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ABSTRACT. The aim of this paper we establish some new inequalities of Hermite-
Hadamard type by using (71, 72) —strongly convex function whose nth deriva-
tives in absolute value at certain powers. Moreover, we also consider their
relevances for other related known results.

1. INTRODUCTION

In the following integral inequalities which are well known in the literature as
the Hermite-Hadamard inequality.

(1.1) fef) <2 f;f(x) dz < f(a);f(b)_

where f: I CR — R is a convex function on the interval I of real numbers and
a,b € I with a <b.

Many authors have studied and generalized the Hermite-Hadamard inequality
in several ways via different classes functions. For some recent result related to
the Hermite-Hadamard inequality, we refer the interested reader to the papers.
[4 — 15]. Convex functions have played an important role in the development of
various fields in pure and applied sciences. A significant class of convex functions
is strongly convex functions. The strongly convex functions also play an important
role in optimization theory and mathematical economics.

Now let’s state the definitions necessary for our work.

Definition 1.1. [11]JA set I C R is invex with respect to a real bifunction 7 :
IxI—R,if

(1.2) z,yel, A€ 0,1] = y+ In(z,y) €1
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If I is an invex set with respect to 7, then a function f : I — R is called preinvex ,
ifz,yeIand A €]0,1].

(1.3) fly+an(z,y) <Af(2)+ 1 =A) fy)
In 2016,Gordji et al. [11] introduced the concept n—convexity as follows:

Definition 1.2. A function f: I — R is called convex with respect to n—convex,
if

(1.4) [+ 1 =t)y) < fy) +tn(f(2), fy))
for all z,y € I and t € [0,1].

Definition 1.3. [24] Let I C R be an invex set with respect to 9y : [ x I —
R. Consider f : I — R and 12 : f(I) x f(I) — R. The function f is said to be
(m1,m2) — convex, if

(1.5) fx+ 2 (y,2) < f(@)+ M2 (f(y), f(2))
for all z,y € I and X € [0,1].

Definition 1.4. Let I C R be an invex set with respect to 77 : I x I — R. Consider
f:I—-Randny: f(I)xf(I)— R. The function f is said to be (11,72) — strongly
convex, if ¢ > 0,

' < f@)+ M2 (f(y), f(@) —cA (1= A)m (y,2) m2 (y, @)

for all z,y € I and A € [0,1].
Definition 1.5. An (11,72) — strongly convex function reduces to

Remark 1.6. (i) If we choose ¢ = 0 in definition 1.4 we obtain (n1,172) — convex
function.

(ii) If we choose ¢ = 0 and m; (z,y) = « — y for all z,y € I in definition 1.4 we
obtain n— convex function.

(iii) If we choose ¢ =0 and 19 (z,y) = x —y for all ,y € f (I ) in definition 1.4
we obtain preinvex function.

(iv) If we choose ¢ = 0 and 1 (z,y) = n2 (z,y) =  — y in definition 1.4 we
obtain classical convex function.

(v) If we choose 1 (z,y) =12 (z,y) = © —y in definition 1.4 we obtain strongly
convex function.

(vi) If we choose 1 (z,y) = x —y for all x,y € I in definition 1.4 we obtain
n — strongly convex function.

2. MAIN RESULTS

In this section, we establish some new inequalities of Hermite-Hadamard type
by using (11, 72) —strongly convex function whose n th derivatives in absolute value
at certain powers. Moreover, we also consider their relevances for other related
known results.

Lemma 2.1. Let I C R be an invexr set with respect to n1 such that for all x €
I andt € [0,1]. Also let f : I C R — R be n-times differentiable functions on
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P with a <b, andn € N*. For any a,b € I° with n; (b,a) > 0, suppose that
f™ € Lyfa,a+mn (bya)]. Then for a > 0, the following equality holds;

a b,a
7 (b,a) fa e )f(m) dx
(2.1) _ ZZ 71(6,0)* [F* 7D (atm (b,0)+(=1)* F* P (a)]
: 1

, nthzs 2(k!)
= mBal = (L f) (0t ty (b, a)) dt

Proof. By integration by parts, it follows that
(2.2)
%"“ Syt f) (a + i (b, a)) dt
= 7712an'1) f(n 1) (a+m (ba)) + 1(nb al)‘] fo - 1f(n 1) (a -+t (b,a))dt
—* (bﬂ)nf(n_l) (a+mn1(ba)) — nzl[((l;a)1 Y] f(n 2) (a+mn1 (b, a))
+% Sy 72 F=2) (@ 4ty (b, a))dt
_ Zn 1 n1(b,a) k+1fzk)'§a+771(b @) 4 m( ba f tf a+ tn (b, a)) dt
-y mta) f“” 1>(a+m(b a) 4 1 fa+771 9 ¢ (1) da

with the same argument as the above we have
(2.3)

mlal T (1) £ (a+ -t (b)) dt
I (1" SO (a) 4 S5y Jy (6= )" SO okt (b)) e
_ _7712((1)7;?))" (_1)n f(n—l)( ) — nzl[((l;a)n} (_1) f(n 2)( )
BB [ (1) ) (0t ty (b)) dt
=~ yop, mEatCDTE 4 et m ) f () gy

Adding these two equations leads to Lemma 2.1. O

Lemma 2.2. Let I C R be an invexr set with respect to n1 such that for all x €
I andt € [0,1]. Also let f : I C R — R be n-times differentiable functions on
P with a <b, andn € N*. For any a,b € I° with n; (b,a) > 0, suppose that
f™ € Ly[a,a+m (b,a)] .Then for a > 0, the following equality holds;

a b,a b+ a,b
m(i@fﬂh( V@) da g [T, | (@) de
L (b,a)*[14+(~1)
— ke 1 Qk[(k') !
(2.4) x [f¢=D at I (b,a)) + fED (b+ Lni (a,0))]
= ”éfn‘?) J& (=)™ £ (a + ty (b, a)) dt

+fia—t)" W(b—ktm(a,b))dt}.
Proof. This follows from integration by parts immediately. U

Theorem 2.3. Let I C R be an invex set with respect to 1y such that for all
x €I andt € [0,1]. Also let f : I C R — R be n-times differentiable functions
on I° with a < b, andn € N* (ny,n2) —strongly convex function where ny is
an integrable bi functionon f(I) x f(I) with modulus ¢ > 0. For any a,b € I° with
n1 (b,a) > 0, suppose that f* € Ly la,a+n1 (b,a)] and |f™|? for ¢ > 1.Then for
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a > 0, the following inequality holds;

a+m1(b.a n m,a) [fED (atn (b,0)+(—1)F FE D (a)
ool O f (@) de - T, ™ [ m(k') ]

1—1
. ()" (2 a
(2 5) S 7]12(n') <n+1)

% (525 (7 @17 + e (7 @)1, 17 (a)]) — 2pelbmme ) ©

Proof. By using Lemma 1, the power mean inequality and the (1, 72) —strongly

convex function of |f|?, we have
(2.6)
atni(ba n (0.@)*[F* D (atm1 (b,0))+(=1)*F* "V (a)
1(b,a) f e )f (33) dx — Ek:l & [ nzl(ky) } ‘
< "1;&?’ Jo 1"+ (L= 0)"]| £ (ot t (b, a)] it

Q=

IN

R (o b+ 1—t>"1dt)17% (Jo 1"+ (1= 0" 17 (@ -+t ()] at)
1—1
e (b a-0)

IN

X

1—1
— 7]12((bn“1) (f() tn )n]) q
< (U @17 Jy [+ =" dt +m2 (1 O @17 (Jo ¢l + (1= 6)" dt)
—cm(b,a>n2<b,a>fo (L=t + (1= 0)"]dt)"
" 1_é cny(b,a)n2(b,a é
=20 (L2) 7 (25 (5 @I + e (7 0)1°, 117 (0)]%) - 2pdamtbe))

where

1,n n
(2.7) o ltm+ (1 =0)"dt = 25
(2.8) Syt + Q-0 dt = &
and
1 n
(2.9) St =0t"+1-8)"1dt = Gzt
This completes the proof of the theorem. O

We will give some special cases of Theorem 2.3 which show that our result
generalize several results obtained previous works.

Remark 2.4. As can be seen from the special elections below, our results are more
general.

(i) If we choose ¢ = 0 in Theorem 2.3 the results are we obtain also provided
for (m1,m2) —convex functions, is proved by S. Kermausuor et. al. [25].

(ii) If we choose ¢ = 0 and my (z,y) = « — y for all z,y € I in Theorem 2.3 the
results are we obtain also provided for n— convex function.

(iii) If we choose ¢ = 0 and 7 (z,y) = x —y for all z,y € f (I ) in Theorem 2.3
the results are we obtain also provided for preinvex function.

(iv) If we choose ¢ = 0 and 7y (z,y) = 2 (z,y) = x —y in Theorem 2.3 the
results are we obtain also provided for classical convex function.

(fo lem + = " 1™ @I+ e (" B 1S @] = et (L= &) (bs) (b)) de)

Q=
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(v) If we choose 1 (z,y) =12 (z,y) = x —y in Theorem 2.3 the results are we
obtain also provided for strongly convex function.

(vi) If we choose 1 (z,y) = x —y for all x,y € I in Theorem 2.3 we obtain
1 — strongly convex function.

Theorem 2.5. Let I C R be an invex set with respect to nysuch that for all x € T
and t € [0,1]. Also let f : I C R — R be n-times differantiable functions on
P with a < b, and n € NT  (n1,m2) —strongly convex function where 1o is an
integrable bi functionon f(I) x f(I) with modulus ¢ > 0. For any a,b € I° with
m (b,a) > 0, suppose that f* € Lqla,a+n (b,a)] and |f™|? for ¢ > 1.Then for
a > 0, the following inequality holds;

(2.10)

a+n1(b,a) n1(b,a)*[FFD (a1 (b,a)+(=1)F FED (a)
nlé,a) Jo T f @) de =3 [ 200 |

< Q(n') (fo tn t)n]P dt) P
x (If" ()| + énz (17 )17 (@) — enleguel) T
where % + % =1.

Proof. By using Lemma 1, the Holder’s inequality and the (71,72) —strongly con-

vexity of |f"|?, we have
(2.11)
ats (ba o G [P @t (b.a)+ () D (@)
11 (b,a) f (v f(x)dr — Zk—l = [ ngl(kl) | ‘
< Pl [T (1= £ ( a -+t (b,a)) )| dt

Q=

IN

O (fy 1+ (- ) (Jo 17 (@ + tns (b, 0))|")
mlal” (fo [t + (1 — )" dt)

IN

Q=

< (S 7 @I+ s (177 )57 (@)]) — et (1~ 1)y (b,a) o (b, )] i
1
_ 7712(bnt'1)) (fo [+ (1—1)"]" dt)p
1
x (1 @1 Jy 1t + 2 (1 )1, 1 @I Jy vt = e (b0 (0,0 g ¢ (1-t)dt)
1
(b,a n n 1’ n n n cni(b,a b,a) \ ¢
=m0 (fy o+ (1= 0" at)” (\f (@17 + 42 (1 Q)1 |7 (a)]7) — b))
It can easily be verified that t" + (1 —¢)" <1 for t € [0,1]. So, it follows that
(2.12) Jor Q=" dt < [ [+ (1 -8 dt = 225
Hence, the desired inequality follows from 2.11 and 2.12. This completes the proof
of the theorem. O

We will give some special cases of Theorem 2.5 which show that our result
generalize several results obtained previous works.

Remark 2.6. As can be seen from the special elections below, our results are more
general.

(i) If we choose ¢ = 0 in Theorem 2.5 the results are we obtain also provided
for (m1,m2) —convex functions, is proved by S. Kermausuor et. al. [25].
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(ii) If we choose ¢ = 0 and n (x,y) = —y for all z,y € I in Theorem 2.5 the
results are we obtain also provided for n— convex function.

(iii) If we choose ¢ = 0 and 12 (z,y) = x—y for all x,y € f (I ) in Theorem 2.5
the results are we obtain also provided for preinvex function.

(iv) If we choose ¢ = 0 and ny (z,y) = 12 (z,y) = « — y in Theorem 2.5 the
results are we obtain also provided for classical convex function.

(v) If we choose n1 (z,y) = n2 (x,y) = x —y in Theorem 2.5 the results are we
obtain also provided for strongly convex function.

(vi) If we choose m (z,y) = x —y for all x,y € I in Theorem 2.5 we obtain
n — strongly convex function.

Theorem 2.7. Let I C R be an invex set with respect to nysuch that for all x € T
and t € [0,1]. Also let f : I C R — R be n-times differantiable functions on
P with a < b, and n € N* (n1,n2) —strongly convex function where ns is an
integrable bi functionon f(I) x f(I) with modulus ¢ > 0. For any a,b € I° with
m (b,a) > 0, suppose that f* € Lila,a+n1 (b,a)] and |f*|? for ¢ > 1.Then for
a > 0, the following inequality holds;

1 a+n1(b,a) b+n1(a,b)
wta o T @) dr+ s [ f (@) de

n n1(b,a)™|1+(—1)
=21 %

|5 [£5D (a+ Im (b, @) + F&D (b+ Loy (a,0))]]

1—1
m(b,a)" 1 ?
< 1(n') (2“+l(n+1))
< | (gt 17 (@17 + gtz (17 O, 17 @])

_ceni(b,a)nz2(b,a)(n+4) 411:|

2"+3(n+2)(n+3
(2.13)

Q=

b,a)™
+771§ 5 (2n+1(n+1)>

| (et " O + g e (£ @171 1)

emba)mba)(ntd) )@
27+3(n+2)(n+3)

Proof. By using Lemma 2, the Power mean inequality and the (17, 72) —strongly
convexity of |f"|?, we have

a+n1(b,a) b+n1(a,b)
Ul&’#l) fa " fa)da + n1( b ,a) f ! (z) dz

+3m(a, b)
a k —1)k
_y % (5D (a+ Lnr (b,a)) + fED (b+ Ly (a, b))]’
<m(b7a)"[ n|f(”) a+tm (b,a)) ’dt+f 1_tn‘f(n) b+t (a |dt}

ZS)" [(fo ) _%( ()" |[f™ (a+tn (b,a))] ) dt}

+mm> {(f;l (1*t)"dt) B (fl (1 —8)" | £ (b + tm (a,b))|” dt)q}

2
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1

< mbar {(fj (0 dt)
(fo @+ e (7 O 1 @) = et (1= 0 0.0) e 0.0 at)

S

x (@(H)” 177 B+ e (7 @77 ) = et (1= ) () )] )
(2.14) 1

< mbar [(fo at) " (17 @I 0 dn) s (177 O | @) fF 1
—eny (bya)ns (b,a) ;2 71 (1 — 1) dt) 3}

e [(fg(lt)”dt)l_‘l’((lf" OF J} (- 07) +m (7 @[ £ ) JL (-0
e b0 ) J} (1 - )]

< 28" (grenberrs) ' (b 7 @ + ez (7 O 17 @)

_em(b,a)nz(b,a)(n+4) ) a
2743 (n+2)(n+3)

Q=

Q=

1—1
b,a)”™ a n 7
+ 208 (grtarn) | (et 17 O + s e (7 @I £ 1)
1
_ em(b,a)ua(b,a) (nt+4) ) E
2nF3 (n+2)(n+3)

This completes the proof of the theorem. O

We will give some special cases of Theorem 2.7 which show that our result
generalize several results obtained previous works.

Remark 2.8. As can be seen from the special elections below, our results are more
general.

(i) If we choose ¢ = 0 in Theorem 2.7 the results are we obtain also provided
for (m1,m2) —convex functions, is proved by S. Kermausuor et. al. [25].

(ii) If we choose ¢ = 0 and 1 (x,y) = —y for all z,y € I in Theorem 2.7 the
results are we obtain also provided for n— convex function.

(iii) If we choose ¢ = 0 and 73 (x,y) =z —y for all z,y € f (I ) in Theorem 2.7
the results are we obtain also provided for preinvex function.

(iv) If we choose ¢ = 0 and m (x,y) = m2 (z,y) = © — y in Theorem 2.7 the
results are we obtain also provided for classical convex function.

(v) If we choose 11 (z,y) =12 (x,y) = x —y in Theorem 2.7 the results are we
obtain also provided for strongly convex function.

(vi) If we choose 1 (z,y) = « —y for all x,y € I in Theorem 2.7we obtain
1 — strongly convex function.

Theorem 2.9. Let I C R be an invex set with respect to nysuch that for all x € T
and t € [0,1]. Also let f : I C R — R be n-times differantiable functions on
P with a < b, and n € NT  (n1,m2) —strongly convex function where 1 is an
integrable bi functionon f(I) x f(I) with modulus ¢ > 0. For any a,b € I° with
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m (b,a) > 0, suppose that f* € Lila,a+n1 (b,a)] and |f*|? for ¢ > 1.Then for
a > 0, the following inequality holds;

b+n1(a,b)

1 /!H-Tll(bva) ) 1 )
— f(xda:—i—i/ f(z)dz
M (b,a) Jo M (b @) Jog 10, ()

n_ oy (b,a)* [1 + (-]

X [f(k b <a+ —m (b, a)> + f=D <b+ %7}1 (a,b))”

m (b,a)" 1 »

@15 < 7550 (2np (np—i—l))
x l(lf" @+ g (U 1 (@) - R 0)
(1 0+ @r 1 o) - L ))] ,

1,1 _
where];—&—g—l.

Proof. Again, using Lemma 2, the Hdélder’s inequality and the (n;,7n2) —strongly

convexity of |f"|?, we have

1 a+n1(b,a) b+n1(a,b)
o o (@) dr+ b ol 27171((1 p [ (x)de
n (b,a)*[1+(-1)* _ _
ey O T ) (4 4 L (b)) 4+ £OD (b4 b (o, b))]]
< 2 [ 0" |7 (o o )+ 3 (00" | 0+t (a0 ]

IN

i (13 )’ (73 a+tmba|dt>]
B [(f (= ae)” (JE1F b+ tm (0, ) }

S

Sy () d)

m(ba)"
< o [(

X
/N
ol\)
=
S
—
S
S~—
=
+
o~
=
N
e
~
S
—~
=
=
=
S
—
S~—
=
S~—"
|
Q
&
—~
—_
|
o~
—
3
=
—~
=
S
S~—
3
o
—~
=
S
=
QU
~
—
Q=
—_

Q=

|
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(2.16)
< mar {(fo "pdt)%
x (If” (@)1 JoF 1+ m2 (1 )17, 17" (@)1) fi tdt = cm (b, a) mz (b,0) i £ (1~ 1) dt)
ot (-0
x(|f”<b)|qf;1dt+n2<|f“< ™ 1) Jy tdt = em (b,a)ma (b,a) [y ¢ (1~ 1) dt)
< mle® () [ (3 @17+ b (7 0171 @) - C"l“”‘?;"‘“’“)é]
+208" (7wrpem) [( o %772 (1 @ |f O)F) - °"1‘b"?;”“’“>ﬂ
= nga (o) (\f” m U O 17 @) - e
(IO + S (@I )" - C"“b’“é"z(”’“’);]

This completes the proof of the theorem. O

Q=

|

Q=

|

D=

We will give some special cases of Theorem 2.9 which show that our result
generalize several results obtained previous works.

Remark 2.10. As can be seen from the special elections below, our results are more
general.

(i) If we choose ¢ = 0 in Theorem 2.9 the results are we obtain also provided
for (n1, n2) —convex functions, is proved by S. Kermausuor et. al. [25].

(ii) If we choose ¢ = 0 and 1 (x,y) = —y for all z,y € I in Theorem 2.9 the
results are we obtain also provided for n— convex function.

(iii) If we choose ¢ = 0 and 12 (z,y) = x —y for all x,y € f (I ) in Theorem 2.9
the results are we obtain also provided for preinvex function.

(iv) If we choose ¢ = 0 and n (z,y) = 12 (v,y) = « —y in Theorem 2.9 the
results are we obtain also provided for classical convex function.

(v) If we choose n1 (z,y) = n2 (x,y) =z —y in Theorem 2.9 the results are we
obtain also provided for strongly convex function.

(vi) If we choose 1 (z,y) = x —y for all z,y € I in Theorem 2.9 we obtain
1 — strongly convex function.

3. CONCLUSION

In this study, we present some inequalities for (1, 72) —strongly convex functions
involving whose nth derivatives in absolute value at certain powers. It is also shown
that the results proved here are the strong generalization of some already published
ones. It is an interesting and new problem that the forthcoming researchers can
use the techniques of this study and obtain similar inequalities for different kinds
of strongly convexity in their future work.
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