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Driving point impedance functions (DPIFs) are frequently used in electrical 
engineering, and they represent characteristic properties of various types of circuits 
such as RL, RC, LC and RLC networks. In this paper, boundary analysis of driving point 
impedance functions are investigated using Schwarz lemma. Assuming that the 

driving point impedance function, 𝑍(𝑠), is given as 𝑍(𝑠) =
𝐴

2
+ 𝑐𝑝(𝑠 − 1)

𝑝 + 𝑐𝑝+1(𝑠 −

1)𝑝+1+. ..  and it is analytic in the right half of the s-plane, novel boundaries are 
obtained for |𝑍′(0)|. Accordingly, it is aimed to obtain novel inequalities which 
presents higher boundaries for |𝑍′(0)| and derive novel generic driving point 
impedace functions by performing extremal analysis of these obtained inequalities. It 
is also aimed to investigate how |𝑍′(𝑠)| can be interpreted when it is considered at the 
boundary. According to simulation results, frequency characteristics of obtained 
driving point impedance functions can be used to design of multi-notch filters which 
are localized at certain frequency values. 

  

SAĞ YARI DÜZLEMİN SINIRINDAKİ SÜREN NOKTA EMPEDANS 
FONKSİYONLARI İÇİN KESKİNLEŞTİRİLMİŞ FORMLAR 

 
Anahtar Kelimeler Öz 
Analitik fonksiyon, 
Schwarz lemması, 
Pozitif reel fonksiyon, 
Süren nokta  
Empedans fonksiyonu, 
Sınır analizi. 
 

Süren nokta empedans fonksiyonları (SNEF), elektrik mühendisliğinde sıklıkla 
kullanılmaktadır ve RL, RC, LC, ve RLC ağları gibi farklı tipteki devrelerin 
karakteristik özelliklerini temsil etmektedirler. Bu çalışmada, süren nokta 
empedans fonksiyonlarının sınır analizi, Schwarz lemması kullanılarak 

araştırılmaktadır.  𝑍(𝑠) süren nokta empedans fonksiyonunun 𝑍(𝑠) =
𝐴

2
+ 𝑐𝑝(𝑠 −

1)𝑝 + 𝑐𝑝+1(𝑠 − 1)
𝑝+1+. .. yapısında olduğu ve sağ yarı s-düzleminde analitik olduğu 

varsayılarak, |𝑍′(0)| için yeni sınırlar belirlenmektedir. Buna göre, |𝑍′(0)| için yeni 
üst sınırlar temsil eden eşitsizlikler türetilmesi ve bu eşitsizliklerin ekstremal 
analizi ile yeni genel süren nokta empedans fonksiyonları elde edilmesi 
amaçlanmaktadır. Ayrıca, sınırda olduğu düşünüldüğü takdirde, |𝑍′(𝑠)|’nin nasıl 
yorumlanacağı meselesinin çözülmesi de hedeflenmektedir. Benzetim sonuçlarına 
göre, elde edilen süren nokta empedans fonksiyonlarının frekans karakteristikleri, 
belli frekanslarda konumlanmış çok çentikli süzgeçlerin tasarlanması için 
kullanılabilmektedir. 
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1. Introduction 
 
Driving point impedance functions (DPIFs) are frequently used in electrical engineering to represent spectral 
characteristics of RL, RC, LC and RLC circuits. Mathematically, DPIFs satisfy the properties of positive real functions 
(PRFs). Accordingly, the DPIF 𝑍(𝑠), where s represents the complex frequency parameter, s=γ+iw, is analytic and 
single valued in ℜ𝑠 ≥ 0 except possibly for poles on the axis of imaginaries. Also, 𝑍(𝑠̅) = 𝑍(𝑠)̅̅ ̅̅ ̅̅  and ℜ𝑍(𝑠) ≥ 0, in 
ℜ𝑠 ≥ 0 (Reza, 1962). 
 
In this paper, boundary analysis of DPIFs is performed by considering the derivative of Z(s) evaluated at zero, i.e. 
Z'(0). Accordingly, it is aimed to obtain novel inequalities which presents higher boundaries for |𝑍′(0)|and derive 
new DPIFs by performing sharpness analysis of these inequalities. Also, we aim to address the issue of how canbe 
interpreted |𝑍′(𝑠)| when it is considered at the boundary. It may seem that evaluation of |𝑍′(0)| at boundary may 
narrow the results, however the analysis at the origin is a requirement which is caused by the nature of the 
considered problem. 
 
Investigation of derivative of DPIFs is still a hot topic in the literature although the pioneer studies are back to 
1930s. As one the pioneer works, Van Der Pol used the derivative of DPIFs to establish a relation between electrical 
and magnetic energy (Van Der Pol, 1937). In another work, Hazony showed that it is possible to utilize the DPIFs 
for gyrator design (Hazony, 1963). Theoretical analysis of positive real derivatives of DPIFs is given by (Krueger 
and Brown, 1969) where it’s proved that the derivative of an RC driving point admittance is positive real under 
certain coefficient conditions. There are also other studies on boundary analysis of DPIFs using Schwarz lemma in 
the literature (Örnek and Düzenli, 2018; 2019). 
 
The rest of the paper is organized as follows: Preliminary Considerations are given in Section II. In the next section, 
Main Results are presented with simulative findings. At the end, Conclusions are given in Section IV. 
 
2. Preliminary Considerations 
 
Let us consider a function ℎ(𝑧) an analytic in the unit disc 𝐸 = {𝑧: |𝑧| < 1}. Schwarz’s Lemma, which is a 
consequence of the Maximum Principle, says that if ℎ: 𝐸 → 𝐸 is analytic with ℎ(𝑧) = 𝑎𝑝𝑧

𝑝 + 𝑎𝑝+1𝑧
𝑝+1+. .., then 

|ℎ(𝑧)| ≤ |𝑧|𝑝, for every 𝑧 ∈ 𝐸 and thus |𝑎𝑝| ≤ 1. In addition, if the equality |ℎ(𝑧)| = |𝑧| holds for any 𝑧 ≠ 0, or 

|ℎ′(0)| = 1 then 𝑓 is a rotation, that is,ℎ(𝑧) = 𝑧𝑝𝑒𝑖𝜃, 𝜃 real (Dineen, 2016). 
 
On the other hand, in the book (Kresin and Maz'ja, 2007), Sharp Real-Parts Theorem’s (in particular 
Carathéodory’s inequalities), which are frequently used in the theory of entire functions and analytic function 
theory, have been studied. Also, a boundary version of the Carathéodory’s inequality is considered in unit disc and 
novel results are obtained in (Örnek, 2015). Mercer prove a version of the Schwarz lemma where the images of 
two points are known (Mercer, 1997). Also, he considers some Schwarz and Carathéodory inequalities at the 
boundary, as consequences of a lemma due to Rogosinski (Mercer, 2018a). In addition, he obtain an new boundary 
Schwarz lemma , for analytic functions mapping the unit disk to itself (Mercer, 2018b). At first, as in Schwarz 
lemma, Carathéodory’s inequality at right half plane for positive real functions will be presented. 
 
In Fig. 1, positive real 𝑍(𝑠) function is mapped from right half plane to unit disc. In this way, 𝜗(𝑧) function has been 
obtained where it maps the unit disc to unit disc. 
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Figure  1. Mapping from RHP of 𝑠–domain (𝐻) to unit disc in 𝑧–domain (𝐸). 

 

Let 𝑍(𝑠) =
𝐴

2
+ 𝑏𝑝(𝑠 − 1)

𝑝 + 𝑏𝑝+1(𝑠 − 1)
𝑝+1+. ..be a positive real function with 0 < ℜ𝑍(𝑠) ≤ 𝐴 for ℜ𝑠 ≥ 0 and 

consider the function 
 

𝜗(𝑧) =
𝑒
𝑖𝜋
2 [
2
𝐴𝑍(

1+𝑧
1−𝑧)−1]−1

𝑒
𝑖𝜋
2
[
2
𝐴
𝑍(
1+𝑧
1−𝑧

)−1]
+1

1

∏𝑛𝑖=1
𝑧−𝑧𝑖
1−𝑧𝑖𝑧

, 𝑧 =
𝑠−1

𝑠+1
, 𝑧𝑖 =

𝑠𝑖−1

𝑠𝑖+1
.  (1.1) 

 
Here, 𝜗(𝑧) is an analytic function in 𝐸, 𝜗(0) = 0 and |𝜗(𝑧)| < 1 for 𝑧 ∈ 𝐸. From (1.1), we take 

 

𝜗(𝑧) =

𝑖𝜋

2
(
𝑏𝑝

𝐴

2𝑝+1𝑧𝑝

(1−𝑧)𝑝
+

2𝑝+2𝑏𝑝+1𝑧
𝑝+1

𝐴(1−𝑧)𝑝+1
+. . . ) +

1

2
(
𝑖𝜋

2
(
𝑏𝑝

𝐴

2𝑝+1𝑧𝑝

(1−𝑧)𝑝
+

2𝑝+2𝑏𝑝+1𝑧
𝑝+1

𝐴(1−𝑧)𝑝+1
+. . . ))

2

+. . .

(2 +
𝑖𝜋

2
(
𝑏𝑝

𝐴

2𝑝+1𝑧𝑝

(1−𝑧)𝑝
+

2𝑝+2𝑏𝑝+1𝑧
𝑝+1

𝐴(1−𝑧)𝑝+1
+. . . ) +

1

2
(
𝑖𝜋

2
(
𝑏𝑝

𝐴

2𝑝+1𝑧𝑝

(1−𝑧)𝑝
+

2𝑝+2𝑏𝑝+1𝑧
𝑝+1

𝐴(1−𝑧)𝑝+1
+. . . ))

2

+. . . )

1

∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧

, 

 

𝜗(𝑧)

𝑧𝑝
=

𝑖𝜋

2
(
𝑏𝑝

𝐴

2𝑝+1

(1−𝑧)𝑝
+

2𝑝+2𝑏𝑝+1𝑧

𝐴(1−𝑧)𝑝+1
+. . . ) +

1

2
𝑧𝑝 (

𝑖𝜋

2
(
𝑏𝑝

𝐴

2𝑝+1

(1−𝑧)𝑝
+

2𝑝+2𝑏𝑝+1𝑧

𝐴(1−𝑧)𝑝+1
+. . . ))

2

+. . .

(2 +
𝑖𝜋

2
(
𝑏𝑝

𝐴

2𝑝+1𝑧𝑝

(1−𝑧)𝑝
+

2𝑝+2𝑏𝑝+1𝑧
𝑝+1

𝐴(1−𝑧)𝑝+1
+. . . ) +

1

2
(
𝑖𝜋

2
(
𝑏𝑝

𝐴

2𝑝+1𝑧𝑝

(1−𝑧)𝑝
+

2𝑝+2𝑏𝑝+1𝑧
𝑝+1

𝐴(1−𝑧)𝑝+1
+. . . ))

2

+. . . )

1

∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧

 

 
and passing to limit (𝑧 → 0) in the last equality and from Schwarz lemma yields 
 

|𝑏𝑝| ≤
2𝐴

𝜋2𝑝
∏

𝑛

𝑖=1

|𝑧𝑖| =
2𝐴

𝜋2𝑝
∏

𝑛

𝑖=1

|
𝑠𝑖 − 1

𝑠𝑖 + 1
| .. 

 
This result is sharp with the function 
 

 𝑍(𝑠) =
𝐴

2

(

 
 
 
1 +

2

𝑖𝜋
ln

(

  
 
1+(

𝑠−1

𝑠+1
)
𝑝
∏𝑛𝑖=1

𝑠−1
𝑠+1−

𝑠𝑖−1

𝑠𝑖+1

1−
𝑠𝑖−1

𝑠𝑖+1
𝑠−1
𝑠+1

1−(
𝑠−1

𝑠+1
)
𝑝
∏𝑛𝑖=1

𝑠−1
𝑠+1−

𝑠𝑖−1
𝑠𝑖+1

1−
𝑠𝑖−1
𝑠𝑖+1

𝑠−1
𝑠+1)

  
 

)

 
 
 
. 

 
We thus obtain the following lemma. 

 

Lemma 1 Let 𝑍(𝑠) =
𝐴

2
+ 𝑏𝑝(𝑠 − 1)

𝑝 + 𝑏𝑝+1(𝑠 − 1)
𝑝+1+. . .., 𝑝 ≥ 1 be a positive real function with 0 < ℜ𝑍(𝑠) ≤ 𝐴 

for ℜ𝑠 ≥ 0. Assume that 𝑠1, . . . , 𝑠𝑛 are points in right half plane that are different from 𝑠 = 1 with 𝑍(𝑠𝑖) =
𝐴

2
. Then we 

have the inequality 
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|𝑏𝑝| ≤
2𝐴

𝜋2𝑝
∏𝑛
𝑖=1 |

𝑠𝑖−1

𝑠𝑖+1
|. (1.2) 

 
The inequality (1.2) is sharp, with equality for the function 

  

𝑍(𝑠) =
𝐴

2

(

 
 
 
 

1 +
2

𝑖𝜋
ln

(

 
 
 
1 + (

𝑠−1

𝑠+1
)
𝑝
∏𝑛
𝑖=1

𝑠−1

𝑠+1
−
𝑠𝑖−1

𝑠𝑖+1

1−
𝑠𝑖−1

𝑠𝑖+1

𝑠−1

𝑠+1

1 − (
𝑠−1

𝑠+1
)
𝑝
∏𝑛
𝑖=1

𝑠−1

𝑠+1
−
𝑠𝑖−1

𝑠𝑖+1

1−
𝑠𝑖−1

𝑠𝑖+1

𝑠−1

𝑠+1)

 
 
 

)

 
 
 
 

. 

 
Frequency characteristic graphics related to 𝑍(𝑠) obtained in Lemma 1 are given in Fig. 2. For simplicity, it is 
assumed that parameters of 𝑍(𝑠) are given as 𝐴 = 1 and 𝑠1 = 𝑠2 = 𝑠3 = 𝑠4 = 1. According to Fig. 2, various filter 
structures can be possibly determined using the obtained DPIF. It is common for all filters that they have a spiky 
structure at low frequency values where the number of the spikes increases proportionally with 𝑛 parameter. It 
can be observed from the figures that 𝑝 parameter has no effect on the number of the spikes however it slightly 
changes the smoothness of the spikes. 
 

                                                         
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                           a. 𝑛 = 1                                                                                                 b. 𝑛 = 2 
                                                
                                               
                                                      
 
 
   
 
 
 
 
 
 
 
 
 
 
 
                                                            c. 𝑛 = 3                                                                                                d. 𝑛 = 4 

 
Figure  2. Frequency magnitude graphic of 𝑍(𝑠) function obtained in Lemma 1 for different 𝑛 and different 𝑝 values.   

 
Since the area of applicability of Schwarz Lemma is quite wide, there exist many studies about it. Some of these 
studies is called the boundary version of Schwarz Lemma. An important result of Schwarz lemma was given by 
Osserman (Boas, 2010, Dubinin, 2004; Mercer, 2018a; Osserman, 2000; Reza, 1962).           
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3. Main Results 
 
In this section, a boundary analysis results for the derivative of Positive Real function are presented. From the 
definition of PRFs, we can state that 𝑍(𝑠) is analytic and single valued on the right half of the s-plane. In the 
following theorem, we establish lower bounds on the derivative of 𝑍(0) for positive real functions with 𝑍(0) = 𝐴. 
 

Theorem 1 Let 𝑍(𝑠) =
𝐴

2
+ 𝑏𝑝(𝑠 − 1)

𝑝 + 𝑏𝑝+1(𝑠 − 1)
𝑝+1+. . .., 𝑝 ≥ 2 be a positive real function with 0 < ℜ𝑍(𝑠) ≤ 𝐴 

for ℜ𝑠 ≥ 0 that is also analytic at the point 𝑠 = 0 of the imaginary axis with 𝑍(0) = 𝐴. Assume that 𝑠1, . . . , 𝑠𝑛 are 

points in right half plane that are different from 𝑠 = 1 with 𝑍(𝑠𝑖) =
𝐴

2
. Then 

 

|𝑍′(0)| ≥
2𝐴

𝜋
(𝑝 + ∑𝑛𝑖=1

ℜ𝑠𝑖

|𝑠𝑖|
2 +

2𝐴∏𝑛𝑖=1 |
𝑠𝑖−1

𝑠𝑖+1
|−𝜋2𝑝|𝑏𝑝|

2𝐴∏𝑛𝑖=1 |
𝑠𝑖−1

𝑠𝑖+1
|+𝜋2𝑝|𝑏𝑝|

). (2.1) 

 
The results (2.1) is sharp for the function given by 

  

𝑍(𝑠) =

{
 
 
 
 
 
 

 
 
 
 
 
 

𝐴

2

(

 
 
 
 

1+
2

𝑖𝜋
ln

(

 
 
 
1 − 𝑖 (

𝑠−1

𝑠+1
)
𝑝+1

∏𝑛
𝑖=1

𝑠−1

𝑠+1
−
𝑠𝑖−1

𝑠𝑖+1

1−
𝑠𝑖−1

𝑠𝑖+1

𝑠−1

𝑠+1

1 + 𝑖 (
𝑠−1

𝑠+1
)
𝑝+1

∏𝑛
𝑖=1

𝑠−1

𝑠+1
−
𝑠𝑖−1

𝑠𝑖+1

1−
𝑠𝑖−1

𝑠𝑖+1

𝑠−1

𝑠+1)

 
 
 

)

 
 
 
 

, 𝑝 = 2,4, . . .

𝐴

2

(

 
 
 
 

1+
2

𝑖𝜋
ln

(

 
 
 
1 + 𝑖 (

𝑠−1

𝑠+1
)
𝑝+1

∏𝑛
𝑖=1

𝑠−1

𝑠+1
−
𝑠𝑖−1

𝑠𝑖+1

1−
𝑠𝑖−1

𝑠𝑖+1

𝑠−1

𝑠+1

1 − 𝑖 (
𝑠−1

𝑠+1
)
𝑝+1

∏𝑛
𝑖=1

𝑠−1

𝑠+1
−
𝑠𝑖−1

𝑠𝑖+1

1−
𝑠𝑖−1

𝑠𝑖+1

𝑠−1

𝑠+1)

 
 
 

)

 
 
 
 

, 𝑝 = 3,5, . . .

, 

 
where 𝑠1, . . . , 𝑠𝑛 are positive real numbers.  

 
Proof. Consider the function 

  

𝑓(𝑧) =
𝑒
𝑖𝜋

2
[
2

𝐴
𝑍(
1+𝑧

1−𝑧
)−1] − 1

𝑒
𝑖𝜋

2
[
2

𝐴
𝑍(
1+𝑧

1−𝑧
)−1]

+ 1
 𝑎𝑛𝑑  𝐵(𝑧) =∏

𝑛

𝑖=1

𝑧 − 𝑧𝑖
1 − 𝑧𝑖𝑧

. 

 
𝑓(𝑧) and 𝐵(𝑧) are analytic in 𝐸, and |𝑓(𝑧)| < 1, |𝐵(𝑧)| < 1 for 𝑧 ∈ 𝐸. By the maximum principle for each 𝑧 ∈ 𝐸, we 
have |𝑓(𝑧)| < |𝐵(𝑧)|. 
 
The composite function 

  

𝑚(𝑧) =
𝑓(𝑧)

𝐵(𝑧)
 

 
is analytic in the unit disc 𝐸, |𝑚(𝑧)| < 1 for 𝑧 ∈ 𝐸, 𝑚(0) = 0 and |𝑚(−1)| = 1 for −1 ∈ 𝜕𝐸. Moreover, it can be 
seen that 

  
(−1)𝑓′(−1)

𝑓(−1)
= |𝑓′(−1)| ≥ |𝐵′(−1)| =

(−1)𝐵′(−1)

𝐵(−1)
. 

 
Besides, with the simple calculations, we get 

  

|𝐵′(−1)| =∑

𝑛

𝑖=1

1 − |𝑧𝑖|
2

|1 + 𝑧𝑖|2
. 
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Therefore, 𝑚(𝑧) function satisfies the assumptions of the Schwarz lemma on the boundary, we obtain 
  

𝑝 +
1 − |𝑐𝑝|

1 − |𝑐𝑝|
≤ |𝑚′(−1)| = |

(−1)𝑓′(−1)

𝑓(−1)
−
(−1)𝐵′(−1)

𝐵(−1)
| 

  
= |𝑓′(−1)| − |𝐵′(−1)| 

  

= ||

4𝑖𝜋

𝐴4
𝑍′(0)𝑒

𝑖𝜋

2
[
2

𝐴
𝑍(0)−1]

(𝑒
𝑖𝜋

2
[
2

𝐴
𝑍(0)−1] + 1)

2 || −∑

𝑛

𝑖=1

1 − |𝑧𝑖|
2

|1 + 𝑧𝑖|2
 

  

=
𝜋

2𝐴
|𝑍′(0)| −∑

𝑛

𝑖=1

1 − |𝑧𝑖|
2

|1 + 𝑧𝑖|2
. 

 
Since 
  

|𝑐𝑝| =
𝜋2𝑝

2𝐴∏𝑛
𝑖=1 |𝑧𝑖|

|𝑏𝑝|, 

we take 
  

𝑝 +
1 −

𝜋2𝑝

2𝐴∏𝑛𝑖=1 |𝑧𝑖|
|𝑏𝑝|

1 −
𝜋2𝑝

2𝐴∏𝑛𝑖=1 |𝑧𝑖|
|𝑏𝑝|

≤
𝜋

2𝐴
|𝑍′(0)| −∑

𝑛

𝑖=1

1 − |𝑧𝑖|
2

|1 + 𝑧𝑖|2
 

 
and 
  

𝑝 +
2𝐴∏𝑛

𝑖=1 |𝑧𝑖| − 𝜋2
𝑝|𝑏𝑝|

2𝐴∏𝑛
𝑖=1 |𝑧𝑖| + 𝜋2

𝑝|𝑏𝑝|
+∑

𝑛

𝑖=1

1 − |𝑧𝑖|
2

|1 + 𝑧𝑖|2
≤
𝜋

2𝐴
|𝑍′(0)|. 

 
Now, we shall show that the inequality (2.1) is sharp. Let 
 

𝑍 (
1 + 𝑧

1 − 𝑧
) =

𝐴

2
(1 +

2

𝑖𝜋
ln(

1 − 𝑖(𝑧)𝑝+1∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧

1 + 𝑖(𝑧)𝑝+1∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧

)) , 𝑝 = 2,4, . . . , 𝑧 =
𝑠 − 1

𝑠 + 1
, 𝑧𝑖 =

𝑠𝑖 − 1

𝑠𝑖 + 1
. 

 
Then 
 

2

(1 − 𝑧)2
𝑍′ (

1 + 𝑧

1 − 𝑧
) =

𝐴

𝑖𝜋

− ((𝑝 + 1)𝑖𝑧𝑝∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧
+ 𝑖(𝑧)𝑝+1∑𝑛𝑖=1

1−|𝑧𝑖|
2

(1−𝑧𝑖𝑧)(𝑧−𝑧𝑖)
∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧
)𝑘

(1 + 𝑖(𝑧)𝑝+1∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧
) (1 − 𝑖(𝑧)𝑝+1∏𝑛

𝑖=1
𝑧−𝑧𝑖

1−𝑧𝑖𝑧
)

 

 

−
𝐴

𝑖𝜋

((𝑝 + 1)𝑖𝑧𝑝∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧
+ 𝑖(𝑧)𝑝+1∑𝑛𝑖=1

1−|𝑧𝑖|
2

(1−𝑧𝑖𝑧)(𝑧−𝑧𝑖)
∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧
) 𝑙

(1 + 𝑖(𝑧)𝑝+1∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧
) (1 − 𝑖(𝑧)𝑝+1∏𝑛

𝑖=1
𝑧−𝑧𝑖

1−𝑧𝑖𝑧
)

, 

 
where 
  

𝑘 = 1 + 𝑖(𝑧)𝑝+1∏

𝑛

𝑖=1

𝑧 − 𝑧𝑖
1 − 𝑧𝑖𝑧

 

 
and 
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𝑙 = 1 − 𝑖(𝑧)𝑝+1∏

𝑛

𝑖=1

𝑧 − 𝑧𝑖
1 − 𝑧𝑖𝑧

. 

 
For 𝑧 = −1 and since 𝑠1, . . . , 𝑠𝑛 are positive real numbers, we obtain 
  

𝑍′(0) =
2𝐴

𝑖𝜋

− (−(𝑝 + 1)𝑖(−1)𝑝 + 𝑖(−1)𝑝+1 ∑𝑛𝑖=1
1−𝑧𝑖

1+𝑧𝑖
) (1 − 𝑖(−1)𝑝+1)

(1 − 𝑖(−1)𝑝+1)(1 + 𝑖(−1)𝑝+1)
 

  

−
2𝐴

𝑖𝜋

(−(𝑝 + 1)𝑖(−1)𝑝 + 𝑖(−1)𝑝+1∑𝑛𝑖=1
1−𝑧𝑖

1+𝑧𝑖
) (1 + 𝑖(−1)𝑝+1)

(1 − 𝑖(−1)𝑝+1)(1 + 𝑖(−1)𝑝+1)
, 

 
  

𝑍′(0) =
2𝐴

𝑖𝜋

− (−(𝑝 + 1)𝑖(−1)𝑝 + 𝑖(−1)𝑝+1 ∑𝑛𝑖=1
1−𝑧𝑖

1+𝑧𝑖
) (1 − 𝑖(−1)𝑝+1)

2
 

 
  

−
2𝐴

𝑖𝜋

(−(𝑝 + 1)𝑖(−1)𝑝 + 𝑖(−1)𝑝+1 ∑𝑛𝑖=1
1−𝑧𝑖

1+𝑧𝑖
) (1 + 𝑖(−1)𝑝+1)

2
 

 
and 

  

|𝑍′(0)| =
2𝐴

𝜋
(𝑝 + 1 +∑

𝑛

𝑖=1

1 − 𝑧𝑖
1 + 𝑧𝑖

). 

 
Similarly, let 
 

𝑍 (
1 + 𝑧

1 − 𝑧
) =

𝐴

2
(1 +

2

𝑖𝜋
ln(

1 + 𝑖(𝑧)𝑝+1∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧

1 − 𝑖(𝑧)𝑝+1∏𝑛
𝑖=1

𝑧−𝑧𝑖

1−𝑧𝑖𝑧

)) , 𝑝 = 3,5, . . . , 𝑧 =
𝑠 − 1

𝑠 + 1
, 𝑧𝑖 =

𝑠𝑖 − 1

𝑠𝑖 + 1
. 

 
Then, 
  

|𝑍′(0)| =
2𝐴

𝜋
(𝑝 + 1 +∑

𝑛

𝑖=1

1 − 𝑧𝑖
1 + 𝑧𝑖

). 

 

Also, since 𝑧𝑖 =
𝑠𝑖−1

𝑠𝑖+1
, we take 

  

|𝑍′(0)| =
2𝐴

𝜋
(𝑝 + 1 +∑

𝑛

𝑖=1

1 −
𝑠𝑖−1

𝑠𝑖+1

1 +
𝑠𝑖−1

𝑠𝑖+1

) =
2𝐴

𝜋
(𝑝 + 1 +∑

𝑛

𝑖=1

1

𝑠𝑖
). 

 

In addition, since |𝑏𝑝| = 0, (2.1) holds.  

 
In Figs. 3 and 4, frequency characteristic graphics are given for DPIF obtained in Theorem 1 for even and odd 
values of 𝑝, respectively. As in Lemma 1, again 𝑛 is the significant variable that determines the number of the spikes 
here. According to figures, notches have a sharper structure when 𝑝 takes odd values and they are smoother for 
even values of 𝑝. 
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a. 𝑛 = 1 b. 𝑛 = 2 

  
c. 𝑛 = 3 d. 𝑛 = 4 

Figure  3. Frequency magnitude graphic of 𝑍(𝑠) function obtained in Theorem 1 assuming that 𝑝 parameter takes even 
values. 
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a. 𝑛 = 1 b. 𝑛 = 2 

  
c. 𝑛 = 3 d. 𝑛 = 4 

 
Figure 4. Frequency magnitude graphic of 𝑍(𝑠) function obtained in Theorem 1 assuming that 𝑝 parameter takes odd values. 

 

Theorem 2 Let 𝑍(𝑠) =
𝐴

2
+ 𝑏𝑝(𝑠 − 1)

𝑝 + 𝑏𝑝+1(𝑠 − 1)
𝑝+1+. . .., 𝑝 ≥ 2 be a positive real function with 0 < ℜ𝑍(𝑠) ≤ 𝐴 

for ℜ𝑠 ≥ 0 that is also analytic at the point 𝑠 = 0 of the imaginary axis with 𝑍(0) = 𝐴. Suppose that 𝑍(𝑠) has no 
points right half plane except 𝑠 = 1 and 𝑏𝑝 > 0. Then we have the inequality  

 

|𝑍′(0)| ≥
2𝐴

𝜋
(𝑝 −

2𝑏𝑝ln
2(
𝜋2𝑝

2𝐴
𝑏𝑝)

2𝑏𝑝ln(
𝜋2𝑝

2𝐴
𝑏𝑝)+|𝑝𝑏𝑝+2𝑏𝑝+1|

) (2.2) 

and 
 

|𝑝𝑏𝑝 + 2𝑏𝑝+1| ≤ 2 |𝑏𝑝ln (
𝜋2𝑝

2𝐴
𝑏𝑝)|. (2.3) 

 
The equality in (2.3) occurs for the function 

  

𝑍(𝑠) =

{
 
 
 
 

 
 
 
 
𝐴

2

(

 
 
1 +

2

𝑖𝜋
ln(

1 + 𝑖 (
𝑠−1

𝑠+1
)
𝑝

𝑒
𝑠ln(

𝜋2𝑝

2𝐴
𝑏𝑝)

1 − 𝑖 (
𝑠−1

𝑠+1
)
𝑝

𝑒
𝑠ln(

𝜋2𝑝

2𝐴
𝑏𝑝)
)

)

 
 
, 𝑝 = 2,4, . . .

𝐴

2

(

 
 
1 +

2

𝑖𝜋
ln(

1 − 𝑖 (
𝑠−1

𝑠+1
)
𝑝

𝑒
𝑠ln(

𝜋2𝑝

2𝐴
𝑏𝑝)

1 + 𝑖 (
𝑠−1

𝑠+1
)
𝑝

𝑒
𝑠ln(

𝜋2𝑝

2𝐴
𝑏𝑝)
)

)

 
 
, 𝑝 = 3,5, . . .

, 

 

where ln (
𝜋2𝑝

2𝐴
𝑏𝑝) < 0 and 𝑏𝑝 > 0.  
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Proof. Let 𝑏𝑝 > 0 in the expression of the function 𝑍(𝑠). Also, the function 𝑍(𝑠) has no points in the right half plane 

except 𝑠 = 1 and 𝑓(𝑧) be as in the proof Theorem 1. Consider the funtion  
  

𝑚(𝑧) =
𝑓(𝑧)

𝑢(𝑧)
, 

 
where 𝑢(𝑧) = 𝑖𝑧𝑝 So, the maximum priciple implies that for each 𝑧 ∈ 𝐸, we have |𝑓(𝑧)| ≤ |𝑢(𝑧)|. Therefore, 
|𝑚(𝑧)| < 1 for |𝑧| < 1. Thus, we obtain 

 

𝑚(0) =
𝜋2𝑝

2𝐴
𝑏𝑝.               (2.4) 

 
Having in mind equality (2.4), we denote by ln𝑚(𝑧) the analytic branch of logarithm normalized by the condition 

 

ln𝑚(0) = ln (
𝜋2𝑝

2𝐴
𝑏𝑝) < 0. 

 
The auxiliary function 

  

𝑔(𝑧) =
ln𝑚(𝑧) − ln𝑚(0)

ln𝑚(𝑧) + ln𝑚(0)
 

 
is analytic in 𝐸, |𝑔(𝑧)| < 1 for 𝑧 ∈ 𝐸, 𝑔(0) = 0 and |𝑔(−1)| = 1 for −1 ∈ 𝜕𝐸. Therefore, from (1.3) for 𝑝 = 1, we 
obtain 

 
2

1 + |𝑔′(0)|
≤ |𝑔′(−1)| =

|2ln𝑚(0)|

|ln𝑚(−1) + ln𝑚(0)|2
|
𝑚′(−1)

𝑚(−1)
| 

 

=
−2ln𝑚(0)

ln2𝑚(0) + arg2𝑚(−1)
(|𝑓′(−1)| − |𝑢′(−1)|) 

 

≤
−2

ln𝑚(0)
(
𝐴

𝜋

|𝑍′(0)|

2
− 𝑝), 

 
  

𝑔′(0) =
𝑚′(0)

2𝑚(0)ln𝑚(0)
=
|𝑝𝑏𝑝 + 2𝑏𝑝+1|

2𝑏𝑝ln (
𝜋2𝑝

2𝐴
𝑏𝑝)

 

 
and 

  
2

1 +
|𝑝𝑏𝑝+2𝑏𝑝+1|

2𝑏𝑝ln(
𝜋2𝑝

2𝐴
𝑏𝑝)

≤
−2

ln(
𝜋2𝑝

2𝐴
𝑏𝑝)

(
𝐴

𝜋

|𝑍′(0)|

2
− 𝑝). 

 
Thus, we have the inequality (2.2). Similarly, the function 𝑔(𝑧) satisfies the assumtions of the Schwarz lemma, we 
take 
 

1 ≥ |𝑔′(0)| =
|2ln𝑚(0)|

|ln𝑚(0) + ln𝑚(0)|2
|
𝑚′(0)

𝑚(0)
| 

 

=
−1

2ln (
𝜋2𝑝

2𝐴
𝑏𝑝)

|𝑝𝑏𝑝 + 2𝑏𝑝+1|

𝑏𝑝
 

 
and 

 |𝑝𝑏𝑝 + 2𝑏𝑝+1| ≤ 2 |𝑏𝑝ln (
𝜋2𝑝

2𝐴
𝑏𝑝)|. 
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Now we shall show that inequality (2.3) is sharp. Let 
  

𝑍 (
1 + 𝑧

1 − 𝑧
) =

𝐴

2

(

 1 +
2

𝑖𝜋
ln(

1 + 𝑖𝑧𝑝𝑒
1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝)

1 − 𝑖𝑧𝑝𝑒
1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝)
)

)

 , 𝑝 = 2,4, . . . , 𝑧 =
𝑠 − 1

𝑠 + 1
. 

 
After simple calculations, we take 

  

𝑒
𝑖𝜋

2
[
2

𝐴
𝑍(
1+𝑧

1−𝑧
)−1] − 1 = 𝑧𝑝

2𝑖𝑒
1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝)

1 − 𝑖𝑧𝑝𝑒
1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝)

= 𝑧𝑝𝑤(𝑧). 

 
Therefore,we have 
 

𝑤(𝑧) =
𝑒
𝑖𝜋

2
[
2

𝐴
𝑍(
1+𝑧

1−𝑧
)−1] − 1

𝑧𝑝
 

 

=
𝑖𝜋

2
(
𝑏𝑝
𝐴

2𝑝+1

(1 − 𝑧)𝑝
+
2𝑝+2𝑏𝑝+1𝑧

𝐴(1 − 𝑧)𝑝+1
+. . . ) +

1

2
𝑧𝑝 (

𝑖𝜋

2
(
𝑏𝑝
𝐴

2𝑝+1

(1 − 𝑧)𝑝
+
2𝑝+2𝑏𝑝+1𝑧

𝐴(1 − 𝑧)𝑝+1
+. . . ))

2

+. .. 

 
and 
  

|𝑤′(0)| =
𝜋2𝑝

𝐴
|𝑝𝑏𝑝 + 2𝑏𝑝+1|. 

 
In addition, let  
  

𝑤(𝑧) =
2𝑖𝑒

1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝)

1 − 𝑖𝑧𝑝𝑒
1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝)
. 

 
Taking the derivative of the function 𝑤(𝑧), we get 
  

𝑤′(𝑧) = 2𝑖

2

(1−𝑧)2
ln (

𝜋2𝑝

2𝐴
𝑏𝑝) 𝑒

1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝) (1 − 𝑖𝑧𝑝𝑒

1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝))

(1 − 𝑖𝑧𝑝𝑒
1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝))

2  

  

+𝑖

(𝑝𝑧𝑝−1𝑒
1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝) +

2

(1−𝑧)2
ln (

𝜋2𝑝

2𝐴
𝑏𝑝) 𝑒

1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝)) 𝑒

1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝)

(1 − 𝑖𝑧𝑝𝑒
1+𝑧

1−𝑧
ln(

𝜋2𝑝

2𝐴
𝑏𝑝))

2  

 
and 

  

|𝑤′(0)| =
𝜋2𝑝

𝐴
2 |𝑏𝑝ln (

𝜋2𝑝

2𝐴
𝑏𝑝)|. 

 
Thus, we obtain 
  

|𝑝𝑏𝑝 + 2𝑏𝑝+1| = 2 |𝑏𝑝ln (
𝜋2𝑝

2𝐴
𝑏𝑝)|. 

Similarly, for 𝑝 = 3,5, . ..  
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In Figs. 5 and 6, frequency characteristic graphics of 𝑍(𝑠) function obtained in Theorem 2 are given for even and 
odd values of 𝑝, respectively. Here, 𝐴 and 𝑏𝑝 values are assumed to be equal to 1. According to Figs 5 and 6, |𝑍(𝑠)| 

has an self-repeating structure which makes it possible to comment that the filters given here are sampled 
(discrete in time) analog filters since their frequency spectrum has a periodical structure. 

 

 
Figure  5. Frequency magnitude graphics of 𝑍(𝑠) function obtained in Theorem 2 for even values of 𝑝.  

 
 

 
 

Figure  6. Frequency magnitude graphics of 𝑍(𝑠) function obtained in Theorem 2 for odd values of 𝑝. 

 
3. Conclusions 
 
In this work, Schwarz Lemma has been used for boundary analysis of DPIFs by analyzing the derivative of DPIF at 
the origin. Within the manuscript, a lemma and two theorems have been presented and lower boundaries have 
been obtained for |𝑍′(0)|. Performing sharpness analysis of obtained inequalities, three DPIFs corresponding to 
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three generic filter structures have been obtained. According to simulation results, different filter structures can 
be obtained by utilizing the resulting DPIFs. Simple filter structures are determined when the DPIFs obtained in 
Lemma 1 and Theorem 1 are utilized. On the other hand, an oscillating DPIF is obtained in Theorem 2. Various 
filter structures showing distinct characteristics in frequency domain can be determined by performing analyses 
presented in this study. 
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