Z* and Z* are clearly essential torsions, since they cannot be annihilated by any
choice of a;, b;. We will compute them explicitly a bit later.
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At the end of the second colon, a5 = 0, whence at the ends of the other two colons, we get
as := R?, hence all the 4 underlined equations drop. Also, unique assignments exist for

by = K2, by == iZ',
by = K°, by = K3,
bs == K*, by = K*
as = K°,
and it remains to solve
a;+K° =R, —ai+by = K, —ata = 2%
—a+ K +ik? 2 75,
G+ K2 _R' 4 2KS.
Certainly
by = K'+ay

and the two equations = for a; are equivalent — this comes from the normalization relation
0=TR —2K®+ Z8 already taken account of —, yielding

as == R! _K

However, the equation Z cannot be satisfied automatically, and this provides an essential tor-
sion combination
R+ K +K +iK? =27 = —iK*+2°-7" =0,
which was already seen in Lemma 8.6. The last remaining equation
—ai+a = Z°

shows that one can annihilate Im Z?2 by choosing

Ima; = — = ImZ?

2
and it still remains precisely one real degree of freedom, a free variable that we will re-denote

t := Reay.
In summary, we have established a fundamental

Proposition 10.3. With t € R being a free variable, by defining the precise modified Maurer-Cartan
forms

pel a—(t—%lmZ2)p— (Rl—FG)/@—}FC—Kﬁ*—O,

w2 B—z‘lef(t—%ImZ2+K1)/€7K2C—K3E7K4Z,

it holds
dp = (7" +T) Ap+ikAF,
de = T2 Ap+ 7t Ak +C AR,
d¢ = (7' =FY)AC+it* Ak

+(ReZ*) pACH+ ZPp AR+ Z p A+ <Z5+R1—2F6—iK2)/i/\C. O
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We yet have to compute the remaining 4 essential torsion coefficients

Re 72, A 74, 75+ R' 2K’ — i K2
Fortunately, by anticipation, we have already explored and finalized
PR —2K° —iK? = —iK>4+2°-7"
~Lw,
c

Assertion 10.4. One torsion coefficient vanishes identically
0= 7%
Proof. Recall
Z4

[on c]{dc}

, Cee C
[pAﬂ{ - %poo—l—edng—kgdg{)’}.

Compute separately

i Cee 1 cee =2 (1 /cC 1 ee 2
ye Tty = -5 TR () () = R

e[pAn{]{dry} =0, B
SloaTagy = 22 () (5) 22 (-5 (5)
1 ee g,
=0-35%

and since we have already seen in Lemma 9.1 that Z3” = 0, in the proof of which we have used
R, +Z) =0, the sum of these 3 terms is indeed zero, and we done. O

It remains to analyze Z* and Re Z?, a substantial task to which the two next sections are
devoted. At least, we know that

d¢ = (ﬂl—fl)/\p—kin/\ﬁ

1
+(ReZ2)p/\C+Z3p/\E+EW0m/\C.

11. COMPUTATION OF POCCHIOLA’S INVARIANT

We now determine
Z3

I
<
>
2L
—~
QL
~
—

= [p AR {dpo} +e [p AR {drt} + = [p AF]{dcf'}
=R (0B ]

O+ (520 ]
@O OO m (O (-2 (E)]
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hence after collecting

ee i =17 ) eee |1 =2 1
z3 = — {R +iK6’Z8’] + = [R +-ZY ]
270 0 270 ccc v Oo

ccc 2
€ 31/ . 7611 1 311
+ = KO + ZZ() + — ZO .
ccc ccc
As we already know, the second term vanishes, the third one as well

KY' +iZ) = 2iHy—iH,—iH,,

and also the first one

_1—1/ . ,_z 8/__2 lfl(zl(k)) 2 — . _lzl(il(k)) lf
2R0+2K§ 520 = 2<3 +3P|+il 5=+ 3P

It remains only one term

ZS — ézg//
Ccc
1 . = |
= — (~iZY Ho—iLi(Ho) + iHoRy)
i (T(Ek) | 7.(C, (8) .
= - Hy — L (Hp) + = == Hy+ ~H,P
= ( T (k) 0 1( 0)+3 Zi(k) o+ 0
i (AL(Li(R)
= ccc<3 7 3 HQ-F*PUHU—El(Ho)

Then a direct expansion of the derivative £, (Hy) which uses neither Lemma 2.5, nor Lemma 2.9,
provides (exercise) exactly the same expression as the one of Pocchiola

= 1L(Li(L1(L4(R))) 5 La(La(La(R))) Li(La(R) 1 Li(L1(L1(R))) P
" 6 L. (k) 6 L1(k)? 6  Li(k)
20 Zlﬁzl(k ) i 5 Z1&71 (k))2 o 1 L (Zlik)) Ly (P) 1 Z1£71(k)) PP
27 Li(k)? 18 Li(k)? 6 Z1(k) 9 Li(k)
-G G(E(P) + 3 T(P) P~ - PPP
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12. COMPUTATION OF THE DERIVED INVARIANT R := Re Z?2

Next, we determine

relmi(@ O (DO - O (&)

QO BEDO -2 (2B

hence after collecting

72 =iZ 4 =2 (—;RS’JriKg’) L= (JZQ'>

i cee

2 ccc

cC  ccc 270
+ é (K?)’ + z‘ZS’) + % (izg') - C—l,Zg”,
that is to say
o _ € Tee (i Li(k) ‘El(k)> cee (i Li(k)
@ e (2 Lik) ik T\ 2Lk
e (i K(Li(Li(k))) LL K(L1(k) L1(L1(R) i L1(L1(R))
cc\ 3 Lik)? 3 L1(k)3 3 Li(k)
i Li(Li(R) 2 T(R) +i£1( 1(%))
3 Li(k) 3 Lyi(k) Ly (k)
C§ (—z Eﬁﬁ))) +C—1E (—iZS’HO +iH Ry +Z2 —i ’C(f%)) .
on hold

Now, observe firstly that when we consider
2ReZ% = 22+ 7,

the real part of the sum of the first three terms of Z>

_ee  Cee i L1(k) cee i L1(k)
Yo e (_2£1<k)) T (‘2 z:1<k)>

)
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vanishes, visibly. Secondly, in the sum Z? +72, if the terms multiples of = are grouped together,
we realize that we recover Wy exactly

e (1 K(L1(L1(R))) +1 K(L1(k)) L1(L1(R))
cc 3 Li(k)? 3 Ly(k)3

_y e (L1EEL(L®m)) 1 Li(Li(k) | 2 La(£1(R))
e\ 3 LRE 3 LR L1(k)
2 Li(Lik) i T(R)
3 Z1(k) 321(/6)
=i =W,

as we remember its explicit expression from Section 8.
In addition thirdly, using the explicit expressions from Proposition 7.2

2= _ Lilk) and Y = Zl(@,
L1(k) L1(k)
and the explicit expression of
Ly (L (Ca(k L(Lk) | 1 L(Ck) 5 1o 5 1o
jy - ADEEE) 2LEE) L LER) 5 1y o 1o,

2
6 Li(k) 9 Lik) 18 Lk 6

we verify by a direct computation the identical vanishing

= —iZ)Hy+iHyR) +—iZ) Hy +iHyRY,
which means that the term “on hold’ underbraced above disappears when taking 2 Re Z?2, and
we receive

. R 1 . ’C(Ho) =2/ . K(ITI())
2Re 7% = i—Wo—i—Wo+— 22 —i =2 4+ 7 + = .
° P 0Tt T e (P ZLl(k) 0 Z£1(k)
Fourthly and lastly, by replacing
H, = —%Kg’,
we get
1 1 K(Ky)
12.1 2Re 7% = 2Re i — Wy + — (22 —= ==L ) ).
(12.1) Re Re(zCCWo+CC( " T2 T
—_——
on hold

A miraculous re-expression of 2Re Z2 was discovered by Pocchiola on his computer, and
was shown in [25, 18], but without any details of proof.

Lemma 12.2. One has in fact

2Re Z? = 2Re [icecWO’Ll(_ ;cl(Wo)+;<— :151(1())+;P> W0>].

ccC
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This expression shows that Re(Z?) depends on the first jet of Wy, that it vanishes when
Wy = 0, and therefore, Re Z? is not a primary invariant. We provide details of proof, with no
computer help.

Proof. To transform the term ‘on hold’ above, we need a technical lemma, whose proof, to be
done afterwards, uses mainly the Poincaré relation d o d = 0 applied to the structure equa-
tions (7.1).

Lemma 12.3. The following two identities hold identically
IC (KSI)

(12.4) o - L&) KK - K + R, + 22,
(12.5) L(ZY) + £1(ZY) = ZUKY + ZV K, +iZ2.

Admitting these identities temporarily, let us prove the proposition. In order to replace the
term ‘on hold’ in (12.1) above, let us multiply by —1 the first identity (12.4), and take 2 Re(-)

(- 1) (-

We yet have to transform the boxed term. To this aim, we conjugate the second identity (12.5)

M| —

g JRy— 1
L1(K3) +§K§K§ +o—2z§’>.

L(Z))+ L1 (Zy) = Zy Ry +Zo K —iZy ,
and to this identity multiplied by 4, we subtract (12.4) also multiplied by 4, to get
—iLy(2Y 20 ) +iLi(Zo - 2) = —iKy (20 -2 ) +iKy (20 - 2) + 2 + 2y
But here, remembering that, by definition of W
ZY -7y = Wy +iK?,
we can replace to get
T (W) 4T () 4 £ (o) 421 (B) = — iKY Wo s K K i B Wor B B+ 224+ 7
that is to say for the mentioned boxed term

2re (L (K3) ) = 2re (wl (Wo) — iK% Wo + K2 KS +zg’>.

Multiplying this result by — 1, and replacing above yields

1 K(Ky) i — i e i o Lo 1
Re( 5 El(k)) = 2Re<—2£1(W0>+K6 Wo— K K6 Zo +2K0Kgo—220)

and a final replacement in (12.1) concludes, if one remembers that
1 1
- T = - + - P. D
3 Ly(k) 3
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Proof of Lemma 12.3. To treat the first identity (12.4), apply the exterior differentiation operator
d to the structure equation for dxy from (7.1)

0 = d*ky,
= dK} A po A Ky + Kb dpo A Ky — Kb po A dr),
+dKg A po A Gy + Ky dpo A Gy — Ky po A dGy
+dKy A po ARl +KY dpo ARy — Ko po A dRy
T reaed
+dKg' A kg A G+ KRG dr A Gy — Ko kg A dG
+ dKy' Ak ARy + Ky dig ARy — Ko kg A dR
+d¢) N Ry — Ch A dRy.

Because we are dealing with K (K}, ), we can wedge throughout with «{, AC, to obtain K (Ko') /L1 (k)
from the term marked ‘needed’, and we get

0=0 +0 — KY po Adil Akl ACy
+dK3 A po NG ARG Ao +KS dpo NG ARG ATy — K po AdCh Akl A G

+dRY A po NFY ARG ACy + K dpo AFY A K ACy — K2 po A dR) A Kl A C

+0 + K drhy ANCONKYACy —0
+0 +KY Akl AR AL ACy — 0
+0 +dC) ARy A Ky A G — ¢ ARy A K A Cy.

In the left column, observe that two exterior differentials appear, dKg , dKy . Already in Sec-
tion 9, we have implicitly used the following companion of Lemma 2.6.

Lemma 12.6. The exterior differential of any function G = G(z1, 22, %1, Z2,v) on M expresses as

G = (T(6)~ S Bu+ §Bo) o+ £2(G) i + G L@+ Z((?)cé-

Proof. Replacing k¢ by k( — %Bo po from (6.8), and ¢y by %ﬁ’k) from (5.4), we indeed obtain

dG = T(G) po + L1(G) ko + K(G) ¢ + L£1(G) o + K(G) ¢

= T(G) po + L1 (G) (ng . %Bo po) +K(G) L‘f(ék)
+24(G) (R + 5 Bopo) +K(G) cffk)' =
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Using this lemma for dK¢', dK5', and replacing also dpo, dr), d¢), dr), dzz, by means of (7.1),
we have

0=0 +0 — K po ACLAFY A K A Cy
_ _ —1 _ _
+ L1 (K3 Rl A po A Co A w Ao + Ko Ry po Ny ACh Ak A Cy — Ky po NZY G N A
ICKS/ _ B
LG Ny iy ATy B 0 1 Gy Ny Ty =0
+0 + Ky Ky po ARy ACh ARG ACy— 0
+0 +KY K po AChATY A Ky ACy—0
. —1 -
+0 FZY po NG ATONKOACy  — AR, Apo ATy AK)ACy,

hence caring about signs when factoring by the naturally appearing 5-form

O:poAmgAg’)AEgAZg(o +0  —KY
L.(KY)-KYRy — K2 Z¥
K(Kg/) 3/ P2/
- = +K,Rj —0
+0 KK} —0
+0 +KVKY -0
+0 +Zy +EKy ),

whence we arrive at the announced first identity (12.4) by remembering some useful relations

K(KD)
Ly(k)

— Z,(K¥) + KYKY —K? (E})’ +Z§’) +KY (R?; —K?/) “KY+R +z2.
——— —_———

= 2K¢' = 0!

For the second identity (12.5), we proceed similarly, applying the exterior differentiation oper-
ator d to the structure equation for d¢/, from (7.1)

0= d*¢}
= d(Z3') A po A Gy 25 dpo A Gy — Zg po A dGg
don’t want

+d(Z) N Ky N CAZY drl A Ch — Z Kl A dC)
T

+d(ZY) N NFY+ZY dCh NFy — Z8 ¢ A dR,
——

+d(Z3) A GG N Co+23 dGh A Co — 2 ¢ A dCy.

don’t want
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Observe that the desired identity involves the derivatives of Z3' and Z;'. Hence we may con-
serve those terms marked ‘want’ by wedging with the appropriate 2-form py A Zi)
—/
0=0 +Z2 dpo NCh A po ACo+0
-/ —=/ =/
+dZg N rg A Gy A po Ao + 2o dr A Gy A po A Co — Zg kg A dGh A po A Gy
-/ —/ —/
+dZy N NFY A po Ao+ Zy dCh ATl A po ACy — 28 Co NdRl A po A

+0 +0 —ZY A NdCy A po A Cy.
Using Lemma 12.6 for dZj)', dZ3', and replacing also dp, dr, dC), drp, dZ/O by means of (7.1),
we have
20 1N —) / =/
0=0 +Z5ikg NRg A ApoNCy +0

+ L (ZY) Rl A Ky A Ch A po A Co + Z5 KS Kkl AT A G A po A Co + 25 1y NZY Ch ATy A po Ao

8 ~ el 8/ 75 ~ S 8 - el
+L1(Zy) ko A Gy Ao Apo A Co +2Zo' Zg kg A Gy AR A po A Co +Zg C(/)/\KGO ARy A kg A po A G
40 10 —0,

hence caring about signs when factoring by the naturally appearing 5-form, we arrive at the
announced second identity (12.5)

O:poAngAg’JAE{)AZg(O +iZ¥ 40
— L1(Z8) + Z3 Ky + 2o Zy
@) BB ABE

+0 10 ~0 ) O

13. SUMMARIZED STRUCTURE EQUATIONS

All this work conducted us to finalize the statement of Proposition 10.3, but before, let us
make an ample summary.

After normalizations of the group parameters f, b, d, the equivalence problem for 2-nondegenerate

(constant) Levi rank 1 C¥ or C* real hypersurfaces M® C C? conducts to a 4-dimensional G-

structure
cc 0 0
—tce ¢ 0 |,
_ i Cee c
2 ¢ c
where ¢ € C* and e € C, with Maurer-Cartan forms (conjutates are not written)
dc
a = —,
c

Bi=i——i——1i—.
Furthermore, 2 fundamental primary differential invariants occur

i = 1
J = —J, and W = -W,,
CCC C
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where Jy and Wy are explicit functions on M, together with 1 secondary invariant
R :=ReZ?

iCiWO—i—ch(— ;cl(wo)+"(_ ;Wl(k))ﬁp)woﬂ.

=R
¢ 2 k) 3

On the 10-dimensional manifold M?® x G* x R equipped with coordinates
(Zla 22,31752,1)) X (CaEa eaé) X (t)7
there are two modified-prolonged Maurer-Cartan forms
= a— (t—%ImZ2)p— (R1 —FG) k—R2(C— KS% —0,
7= B—iZ p— (t—%ImZ2+K1)n—K2C—K3E—K4Z,
where R, K*, Z' are explicit functions on M® x G*.
Theorem 13.1. After finalization of absorption, the structure equations read
dp = (7' +7T) Ap+iKAF,
dk = T ANp+ 1 A+ C AR,
d¢ = (7' =F)AC+in® Ak
+RpANCH+HIpAR+WEAC. O
14. THE FINAL {e}-STRUCTURE
Let ; and Q5 be the two 2-forms defined by:
O =drt —ik AT —CAC,
Oy = dr? — 2 AT — (/\fQ.

When the two fundamental invariants J/y = 0 = W, vanish identically, since we know that

R = Re [icecWo—i-l(— ;cl(wo)+;<_ ;W—i—;P)Wo)}?

« Zi(k)
J = éj()a
CcC
1
W = 7W01
C

it comes
O0=R=J=W.

Independently, the addendum to [18] shows that in the case where all invariants vanish, these
auxiliary 2-forms Q; and (2, satisfy

(Ql —|—§1)/\,0 = 0,
QANp+ Q1 AK 0,
(Ql—ﬁl)A<+iﬂg/\I€ = 0.

In general, the right-hand sides of these structure equations are not necessarily zero, and they
depend on the invariants R, J, W.
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Proposition 14.1. The two 2-forms 4 and €, satisfy

(14.2) Q14+ Q) Ap =0,

(14.3) QAp+U AL =—RpAN(AR—WKA(AR,

(14.4) iQ A+ (2 —U)AC = —dRApANC—R(n' +7)ApAC—iRT* Ap Ak
+iREACAC —dIANpAR—=3JT ApAR
—JpAKAC—dW ARNC =W T2 ApAC
— Wl AKAC=WJIpAKAR.

Proof. These relations come from Poincaré’s identities

0 =dodp =dodk = dod(,

applied to the finalized structure equations of Theorem 13.1, in which dp, dx, d¢ should be
replaced again using Theorem 13.1, followed by a reorganization of the obtained 3-forms.
For the first line (14.2)

0 =dodp
= (dﬂ'l—l—dfl)/\p— (7r1—|—ﬁ1)/\dp+id/£/\ﬁ—iﬁ/\dﬁ
= (dr' +d7' ) Ap— (7' +7') A ((w1+ﬁlo)Ap+im\E)

+i(7r2Ap+7r1/\p+C/\EO) AR —ik A <ﬁ2/\p+?1/\ﬁ+6/\ﬁo).

Afer simplification, this becomes
0= (dwl —z‘fmﬁ?) Ap+ (ﬁl +mmr2) A p,
and after insertion of twice —( A ¢ which is purely imaginary — hence disappears —, we ob-
tain (14.2)
0= (dwl — ik AT chZ) Ap+ (dﬁlﬂ‘EAw?—ZAg) Ap
=W Ap+QAp.
For (14.3), we proceed analogously, starting from the second structure equation of Theorem 13.1
0=dodk
=drPAp—7? ANdp+dr* Nk — 7' Ndk +dC AR — C AN dR
=dr’Ap—72NA ((7r1+ﬁ1) Ap+mAE) +drt Ak —mt A (7T2/\p—|-C/\E)
+ ((7r1 — ) Ac+m2Am+RpAc+WnAg) AR—CA (fQ/\p-l—ﬁl/\E—i-Z/\n).

After four annihilations by pairs and a reorganization, this becomes

0=dr*Ap—7° AT  ANp, =T AT Ap—im® Ak ABy +dr' Ak =1 A? Ap — 7' ACAR,

+ T ACAR, —T ACAR, +im? AK ARy + RoACAR+WRACAR = CAT Ap

—CATEAR, —CACAK
= (dw2—w2Aﬁ1—(/\ﬁ2)/\p+(d7r1—(AZ)A/-e

+RpANCAR+WEKEACAR,
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which is (14.3), since we can insert ( — ik A7) Ak = 0. Lastly
0 =dod(
= idr* Ak —im* ANds +drnt AC— 7t AdC —dTt NG+ T AAC
+dRApAN(+RdpANC—RpANdQ
+dJANpANE+JdpANE—JpANdR
+dW ARANCH+W Ak AN —W Kk AdC,

whence by replacements

0= idﬂ'Z/\m—iWQ/\(7?1/\/1+(/\E)—|—dﬂ'1/\C—7r1/\(iﬂQ/\n—ﬁl/\C—l-Rp/\C
+me+Wm<) - dﬁl/\c—l—fl/\(i7T2/\/i+7r1/\C—i—Rp/\C—&-Jp/\E—i—W/@/\C)
+dRApAC+R((7r1+%1)Ap+ifmﬁ)/\g—RpA(mQAnJr(wl—ﬁl)A(JerA()
+dIAp AR+ T (T +T ) ApAR—=JpA (T AR+ CAR)
+dWAnA<+W(7r2Ap+7rlm<;)A(—me((wl—ﬁl)A<+RpA§+JpAﬁ).

Let us expand this and underline the eight annihilating pairs

0 =idr® ANk —im® Am' Ary —im® ACAR+drt AC—in An® Awy + 7" AT AC,
—RT'ApAL —JT Ap AR, =W ARAC — dT ACHIT AT AR+ T AT AL,
+RT APAG +IT ApAR+WT ARAC+HARApAC+RT ApAC,+RT ApAC
+iR/£/\E/\C—iRp/\7r2/\/<—Rp/\ﬂ'1/\C+Rp/\f1/\§4—RWp/\n/\C5
+AI NP AR+ I T NP AR A+ TT ApAR=Jp AT AR —=JpACAK+dW AKAC
W ApACHW T ARANCG = WRAT ACHWRAT AC —WRKApAC,
—WJKApAE.

After simplification and reorganization
0= i(dﬁ2 —7r2/\ﬁ1) A K+ (dwl S —iﬁ/\wg) AC
+dRAPpACHRTAPpAC—iREANCAR+IRTPApAK+RT ApAC
+dJApAE+3IT ApAR+TpAKAC
+dAWARACHW TP ApACHW T ARACHWIpAKAR.
To reach (14.4) completely, only the first line must yet be transformed, and it suffices to insert
into it two terms which cancel together

z‘(dw2—7r2Aﬁ1 —g/\#o) A K+ (dwl — ik AT, —d7! —iE/\wQ) AC. O

Remind that all present considerations hold on the 9-dimensional manifold M® x G* equipped
with the coordinates
(Zl,Z2,21722,'U) X (Ca eaEaé)v
the supplementary real variable t € R being considered as a parameter until it becomes a
variable at the very end of the process for an {e}-structure on the 10-dimensional manifold
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M?® x G* x R. In order to build up such an {e}-structure, the goal now is to fully determine the
two 2-forms (2, ()5, and precisely, to determine how they express in terms of the coframe

{x*, 77,7, p,K, (R, C}.
To begin with, suppose that there are two ways of solving for {1, } the structure equations
of Proposition 14.1, leading to another set of solutions {€2{, €% }. Then their differences I'y :=
Q) — Qq and I'y := Q) — Qs must necessarily satisfy the homogeneous equations
(T1+T1) Ap =0,
FoAp+T1AK =0,
iTs A+ (1 —T1)A¢ = 0.
The addendum to the article [18] provides a detailed proof of the elementary

Proposition 14.5. The general solution {I'1,T's} to these homogeneous equations is given by
'y == AAp, Iy := AANK+hpAR,
where A is a real 1-form and h is purely imaginary function. O

This means that the two sets of solutions are related to each other by
Q) = +AAp, b =Q+AANE+hpAc.

Due to this flexibility represented by A, h, it will be necessary to prolong the structure equa-

tions by adding this real 1-form:

A=dt+---,
the remainder terms being very complicated, while the function & could be some new invariant.
However, it will be later shown that h expresses in terms of the 3d_order jets of W and J, thus
eliminating the possibility of appearance of new primary CR invariants. On the other hand,
the existence of A can be explained by an application (not detailed here) of Cartan’s test, due to
the fact that there is one degree of real-valued indeterminancy during the fourth absorption.

It therefore suffices to find a particular set of solution 2; and {25, and then to parametrize the
solution space by means of A, h. We will adopt the following strategy. First, we will find the
simplest forms for €}y and (), restrained by the first two equations (14.2), (14.3) of the starting
Proposition 14.1. Then we will simplify these 2-forms by means of Cartan’s lemma to eliminate
as many unknown variables as possible using the third, more subtle, equation (14.4). At the
end of the elimination, those remaining unknowns which cannot be computed due to the lack
of information turn out to behave like A and h, and hence we will terminate the process of
solving for solutions.

In M® x G4, it will be useful to adopt the following notations for the covariant derivatives

dR=Rum +Reen’+ Ra® + Ree® + Ryp+ Re i+ Re( + ReE + Rz C,
(14.6) dJ = Jam' +Jen’+Ja 7 4 Jem +Jyp+ ek + Jc C+ Jr R+ J2C,
AW = Wan' + W n® + War & 4+ W 7 + W, p+ Wik + We ( + We R+ We (.

Some of these coefficients will be revealed during the course of solving the structure equa-
tions. We first turn ourselves to finding the simplest form of €24, {2 satisfying only the first two
equations (14.2), (14.3).

Proposition 14.7. There exists a real-valued function p and two differential 1-forms I1, U such that
Y =TAp+pe ANE—WkrAC—-WC(CAR,
Qo = VUAp+IIAK—RCAR.
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Proof. We can rearrange the terms in (14.3)
(14.8) 0= (U +WCAR) A+ (Q2+RCAR) Ap,
in order that an application of the Cartan Lemma yield functions A, ©, I1”, ¥ so that
W +W(EAR = AANK+0OAp,
Qo+ RCAR =T"Ar+ T Ap,
with a double prime on II” meaning that we will soon modify it two times.
In fact, substituting these representations back into (14.8), we see that there are constraints

on © and I1”
0= (AAK,+OAp) A+ (T"A+TAp )Ap

= (©-1")ApAE.

By the Cartan Lemma again, this implies the existence of two functions a, b so that © and I1”
are related to each other by

O =1I"+ap+bs.
Next, putting this into the expression of 1, while letting II" := II” + b x, it follows that
D =AA+OAp—W(AR
= AN+ (" +ap +br) Ap—W(AR
= AN+ Ap—WC(AR,

while 25 becomes
Qo =II"Ak+VUAp—R(AR

= (I"+br) AN+ T Ap—R(AR
=I'Ak+¥Ap—R(AR.
The next observation is that A can be further simplified. Indeed, let us replace 2; in (14.2)
0= (U+D)Ap
= AANKAp—WCCARAp+AANREAp—WEAKADP.
Then decomposing A as a linear combination along the coframe
A=dirt+dom®+dsT +dyT +dsp+dgr+dr C+dsF+dyC,
we obtain the following values for these coefficients
di =dy =ds =dy =0, dg=ds, dy=W,
except for ds and dg which on which no constraint is deduced so, and hence
A =dsp+dsgrk+dgi+WC.
Finally, if we write p := — dg and if we set IT := II' — d5 k, we obtain by reorganization
M =AA+IIAp—WC(CAR
= (d5p+Mo+dgE+W2) Ae+TAp—W (AR
= —dsk AR+ (I' =ds k) Ap—=W KA =W (AR
= prAR+TIAp—WKAC—-WC(AR,
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and moreover
Qo =VAp+T'Ak—R(AR
=VUAp+ (II'—dsk) ANk — R(AR
=UAp+IIANK—R(AE. O
Now, using the representations of {2; and of €, offered by this Proposition 14.7, we can
therefore rewrite the third (still not taken account of) equation (14.4) as
iUAPpAK—iRCARAK+ (T=T) ApAC+2pe ARAC—2W KACAC
(14.9) = —dRApANC—R(r" +7)ApA(—iRT*ApAK+iREANCAR
—dJApAR=3JT ApAR—JTpAKAC
— AW ARANC=WAApAC =W T ARANC=WIpAKAR.

But before we commence with analyzing this equation (a long task), we make a side remark.
As we can rewrite

Q=5+ Ap+5I-I)Ap+psANE-—WrKA(—WC(AR,
Q=VAp+ i+ As+ 5 (II-I) Ak — RCAF,

we remark that Proposition 14.5 already tells us that the real part 3 (I + II) of II is a priori not
fully determined, as can be formulated by an

Observation 14.10. For an arbitrary real 1-form A, the 2-forms
Q= +AAp and Q= QW+AAK
still satisfy the structure equations of Proposition 14.1.

Proof. For the sake of completeness, let us detail the arguments. The first equation (14.2) is
clear

(A +0)Ap = (Ql+AApO+§1+AApO>Ap = (2 +Q) Ap.
The second equation (14.3) also
BAp+ QAL = (Q+AAR)Ap+ (Q+AAp) Ak
QAp+ANENp + I AE+ANP AR
= QW Ap+ Q1 AR,

and the third one as well
iQ/Q/\FhL(Q’l—ﬁIl)/\C = i(QQ+A/\/<;o)A/<;+(QlJrA/\pofﬁlfA/\po)/\C
:iQQ/\/€+(Ql—§1)/\C. O

Now, coming back to (14.9), we remember that we should insert the covariant derivatives dR,
dJ, dW from (14.6), and we will do this in a progressive way, not in one stroke.
Indeed, by wedging (+) A p both sides of (14.9), we get rid of d.J, dR and it remains only

—iRCARAKAP+2DEARACAp—2WKACACAp
= iREACARAp—dW ARANCAp—Wat A ACAp,
that is to say after putting everything to the right
0=—dWApAEAC— (2p+2iR)pAEACAR+2WPARACAC =W ApAKAC
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Thus, inserting the expansion of dIW from (14.6)
—dWAPAKAC = =W T ApABAC =W T2 ApAAC—Wa T ApAKAC
~WaT? ApARAC=WrEApARAC=WzCApARAG,
we get
0= —(Wa +W)m' ApAKAC =W ApAKAC—Wa T ApAKAC—We T ApAKAC
—(2p+2iR—Wx) pAACAR— (2W +Ws) p AL ACAC,
whence by identification of coefficients of these independent 4-forms
W = —W, W, = 0, W = 0, Wee = 0,
Wi = 2p+2iR, Wz = —2W,
while no condition is imposed so on W,, W, W, and thus
AW = =Wl + W,p+Wek+We(+ (2p+2iR)E—2W (.

Next, putting this expression of dWW back into (14.9) allows us to eliminate p so that we can
focus only on IT — IT and ¥, which we place on the left

iOApAE+ (M=) ApAC =iRCARAR —2pKARAC, —2WKEACAC, — dRAPAC
—R(r' +7T)ApAC—iRT*NpAK+iRENCAFR,

—dJANpAFR=3JT ApARE—JpAKAC
+ Wt ARAC —prAﬁAC—(Zl2+2iR1)RAmAC
F2WEARAG = WrP ApAC—Wa ' AKAC, —WIpAKAFE.

Here, four simplifications by pairs are underlined, in which we observe that p eliminates itself,
and if we collect at first the terms divisible by p A k, we get

i‘PA,O/\H‘F(H*ﬁ)/\p/\CZ (fiRWZfJZfW,,CfWJE)/\p/\H
—dRApANC—R(r'+7 ) ApAC
—dJANpAFR—=3JT ApAR—WalApAC.
By introducing the modified 1-form
Vo= \If—i(z‘Rw2+JZ+ng+WJE),
the equation becomes
iV ApAE+ (TI-T)ApAC = —dRApAC—R(r'+7) ApAC
(14.11) —~dJApANE—3JT NpAR— W2 ApAC.
Now, let us wedge (+) A kA ¢ all this to make ¥ and II — II disappear, replacing simultaneously
dJ = Jom' + Je2 7 + I T 4+ S T+ Jyp+ Je i+ Je (C+ TR+ I G,
to obtain
= —J AT APARAKAC = J 2 T APARARAC —Ja T ApARAKAC — T2 TEAPARAKAC
— JeCAPpARAKNC=3IT ApAEAKAC
= —Jua T ApARACAR = T2 m ApAKRACAR — (Jmt +3) T ApAKACAR — Je2 T ApAKACAR
— JepARACARENAC,
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and since these 5-forms are linearly independent, we get by identification
J =0, Jp2 =0, Jm = —3J, Jm2 =0, Jz =0,
while no condition is imposed in this way on J,, J., J¢, Jz. Consequently, the 1-form dJ
contracts as
dJ = =3J7 + J,p+ Jok+ Jc ( + J5FR,
hence putting this expression back into (14.11), we obtain
iV ApAKR+ (T—T) ApAC = —dRApAC—R (7" +T) ApAC
+3JF APpAR — Juk ApAE—JcCApAR—3JT ANpAR —Wa2 ApAC.
We can yet absorb in ¥’ one term from the right-hand side by introducing
U= U+ i J,. R,
so that our equation becomes
iV ApAk+(T-T)ApAC =—dRApAC—R(n' +7 ) ApAC
+J<p/\§/\E7W7r2/\p/\C.

Now, observe that all terms except the first one i U A p A k are multiple of p A (. Consequently,
wedging on both sides by (+) A ¢, we annihilate everything except

iV ApAKAC = 0.
Thanks to the Cartan Lemma, there exist function ¢, f, g so that
V' =ep+fr+gcC.
For later use, we also observe in passing that
(14.12) U =" +iW,(+iWJE—Rr*+iJ(
=0 — i JR+iW,(+iWJR—Rn*+iJ(
= —Rrl+ep+fr+(iW,+9)(+i(WJ—J,)E+iJC.
Inserting this just above conducts to an identity
igpANEAC+H (I -T) ApAC = —dRApAC—R(r'+7) ApAC
+JepANCAR—W T2 ApAC,

in which all terms are now multiples of p A (. Consequently, the Cartan Lemma implies the
existence of functions r and s such that

M- =igk—dR—Rr' —R7T +J;R—Wr+rp+s(.

But here, we can take advantage of the fact that II — II is purely imaginary to obtain some
information about g, 7, s. Indeed, conjugating

O-0=-igi—dR—R7 —Rn' —Jcx - WT2 +Tp+3¢,
and summing, we eliminate II — TI, hence we are left after reorganization with
0= —2dR—2R7' —Wn’ —2R7' —W7°
+(r+7)p+ (ig+J)r+s(+(—ig+J)R+5C.
Naturally, one has to use the expansion of dR from (14.6) to continue the computation
0=-—(2Ru+2R)n' — (2R +W)n’ — (2R +2R) 7 — (2R + W) 7
-~ (2R, —r—T)p— (2R —ig—Jc)k— (2R —5)(— (2Rr+ig—Jo)F— (2R; —5) (.
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An identification to zero of all the nine coefficients of 7!, =

2,7, 7, p, K, (R, C gives
R = —R, Ry = —3 W, R = —R, Re = —1W,
R, = 5 (r+7), Re = 3 (ig+Jc), R = 35, Re = 1 (—ig+Jo), Rg
and so:
dR = —R7' —Wx? = R7T' — W7 + R,p+ Rk + R + Rek + R C.

Inserting this back into what precedes, we can therefore obtain both

M=M= —3Wn? + 3Wa* + ReC = ReC + (Ry = Jo)r = (B = JO)R + 5(95 = Gp)p;
and replacing g = — 2i R, + i J; in (14.12)

U =—Rr?+ep+ fr+i(W, = 2R, + J )¢ +i(WJ — J )& +iJC.

Thus
N =ps ANE+TAp+W(CAK—-W(AR
=pr AR+ I —I)Ap+W(AK—WCAR+ LM+ Ap
=—IWr Ap+IWT Ap—3(Re —J)pANKE—LRpANC+ A (Re — Jo)p AR
+5Rep ACH (GWr — iRk AR = WK A= WCAR + 5(IT+T0) A p,
and
0, =

—Rr* Ap— AW Ak + WA Ak —i(W, — 2R, + Jc)p AC
—i(WJ = J)p AE—iJpAC = Rk AC+ 5(Re — Jo)k AR+ §Rer AC
—R(CAR+ M+ Ak+ (3(r—7)— flp Ak

If we define

A

$(IT+1I) + real part of (3(g, — 7,) — dw)p
and

h := imaginary part of (3(g, — 7,) — dx),
we conclude that

Qi =—-WrAp+iWr Ap—L(Re— Je)p Nk — 2Rep AN+ 2 (Rr

+3Rep AC+ (5Wr —iR)R AR = WrAC—WCAR+AAp,
Q= —

—J)pAE

Rr* Ap— W Ak + 2WT Ak —i(W, — 2R, + Jc)p A ¢

—i(WJ = Jo)p AR —iJp AC— SRk A+ 5(Rr — JOR AR+ §Rer AC
—RCAR+ANE+hp Ak,

Notice that all coefficients of 2-forms — except only h — depend on R, J, W and their coframe
derivatives.
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We are now close to the termination towards an {e}-structure. In summary, we have ob-
tained the following structure equations
dp=7m'"Np+T ' Ap+ik AR,
de =7 A+ 72 Ap+ (AR,
dC =im* N+ 7' AC—=T'AC+WRrACHRpAC+ Jp AR,
drt :A/\p*iWWZ/\p+%Wﬁ2/\p7iﬁ2/\I{
—3(Re = J)p Nk — 5Rcp ANC+ 5 (R — JO)p AR+ 3Rep A C
+ (3Ws —iR) kAR —WrAC—WCAR+CAC,
dr® = AN+ T AT =T AN(—Rr*Ap— IWn? Ak + WA Ak
+hp Ak —i(W, =2R;+ J:)p ANC —i(WJ = J)p ANE—idp A
— 3R AC+ 5(Re — JO)R AR+ Rk A C — RCAK.

But at this stage, we cannot directly deduce from these equations an appropriate expression
for h. For example, any attempt to isolate h by wedging the equation dn? = --- with any
appropriate differential form will include a component of Maurer-Cartan type. This is to be
expected, because h will soon be shown below to depend on higher order jets of R, J, W,
while the torsions above only depend up to the 2"d-order jets of these invariants. Therefore,
an application of the exterior differentiation on both sides of the equation dn? = - - appears
necessary to reach an expression for i from the Poincaré relation d o d = 0.

To facilitate the discussion, we set

QO =—-tWrP Ap+IWaAp—L(R. —J)p Ak — 3Rep A C
+ 5(Re = JO)p ANE+ 5 Rep AC+ (%WH—iR)ﬁ/\/ﬁ—Wn/\C—WC/\H,
Qo=—Rr>Ap—tWr* A+ 2WF Ak —i(W, — 2R, + Jo)p A ¢

*Z.(WJ*JK),D/\E*in/\Z*%Rgli/\(+%(RE*JC)K/\E+%REK/\Z
— R AR,

so that

dr' =AAp—iT2 A+ CAC+ 8,

A2 = AN+ T2 AT —F2AC+ Qo + hp A K.
Proposition 14.13. The function h is a function of the 3"-order jets of W and J.

Proof. By applying exterior differentiation d to the equation of dr?, while wedging on both
sides with k A 7! AT A 12 A T2, we obtain

Qhp AEARACAT AT ATEATE =~ ARACAT AT A2 AT
—dOo AR AT ATIATE AR O
At this point, let ® be the auxiliary real 2-form

D :=dA—AAT = AAT —ix? AT
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Again this comes from the consideration of the model case. The structure equations therefore

become
dp=7'ANp+T Ap+ik AR,

de =T ' A+ 72 Ap+ (AR,
dC=im* N+ AC—T'AC+WrACHRpAC+ Jp AR,
dr' =AANp—im2AK+CAC+
dr? = AN+ T2AT —T2AC+ Qo+ hp Ak,
dA = AAT  + AANT +in? AT+ .
Proposition 14.14. The real 2-form ® is a function of the 4"-order jets of W and J.

Proof. By taking exterior derivative of dr! and dr? again, this time using the expression of dA,
we have

@Ap:z’ﬁzAnﬂ‘hpAnAE—WHACAE+W§AEAZ—2R/)A<AZ
—JpARACHIpAKAC—d,
DAk= Qo AT —hp ARAT 412 A D + Qo AC—hp ARAC — WREAKAC
—RFE2APAC—JR2EAp AT —dQy — d(hp A K).
Writing ® as R
® =03 +upAk,

where SAZJ is the 2-form not containing p A &, then each of the coefficients in ﬁ3 is a function of
the 4™"-order jet of W and J. Since ® is real, taking conjugate on both sides, we must have

ﬁg—l—up/\fi:ﬁg—i—ﬂp/\ﬁ.

Therefore by inspection, 7 is also a function of the 4-order jets of W and .J, and therefore so is
u. This finishes the proof. O

With this proposition, we have therefore fully constructed an {e}-structure.
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