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1 Introduction

In 1999, Molodtsov [1] introduced the concept of soft sets as a new mathematical tool for dealing with uncertainties. He showed
several applications of this theory in solving many practical problems in economics, engineering, social science, medical
science, etc. Interest in the soft sets and their applications has been continued to grow rapidly afterwards. Maji et al. [2, 3]
studied soft set theory in detail and applied it to decision making problems. In the line of reduction and addition of parameters
of soft sets, some works have been done by Chen et al. [4], Pei and Miao [5], Kong et al. [6], Zou and Xiao [7]. Shabir and Naz
[8] introduced the notion of soft topological space. Many authors studied on soft topological spaces and considered the concept
of soft point [9-15]. Then, Das and Samanta introduced notions of soft element, soft reel set and number [16] and soft complex
set and number [19] over soft sets. Samanta et al. and several authors examined some mathematical structures such as soft
metric, soft vector, soft norm, etc. by using the notion of soft element [18-20]. Also, works on fixed point theory have been
ongoing over the soft sets, the soft metrics and soft cone metrics [21-26]. In recent years some authors studied on e-soft
topological spaces by using elementary operations on soft sets [27-31].

In this paper we study e-soft compact spaces. e-soft compact spaces and many of their properties are studied in [30, 31]. Here
we proved the following features related to compactness:

1. Let T:{q), U, eS(X): U eS(X),NUSC eS(X),US° isfinite}c S(X) be a family of soft sets over X with

parameter set A. Then ()Z,T, A) is an e-soft compact topological space.

2. Let ()Z,T,A) and (V,T*,A) be two e-soft topological spaces and F e S(X) be an e-soft compact set. If
f :SE(X ) N SE(Y) is a soft continuous mapping, then SS ( f (SE(F)) e S(Y) is e-soft compact.

3. Let ()Z,T, A) be a e-soft compact space. If U AV e S(X) forevery U,V €7 , Then forevery A € A;
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i (X.,7,) is a compact space.

ii. Forevery e-soft compact set F e S(X), F(A) < X isacompact set.

Also, we give an example that explains the relationship between e-soft compact space and classical compact space.

2 Preliminaries

Definition 2.1. [1] Let A be a set of parameters and E be an initial universe. Let 7P(E) denote the power set of E . A pair
(F, A) is called a soft set over E , where F is a mapping given by F : A— P(E). In other words, a soft set over E isa
parametrized family of subsets of the universe E.For L€ A, F (ﬂ,) may be considered as the set of A -approximate elements
of the soft set (F, A)and denoted by F for short,

Definition 2.2. [2] Let F and G be two soft sets over a common universe E .
1. Fissaid to be null soft set, denoted by @, ifforall A € A, F(1) = . F is said to an absolute soft set denoted by

E . ifforall Le A, F(1)=E.
2. Fissaid to be asoft subset of G if forall A € A, F(1) = G(4) and itis denoted by F & G. F is said to be a soft

upper set of G if G is a soft subset of F. We denote itby F 5 G. F and G is said to be equal if F is a soft subset of G
and G is a soft subset of F.
3. Theintersection H of F and G over E isdefinedas H(4) = F(1) "G(A) forall A€ A.Wewritt H =F AG

4. The union H of F and G over E is defined as H(4) = F(1) UG(A) forall A € A. Wewrite H=F OG.
. The product H of F and G over E is defined as H(4) = F(1)xG(A) forall 2 € A. Wewrite H =F XG .
6. The difference (H, A) of (F, A) and H of F and G over E is defined as H(4) = F(1)\G(A) forall 1€ A.

Wewritt H=F\G.
7. The complement F° of F is defined as (F, A)C :(FC, A), where F°: A— P(E) is a mapping given by
Fe(A)=X\F(1) forall 1€ A.Clearly, we have E° =@ and ®° =E

Definition 2.3. [16, 19] Let A be a non-empty parameter set and E be a non-empty set. Then a function € : A— E is said
to be a soft element of E . A soft element € of E is said to belongs to a soft set F of E which is denoted by € € F if
€(A) e F(A), VA e A. Thus for a soft set F of E with respect to the index set A, we have F (1) ={e(1):eEF},

A e A. Inthat case, € is also said to be a soft element of the soft set F. Thus every singleton soft set (a soft set F of E for
which F(A) isasingleton set, VA € A) can be identified with a soft element by simply identifying the singleton set with the
element that it contains VA € A.

Throughout this paper, we consider the null soft set @ and those soft sets F over E for which F(1) #J, VAe A. We
denote this collection by S (E) . Thus for asoftset F (= ®) € S(E), F(A) # @ forall A € A.Foranysoftset F e S(E)
, the collection of all soft elements of F is denoted by SE ( F) . Also, we use the notation X, )7, Z to denote soft elements of a
soft set

Proposition 2.4. [19] The following statements about soft sets are satisfied.
1. Foranysoftsets F,G € S(E), we have F & G if and only if every soft element of F is also a soft elements of G.
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2. Any collection of soft elements of a soft set can generate a soft subset of that soft set. The soft set constructed from a
collection B of soft elements is denoted by SS(B).

3. Foranysoftset F e S(E), SS(SE (F)) = F ; whereas for a collection 3 of soft elements, SE(SS(BB)) > B..

Remark 2.5. [19] X& F UG does not necessarily imply that either X & F or X & G . Also, the intersection of two soft sets
or complement of a soft set of S(E) is not necessarily a member of S(E)

Definition 2.6. [19] Let F,G e S(E) be two soft sets.
1. FUG denotes the e-union of F and G, that is defined by FWG=SS(B), where

B={XEE:X&F or X&G},ie, FUG = SS (SE( F)USE(G)).

2. FMG denotes the e-intersection of F and G, that is defined by F@MG = SS(B), where
B:{)?é E:X&F and )?éG}, ie, FmMG = SS (SE( F)mSE(G)). If the two soft sets have no soft
elements in common, then F M G = ®.

3. FC denotes the e-complement of F, that is defined by F<= SS(13), where B = {)~( EE:RE FC} Jie, FC=

ss(SE(FC))
Remark 2.7. [19]. It can be easily verified that F WG, F MG, and F© are members of S(E), if F,G e S(E).

Definition 2. 8. [27,28] Let 7 — S ()Z ) be a family of soft sets over X with parameter set A. 7 is a topology on X according

to the e-operations if it meets the following conditions.

1. ®,XeT,
2. 16{U;}. T then WU, €T,

iel
n n
3. 1F{U;}, =T . then U, eT .
i=1
This topology is called e-soft topology, and the triple ()Z T, A) is called a e-soft topological space. The members of 7 are

called soft open sets.

Proposition 2.9. [28] Let ()Z,T, A) be a e-soft topological space. If U AV e S()Z) forevery U,V €7 , then for every
AeA, T,={U(4):U e T} isatopology on X.

Definition 2.10. [28] Let f :SE()Z)—)SE(V) be a soft mapping. If for every Ae A X&X and xe X,
{f(®)(A):K(A) =x} is aunit set, f,:X —>Y given by f,(X(1))= f(X)(1) is a mapping from X to Y. Then
f: SE()Z ) — SE (Y~) is called a soft function.

Definition 2.11. [28] Let ()Z,T, A) and (YN,T*,A) be two e-soft topological spaces. A soft mapping

f:SE ( X ) — SE (Y~) is called soft continuous at X & X if for any soft neighborhood A" of () there exists N of (%)
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such that f (SE(N)) cf (SE(N ')) . fis called soft continuous over ()Z T, A) , if it is soft continuous at every X & X

Theorem 2.12. [28] Let ()Z T, A) and (\7, 7", A) be two e-soft topological spaces and f : SE ( X ) — SE (YN) be a soft
mapping. f is soft continuous if and only if for every U € 7, SS ( f *(SE(U ))) eT.

3. e-soft compactness

Definition 3.1. [30] Let ()Z T, A) be an e-soft topological space, F € S(X) and {U; :i € I} be a family of soft open sets
in ()Z,T, A).

i. {U,:iel} iscalled an e-soft open cover of ()Z,T, A) if X =UU,

iel

ii. {U,:iel} iscalled an e-soft open cover of F if F& YU, .

iel
The following definition is an adaptation of the definition for soft e-quasi compact space in [30].

Definition 3.2. Let ()Z T, A) be a e-soft topological space and F € S(X).
i ()Z T, A) is called an e-soft compact space if every e-soft open cover of X has a finite e-soft open sub-cover.

i. Fe S()Z) is called an e-soft compact set if every e-soft open cover of F has a finite e-soft open sub-cover.

Proposition 3.3. Let 7 :{CD, U, eS(X): Uf eS(X),NU,° eS(X),UF isfinite} < S(X) be a family of soft

sets over X with parameter set A. Then ()Z T, A) is an e-soft compact topological space.

Proof. Let’s first show that ( X T, A) is an e-soft topological space. For this three axioms of Definition 2.8 must be provided.
1. Since X¢ =d e S(X) and X =SS(SE(X®)) =@ isfinite, ®,X €T .

2. 1F{U;}. , =7 ,Then US e S(X) and U;" isfinite. so OUiC e S(X) and WU isfinite. Thus (UJU, € T .

il . :
iel iel icl

3. LetU,V €7 .Then U VC e S(X), U and V  arefinite and U¢ AV € S(X).Then U @MV € is finite. So
UAaVCceT.

Now let's show that ()Z .7, A) is e-soft compact. Let {Ui el } be an e-soft open cover of ()Z .7, A) . Let's take a soft
open set U in the family {U;:iel}. Then Us e S(X) and U isfinite. say U = {0y, 0,,..., 0, } . Then, there are

a finite number of the soft open sets U,,U,,..,U such that U eU,,u,eU,,..,u €U, . Thus, we obtain

~ n ~
X=U;uu ;c =U, U (@Ui ) Hence, the space X is e-soft compact as it is covered by a finite number of soft open sets.
i=1
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One of the most important properties of compact spaces is that compactness is a topological property. This is a result of the
following theorem.

Theorem 3.4. Let ()Z T, A) and (\7, T, A) be two e-soft topological spaces and F S()Z) be an e-soft compact set.
If f: SE()Z ) — SE (Y~) is a soft continuous mapping, then SS ( f (SE(F)) e S(Y) is e-soft compact,

Proof. Let {Ui eT iie I} be any e-soft open cover of K =SS ( f(SE(F)). Then K & UJU, . Since each U, is soft
iel

open and f is soft continuous, for every i e | ,

SS(f*(SEM,))eT ., SS(f*(SEU,))eT
Also,
F&ss(f*(SE(K)))&ss(f(SEU,)))uss(f*(SEU,)))u

=SS ( f*(SE(U, )))=ss(u f 1 (SE(U, )))

iel

:Ss(f‘l(iLGJISE(Ui))j:Ss[f_l(SE(gU‘Dj

Then {SS( f _1(SE(Ui)) e I} is an e-soft open cover of F. But F is e-soft compact, so {SS ( f _1(SE(Ui )) e |} is

an e-soft open sub-cover, say

Fess(f(SEU,)))uss(f(SEU,)))u...uss (f(SEU,,)))

:i@ss(f‘l(SE(Uji))):SS( _1(SE(UU Dj

=1
Accordingly,

K =SS(f(SE(F)) &S (f (SE(@SS(f‘l(SE(U ji)))m
~SS ( UI f(SEU ,.)))D)

=
o o{e{ fg))
)

=SS

Thus K =SS ( f(SE(F)) is e-soft compact.
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Corollary 3.5. Let ()Z,T,A) and (Y~,T*,A) are e-soft topological spaces. If ()Z,’T,A) is e-soft compact and

f:SE ( X ) — SE (Y~) is a soft continuous and onto function, then (\7, T, A) is e-soft compact.
The following theorem gives the relationship between e-soft compactness and classical compactness.

Theorem 3.6. Let ()Z T, A) be a e-soft compact space. If U AV e S(X) forevery U,V €7 , Then forevery 1 e A

i (X, T,) isacompact space.

. For every e-soft compact set F € S(X), F(A) < X is a compact set.

Proof. i. By Proposition 2.10, for every A€ A, 7, ={U(4):U e T} is a topology on X. So (X, 7, ) is a topological

space. Since ()Z T, A) is e-soft compact space, every e-soft open cover {Ui el } of X has afinite e-soft open sub-cover

iel j=1 iel

{Uij :j=1,2,...,m}. That is, X =UU, implies X :Lln]JUij. Hence, form X :@Ui:SS(U SE(Ui)) for every

iel

A e A, we have

X =X (A1) =SS(_U SE(Ui))(ﬂ) =UU; (1)

iel iel

and

X = X (4) =(_@uijju) =ss(j[] SE(U, ))(z) - ijJUij(l) .
jel =1 =1
Thus (X, 7} ) is a compact space.

ii. Since F is e-soft compact, every e-soft open cover {Ui el } of F has a finite e-soft open sub-cover {Uij 1=12,..., m}

such that F & (UJU, implies F & @Uij. Hence, F & UJU, =SS(U SE (Ui)) implies, forevery A € A,
j=1

iel iel iel

F()& ss(u SE(Ui))(/l)zss(U SE(Ui)(l)):igUi(ﬂ).

iel iel
Thus F(A) is compact.

Example 3.7. Let A={4, z} be a parameters setand X ={X, Yy, z} beaset. Then 7 = {CD, X ,Ul,Uz,U3} is a e-soft

topology of X , Where
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Since X is finite, (X : 7;) and (X : Tﬂ) are the compact spaces.

4. Conclusion

In this paper, we define cofinite e-soft space as an example of e-soft compact space and prove that the image of an e-soft
compact (and an e-soft compact set) space under a soft continuous mapping is e-soft compact space (and is e-soft compact).
Also, we examine the relationship between e-soft compact space and classical compact space. We think it will contribute to the
studies in this context.
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