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ABSTRACT. Given a weight function τ , we introduce a new class of Banach function algebras with respect to τ ,
denoted by C0b(X, τ). We provide a complete solution to the isomorphism problem in this class. We further charac-
terize the BSE-extension and the Inoue-Doss ideal associated with it. As an application of our results, we show the
equivalence of the four statements: (i)C0b(X, τ) is of BSE, (ii)C0b(X, τ) is of BED, (iii)C0b(X, τ) is Tauberian and (iv)
τ is bounded.
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1. INTRODUCTION AND MAIN RESULTS

LetX be a locally compact Hausdorff space and Cb(X) be the Banach algebra of all bounded
complex-valued continuous functions onX with supremum norm ‖·‖∞. Define C0(X) = {f ∈
Cb(X) : f vanishes at infinity}. Let τ be a positive continuous function onX with infx∈X τ(x) ≥
1. Define

C00(X, τ) = {f ∈ C0(X) : fτ ∈ C0(X)},
C0b(X, τ) = {f ∈ C0(X) : fτ ∈ Cb(X)},
Cbb(X, τ) = {f ∈ Cb(X) : fτ ∈ Cb(X)}

and
‖f‖∞,τ = sup

x∈X
|f(x)|τ(x) (f ∈ Cb(X)).

Then both C00(X, τ) and C0b(X, τ) are subalgebras of C0(X), and Cbb(X, τ) is a subalgebra of
Cb(X). Moreover, these algebras become Banach algebras with norm ‖ · ‖∞,τ , and they have
the inclusion relation

Cc(X) ⊆ C00(X, τ) ⊆ C0b(X, τ) ⊆ Cbb(X, τ) ⊆ Cb(X),

where Cc(X) is the set of all complex-valued continuous functions on X with compact sup-
ports.

Remark 1.1. Put Cb0(X, τ) = {f ∈ Cb(X) : fτ ∈ C0(X)}. Then, it follows that C00(X, τ) =
Cb0(X, τ) holds.
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Note that τ is a C0(X)-local function on X , and hence the algebra C0(X)τ(1) is defined (see
[5, Definitions 5.1 and 5.3] for definition). Since C0(X)τ(1) = C00(X, τ), it follows from [5,
Theorem 5.4 (ii)] that C00(X, τ) is a Segal algebra in C0(X) with norm ‖ · ‖∞,τ , and hence its
Gelfand space can be identified with X (see [5, Theorem B’]). Moreover, C00(X, τ) is always a
BED-algebra of type I, but it is not a BSE-algebra if τ is unbounded (see [2, Theorem 6.2]). On
the other hand, C0b(X, τ) is generally not a Segal algebra in C0(X). However, J. Inoue et al.
have shown that C0b(X, τ) is a Banach algebra of type I but is neither Tauberian nor of BSE nor
of BED if 1/τ vanishes at infinity (see [2, Theorem 7.3]). The aim of this paper is to investigate
this algebra in greater detail. We refer the reader to [4, 5, 6, 9, 10, 11, 13] for more details on
Segal algebras, BSE-algebras, BED-algebras and type I Banach algebras.

We first give a complete solution to the isomorphism problem in C0b(X, τ). To state this, let
Y be another locally compact Hausdorff space and σ be another positive continuous function
on Y with infy∈Y σ(y) ≥ 1. Then we have:

Theorem 1.1. The following three statements are equivalent:
(i) C00(X, τ) is isomorphic to C00(Y, σ).

(ii) C0b(X, τ) is isomorphic to C0b(Y, σ).
(iii) There exists a homeomorphism η from Y ontoX such thatmσ ≤ τ ◦η ≤Mσ for some positive

constants m and M .

Next we have:

Theorem 1.2. The following two statements are equivalent:
(i) C00(X, τ) is isomorphic to C0b(Y, σ).

(ii) Both X and Y are homeomorphic and both τ and σ are bounded.

Moreover, we show that the BSE-extension and the Inoue-Doss ideal associated withC0b(X, τ)
are equal to Cbb(X, τ) and C00(X, τ), respectively. The details will be described in Section 5.

As an application of the above results, we show the following result which is a generalization
of [2, Theorem 7.3].

Theorem 1.3. The following five statements are equivalent:
(i) C0b(X, τ) is of BSE.

(ii) C0b(X, τ) is of BED.
(iii) C0b(X, τ) is Tauberian.
(iv) C0b(X, τ) has a bounded X-weak approximate identity.
(v) τ is bounded.

2. PRELIMINARIES

In what follows, let X be a locally compact Hausdorff space and τ be a positive continuous
function on X with

inf
x∈X

τ(x) ≥ 1.

Let A be a natural Banach function algebra on X . Then the natural embedding δX from X
to the Gelfand space ΦA of A is surjective, and hence δX is homeomorphic by [12, Theorem
3.2.4]. Thus we may identify ΦA with X if it will cause no confusion. Then the multiplier
algebra M(A) of A is described as {f ∈ Cb(X) : fg ∈ A (g ∈ A)}. We say that A is of type
I if M(A) = Cb(X). We denote by span(X) the linear span of X in the dual space A∗ of A.
Therefore, an arbitrary element p in span(X) has the unique expression

p =
∑
x∈X

p̂(x)x,
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where p̂ is a complex-valued function on X with finite support. A function f ∈ Cb(X) is said
to be a BSE -function associated with A if there exists a constant β > 0 such that∣∣∣∣∣∑

x∈X
p̂(x)f(x)

∣∣∣∣∣ ≤ β‖p‖A∗
for all p ∈ span(X). The BSE-norm of f , denoted by ‖f‖BSE(A), is the infimum of all such β.

Let CBSE(A)(X) be the set of all BSE-functions on X associated with A. Then it is a semisim-
ple commutative Banach algebra with the BSE-norm (see [13, Lemma 1]).

Definition 2.1. We refer to CBSE(A)(X) as the BSE-extension associated with A.

An algebra A is said to be a BSE-algebra if M(A) = CBSE(A)(X) (see [13, p.151, Definition]).
If {eλ} is a net in A satisfying the condition

lim
λ
eλ(x) = 1 (x ∈ X),

then we call it a X-weak approximate identity of A. We note that M(A) ⊆ CBSE(A)(X) if and
only if A has a bounded X-weak approximate identity (see [13, Corollary 5]). For the details
on X-weak approximation identity, refer to [3, 8].

Let K(X) be the directed set consisting of all compact subsets of X with respect to the inclu-
sion order. For f ∈ CBSE(A)(X) and K ∈ K(X), define

‖f‖BSE(A),K = sup


∣∣∣∣∣∣
∑

x∈X\K

p̂(x)f(x)

∣∣∣∣∣∣ : p ∈ span(X), ‖p‖A∗ ≤ 1

 ,

and put

C0
BSE(A)(X) =

{
f ∈ CBSE(A)(X) : lim

K∈K(X)
‖f‖BSE(A),K = 0

}
.

Then C0
BSE(A)(X) is a closed ideal of CBSE(A)(X) (see [4, Corollary 3.9]). This is an important

ideal in our argument.

Definition 2.2. We refer to C0
BSE(A)(X) as the Inoue-Doss ideal1 associated with A.

An algebra A is said to be a BED-algebra if A = C0
BSE(A)(X) (see [4, Definition 4.13]). A

Banach function algebra B on X is called a Banach ideal of C0(X) if B is an ideal of C0(X) and
‖fg‖B ≤ ‖f‖∞‖g‖B holds for all f ∈ C0(X) and g ∈ B (see [5, Definition 3.1]).

Lemma 2.1. The algebra C0b(X, τ) is a dense natural Banach ideal in C0(X).

Proof. It is clear that C0b(X, τ) is a dense Banach ideal in C0(X). Hence it suffices to show that
C0b(X, τ) is natural, that is, the natural embedding δX from X to ΦC0b(X,τ) is surjective. To do
this, let ϕ be an arbitrary element of ΦC0b(X,τ). Take h ∈ C0b(X, τ) with ϕ(h) 6= 0, and define

ϕ̃(f) = ϕ(fh)/ϕ(h) (f ∈ C0(X)).

This is well-defined because the right hand side of the above equation is independent of the
choice of h ∈ C0b(X, τ) with ϕ(h) 6= 0. By an easy calculation, we see that ϕ̃ ∈ ΦC0(X) with
ϕ̃|C0b(X,τ) = ϕ, and hence there exists x ∈ X such that δX(x) = ϕ, namely, δX is surjective, as
required. �

By Lemma 2.1, ΦC0b(X,τ) can be identified with X under the natural embedding.

1The first author personally learned this important ideal from Professor Jyunji Inoue in the old days. The ideal was
first introduced by him, but the underlying idea behind it had appeared in R. Doss [1].
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Lemma 2.2. The algebra C0b(X, τ) is of type I.

Proof. Since ΦC0b
(X, τ) can be identified with X , it follows that M(C0b(X, τ)) ⊆ Cb(X). Also,

since C0b(X, τ) is an ideal of Cb(X), it follows that Cb(X) ⊆ M(C0b(X, τ)). Thus we obtain
M(C0b(X, τ)) = Cb(X), that is, C0b(X, τ) is of type I. �

3. PROOF OF THEOREM 1.1

Let Y be another locally compact Hausdorff space and σ be another positive continuous
function on Y with infy∈Y σ(y) ≥ 1.

(i)⇒(iii) Suppose that there is an isomorphism ρ from C00(X, τ) onto C00(Y, σ). Then there
are positive constants m,M such that

(3.1) m‖ρ(f)‖∞,σ ≤ ‖f‖∞,τ ≤M‖ρ(f)‖∞,σ (f ∈ C00(X, τ)).

Let ρ∗ be the dual map of ρ from C00(Y, σ)∗ onto C00(X, τ)∗. Then we have ρ∗(ΦC00(Y,σ)) =
ΦC00(X,τ). Let δX and δY be the natural embedding from X onto ΦC00(X,τ) and the natural
embedding from Y onto ΦC00(Y,σ), respectively. Define

η = (δX)−1 ◦ ρ∗|ΦC00(Y,σ)
◦ δY .

Then η is a homeomorphism from Y onto X . We shall show that

(3.2) ρ(f) = f ◦ η (f ∈ C00(X, τ)).

In fact, let us take f ∈ C00(X, τ) arbitrarily. Then we have

ρ(f)(y) = 〈ρ(f), δY (y)〉 = 〈f, ρ∗(δY (y))〉 = 〈f, ρ∗|ΦC00(Y,σ)
(δY (y))〉

= 〈f, δX{δ−1
X (ρ∗|ΦC00(Y,σ)

(δY (y)))}〉
= 〈f, δX(η(y))〉 = f(η(y))

= (f ◦ η)(y)

for all y ∈ Y , that is, (3.2) holds as required. By (3.2), f◦η ∈ C00(Y, σ) holds for all f ∈ C00(X, τ).
It remains to show thatmσ ≤ τ◦η ≤Mσ. To show this, let us take y ∈ Y and ε > 0 arbitrarily.

Since τ is continuous, there exists a neighbourhood U of η(y) such that |τ(x) − τ(η(y))| <
ε for all x ∈ U . Also since σ is continuous, there exists a neighbourhood V of y such that
|σ(y′)−σ(y)| < ε for all y′ ∈ V . Put W = U ∩ η(V ). Then W is a neighbourhood of η(y). Take a
function f0 ∈ Cc(X) such that f0(η(y)) = 1, f0|X\W = 0 and 0 ≤ f0 ≤ 1. By (3.1) and (3.2), we
have

(3.3) m‖f0 ◦ η‖∞,σ ≤ ‖f0‖∞,τ ≤M‖f0 ◦ η‖∞,σ.

Therefore, it follows from the first half of (3.3) that

mσ(y) = m|f0(η(y))|σ(y) ≤ m‖f0 ◦ η‖∞,σ ≤ ‖f0‖∞,τ
= sup
x∈X
|f0(x)|τ(x) = sup

x∈W
|f0(x)|τ(x) ≤ sup

x∈U
τ(x)

≤ τ(η(y)) + ε.
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Since y ∈ Y and ε > 0 are arbitrary, we have mσ ≤ τ ◦ η. Moreover, it follows from the latter
half of (3.3) that

(τ ◦ η)(y) = τ(η(y)) = |f0(η(y))|τ(η(y)) ≤ ‖f0‖∞,τ
≤M‖f0 ◦ η‖∞,σ = M sup

y′∈Y
|f0(η(y′))|σ(y′)

= M sup
y′∈η−1(W )

|f0(η(y′))|σ(y′) ≤M sup
y′∈η−1(W )

σ(y′)

≤M sup
y′∈V

σ(y′) ≤M(σ(y) + ε).

Since y ∈ Y and ε > 0 are arbitrary, we have τ ◦ η ≤Mσ.
(iii)⇒(i) Suppose that there is a homeomorphism η from Y onto X such that mσ ≤ τ ◦ η ≤

Mσ for some positive constants m and M . Define

(η∗f)(y) = f(η(y)) (f ∈ C00(X, τ), y ∈ Y ).

In this case, we see easily that η∗ is a homomorphism from C00(X, τ) to C0(Y ). We shall show
that η∗(C00(X, τ)) = C00(Y, σ). To do this, let us take f ∈ C00(X, τ) arbitrarily. It is clear that
η∗f ∈ C0(Y ). Moreover, the inequality

(3.4) |(η∗f)(y)|σ(y) ≤ |f(η(y))|τ(η(y))/m (y ∈ Y ),

implies that (η∗f)σ ∈ C0(Y ) since fτ ∈ C0(X), and so η∗f ∈ C00(Y, σ). Namely, we obtain
η∗(C00(X, τ)) ⊆ C00(Y, σ). To show the opposite inclusion, for g ∈ C00(Y, σ), let us define

f(x) = g(η−1(x)) (x ∈ X).

It is clear that f ∈ C0(X). Moreover, the inequality

(3.5) |f(x)|τ(x) ≤ |g(η−1(x))|Mσ(η−1(x)) (x ∈ X)

implies that fτ ∈ C0(X) since gσ ∈ C0(Y ), and so f ∈ C00(X, τ). Moreover, since

(η∗f)(y) = f(η(y)) = g(η−1(η(y))) = g(y) (y ∈ Y )

holds, we have

(3.6) η∗f = g,

namely, we obtain C00(Y, σ) ⊆ η∗(C00(X, τ)). Therefore, we have the desired equality. By (3.4),
(3.5) and (3.6), we have

m‖η∗f‖∞,σ ≤ ‖f‖∞,τ ≤M‖η∗f‖∞,σ (f ∈ C00(X, τ)),

and hence η∗ is an isomorphism from C00(X, τ) onto C00(Y, σ).
(ii)⇒(iii) This can be shown in the same manner as the proof of (i)⇒(iii).
(iii)⇒(ii) This can be shown in the same manner as the proof of (iii)⇒(i).
This completes the proof of Theorem 1.1.

Corollary 3.1. The following four statements are equivalent:

(i) C0b(X, τ) is of BSE and of BED.
(ii) τ is bounded.

(iii) C0b(X, τ) = C0(X).
(iv) C0b(X, τ) is isomorphic to some commutative C*-algebra.



310 S.-E. Takahasi, K. Shirayanagi, and M. Tsukada

Proof. (i)⇔(iv) This immediately follows from Lemma 2.2 and [2, Corollary 4.2].
(ii)⇒(iii) Obvious.
(iii)⇒(iv) Obvious.
(iv)⇒(ii) Suppose that C0b(X, τ) is isomorphic to C0(Y ) for some locally compact Hausdorff

space Y and define
1Y (y) = 1 (y ∈ Y ).

Then C0b(X, τ) is isomorphic to C0b(Y, 1Y ) since C0b(Y, 1Y ) = C0(Y ). By Theorem 1.1, we can
find a homeomorphism η from Y onto X such that m1Y ≤ τ ◦ η ≤ M1Y for some positive
constants m and M . Therefore, we have that τ(x) ≤M for all x ∈ X . �

Corollary 3.2. The following three statements are equivalent:
(i) τ is unbounded.

(ii) C0b(X, τ) has no bounded X-weak approximate identity.
(iii) C0b(X, τ) is not of BSE.

Proof. (i)⇒(ii) Suppose that τ is unbounded. If C0b(X, τ) has a bounded X-weak approximate
identity, say, {eλ}λ∈Λ bounded by β, then we can take x0 ∈ X and λ0 ∈ Λ such that τ(x0) ≥
2β + 1 and |eλ0

(x0)− 1| ≤ 1/2 since τ is unbounded. Then we have

β ≥ ‖eλ0
‖∞,τ = sup

x∈X
|eλ0

(x)|τ(x) ≥ |eλ0
(x0)|τ(x0) ≥ 2β + 1

2
= β +

1

2
,

which is a contradiction.
(ii)⇒(iii) This immediately follows from [13, Corollary 5].
(iii)⇒(i) This immediately follows from Corollary 3.1 since an arbitrary commutative C*-

algebra is of BSE (see [13, Theorem 3]). �

4. PROOF OF THEOREM 1.2

Let Y be another locally compact Hausdorff space and σ be another positive continuous
function on Y with infy∈Y σ(y) ≥ 1.

(i)⇒(ii) Suppose that there is an isomorphism ρ from C00(X, τ) onto C0b(Y, σ). Let ρ∗ be the
dual map of ρ from C0b(Y, σ)∗ onto C00(X, τ)∗, and then we have ρ∗(ΦC0b(Y,σ)) = ΦC00(X,τ).
Let δX and δY be the natural embedding of X onto ΦC00(X,τ) and the natural embedding of Y
onto ΦC0b(Y,σ), respectively. Define

η = (δX)−1 ◦ ρ∗|ΦC0b(Y,σ)
◦ δY .

Then η is a homeomorphism from Y onto X . Moreover, as observed in the proof of (i)⇒(iii)
in Theorem 1.1, the equality ρ(f) = f ◦ η holds for all f ∈ C00(X, τ) and there are positive
constants m and M such that mσ ≤ τ ◦ η ≤Mσ. Define

(η∗f)(y) = f(η(y)) (f ∈ C00(X, τ), y ∈ Y ).

Then, as observed in the proof of (iii)⇒(i) in Theorem 1.1, the equality η∗(C00(X, τ))
= C00(Y, σ) holds. However since ρ = η∗, it follows that

C0b(Y, σ) = ρ(C00(X, τ)) = η∗(C00(X, τ)) = C00(Y, σ),

and hence we have

(4.1) C00(Y, σ) = C0b(Y, σ).

Assume that σ is unbounded. Then we can find a sequence {y1, y2, · · · } in Y and a sequence
{n1, n2, · · · } in N such that

n1 < σ(y1) < n2 < σ(y2) < n3 < σ(y3) < n4 < · · · · · · ,
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where n1 = 1. In this case, limn→∞ yn = ωY holds, where ωY is the point of Y at infinity. In
fact, let K be an arbitrary compact subset of Y and put αK = max{σ(y) : y ∈ K}. Take i0 ∈ N
with αK < ni0 . Then we can easily see that yj ∈ Y \K for all j ≥ i0, that is, limn→∞ yn = ωY .

Take m ∈ N arbitrarily. Since σ is continuous on Y , we can find a compact neighbourhood
Km of ym such that Km ⊆ {y ∈ Y : nm < σ(y) < nm+1} and |σ(ym) − σ(y)| < 1 (y ∈ Km).
Then Ki ∩Kj = ∅ (i 6= j). Take a continuous positive function gm on Y such that

gm(ym) =
1

σ(ym)
, 0 ≤ gm ≤

1

σ(ym)
and supp(gm) ⊆ Km.

Since |1− σ(y)
σ(ym) | < 1/σ(ym) ≤ 1 for all y ∈ Km, it follows that

0 ≤ gm(y)σ(y) ≤ σ(y)

σ(ym)
≤ 2 (y ∈ Km).

Define

g(y) =

∞∑
m=1

gm(y) (y ∈ Y ).

Then it is clear that g is continuous on X such that 0 ≤ gσ ≤ 2, and hence gσ is bounded.
Moreover, we shall show that g ∈ C0(Y ). To do this, let ε be an arbitrary positive number. Take
j0 ∈ N with 1/nj0 < ε and put

K0 = K1 ∪K2 ∪ · · · ∪Knj0
.

Then K0 is a compact set in Y . Take y ∈ Y \K0 arbitrarily. Then we have two cases:
(a) y /∈ ∪∞i=1Ki

and
(b) y ∈ Kk0 for some k0 > nj0 .
In case (a), we have g(y) = 0 < ε. In case (b), we have

0 ≤ g(y) = gk0(y) ≤ 1/σ(yk0) < 1/nk0 ≤ 1/k0 < 1/nj0 < ε.

Then g ∈ C0(Y ) as required. Thus we get g ∈ C0b(Y, σ). Therefore, it follows from (4.1) that
g ∈ C00(Y, σ), and hence limn→∞ g(yn)σ(yn) = 0. But since g(yn)σ(yn) = gn(yn)σ(yn) = 1
holds for all n ∈ N, we arrive at a contradiction. Hence we conclude that σ is bounded. This
implies that τ is also bounded because τ ◦ η ≤Mσ.

(ii)⇒(i) Suppose that both τ and σ are bounded. Then we see that C00(X, τ) = C0(X) and
C0b(Y, σ) = C0(Y ). If X is homeomorphic to Y , then C0(X) is isomorphic to C0(Y ), and hence
C00(X, τ) must be isomorphic to C0b(Y, σ).

This completes the proof of Theorem 1.2.

Corollary 4.3. The following two statements are equivalent:
(i) C0b(X, τ) is Tauberian.

(ii) τ is bounded.

Proof. (i)⇒(ii) Suppose that C0b(X, τ) is Tauberian. Then C00(X, τ) = C0b(X, τ) holds. In fact,
take f ∈ C0b(X, τ) and ε > 0 arbitrarily. Then f ∈ C0(X). Also since C0b(X, τ) is Tauberian, it
follows that there is g ∈ Cc(X) with ‖f − g‖∞,τ < ε. Therefore, gτ ∈ Cc(X) and ‖fτ − gτ‖∞ =
‖f − g‖∞,τ < ε, and hence fτ ∈ C0(X) because ε is arbitrary. Thus we have f ∈ C00(X, τ),
namely, C00(X, τ) = C0b(X, τ) holds as required. Consequently, C00(X, τ) must be isomorphic
to C0b(X, τ), and hence τ must be bounded by Theorem 1.2.

(ii)⇒(i) Suppose that τ is bounded. Then we have C0b(X, τ) = C0(X), and hence C0b(X, τ)
must be Tauberian. �
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5. BSE-EXTENSION AND INOUE-DOSS IDEAL

Let A be C00(X, τ) or C0b(X, τ). In this section, we investigate the BSE-extension associated
with A and the Inoue-Doss ideal associated with A. The obtained result is as follows:

Theorem 5.4.

(i) The BSE-extensions associated withC00(X, τ) andC0b(X, τ) are both equal toCbb(X, τ), that
is,

CBSE(C00(X,τ))(X) = CBSE(C0b(X,τ))(X) = Cbb(X, τ).

(ii) The Inoue-Doss ideals associated with C00(X, τ) and C0b(X, τ) are both equal to C00(X, τ),
that is,

C0
BSE(C00(X,τ))(X) = C0

BSE(C0b(X,τ))(X) = C00(X, τ).

Proof. Denote by A any one of the algebras C00(X, τ) and C0b(X, τ), and then A ⊆ Cc(X).
(i) We shall show CBSE(A)(X) = Cbb(X, τ). To do this, we claim that

(5.1) ‖p‖A∗ =
∑
x∈X
|p̂(x)|/τ(x) (p ∈ span(X))

holds. In fact, let us take p ∈ span(X) and 0 < ε < 1 arbitrarily. Then we can write p =∑n
k=1 akxk, where a1, · · · , an ∈ C \ {0} and x1, · · · , xn ∈ X with xi 6= xj (i 6= j). For each

1 ≤ k ≤ n, we can take a compact neighbourhood Kk of xk such that Ki ∩Kj = ∅ (i 6= j) and
(1− ε)/τ(xk) < 1/τ(x) for all x ∈ Kk because{

x ∈ X :
1− ε
τ(xk)

<
1

τ(x)

}
is an open neighbourhood of xk. Take a continuous positive function gk on X such that

gk(xk) =
1− ε
τ(xk)

, 0 ≤ gk(x) ≤ 1− ε
τ(xk)

(x ∈ Kk) and supp(gk) ⊆ Kk,

and define

g0(x) =

n∑
k=1

gk(x) (x ∈ X).

Therefore, we can easily show that g0 ∈ Cc(X), g0(xk) = (1 − ε)/τ(xk) (1 ≤ k ≤ n) and
0 ≤ g0(x) ≤ 1/τ(x) (x ∈ X). Moreover, we can find a function h0 ∈ Cc(X) such that ‖h0‖∞ = 1
and h0(xk) = |ak|/ak for all 1 ≤ k ≤ n. Put f0 = g0h0. Then we can see that f0 ∈ A,
‖f0‖∞,τ ≤ 1, |f0(xk)|τ(xk) = 1− ε and akf0(xk) > 0 for all 1 ≤ k ≤ n. Therefore, we have

‖p‖A∗ = sup

{∣∣∣∣∣
n∑
k=1

akf(xk)

∣∣∣∣∣ : f ∈ A, ‖f‖∞,τ ≤ 1

}

≥
n∑
k=1

akf0(xk) =

n∑
k=1

|ak|τ(xk)−1|f0(xk)|τ(xk)

= (1− ε)
n∑
k=1

|ak|/τ(xk) = (1− ε)
∑
x∈X
|p̂(x)|/τ(x),

and hence ‖p‖A∗ ≥
∑
x∈X |p̂(x)|/τ(x) because ε is arbitrary.
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On the other hand, we have

‖p‖A∗ = sup

{∣∣∣∣∣
n∑
k=1

akf(xk)

∣∣∣∣∣ : f ∈ A, ‖f‖∞,τ ≤ 1

}

≤ sup

{
n∑
k=1

|ak|τ(xk)−1|f(xk)|τ(xk) : f ∈ A, ‖f‖∞,τ ≤ 1

}

≤
n∑
k=1

|ak|/τ(xk) =

n∑
x∈X
|p̂(x)|/τ(x).

Consequently, we have proved (5.1).
Now, by (5.1), for all f ∈ Cbb(X, τ), we have

‖f‖BSE(A) = sup

{∣∣∣∣∣∑
x∈X

p̂(x)f(x)

∣∣∣∣∣ : p ∈ span (X), ‖p‖A∗ ≤ 1

}

≤ sup

{∑
x∈X
|p̂(x)|τ(x)−1|f(x)|τ(x) : p ∈ span (X), ‖p‖A∗ ≤ 1

}

≤ ‖f‖∞,τ sup

{∑
x∈X
|p̂(x)|/τ(x) : p ∈ span (X), ‖p‖A∗ ≤ 1

}
= ‖f‖∞,τ sup {‖p‖A∗ : p ∈ span (X), ‖p‖A∗ ≤ 1} (by (5.1))

= ‖f‖∞,τ <∞,

that is, f ∈ CBSE(A)(X). Therefore, we have Cbb(X, τ) ⊆ CBSE(A)(X). To show the opposite
inclusion, take f ∈ CBSE(A)(X) arbitrarily. Then f ∈ Cb(X). For each x ∈ X , put px = τ(x)x,
that is, px(f) = τ(x)f(x) (f ∈ A). Then we have

‖px‖A∗ = sup{|px(f)| : f ∈ A, ‖f‖∞,τ ≤ 1}
= sup{|f(x)|τ(x) : f ∈ A, ‖f‖∞,τ ≤ 1}
≤ 1

holds for all x ∈ X . Therefore, we have

|f(x)τ(x)| = |p̂x(x)f(x)| ≤ ‖f‖BSE(A)

for all x ∈ X , and hence ‖fτ‖∞ ≤ ‖f‖BSE(A) <∞, so fτ ∈ Cb(X), that is, f ∈ Cbb(X, τ). There-
fore, we haveCBSE(A)(X) ⊆ Cbb(X, τ). This completes the proof of the equalityCBSE(A)(X) =
Cbb(X, τ).

(ii) Let f ∈ Cbb(X, τ) and K ∈ K(X). Since

‖f‖BSE(A),K = sup


∣∣∣∣∣∣
∑

x∈X\K

p̂(x)f(x)

∣∣∣∣∣∣ : p ∈ span (X), ‖p‖A∗ ≤ 1


≤ sup

 ∑
x∈X\K

|p̂(x)|τ(x)−1|f(x)|τ(x) : p ∈ span (X), ‖p‖A∗ ≤ 1


≤ sup
x∈X\K

|f(x)|τ(x)× sup

 ∑
x∈X\K

|p̂(x)|/τ(x) : p ∈ span (X), ‖p‖A∗ ≤ 1
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≤ sup
x∈X\K

|f(x)|τ(x)× sup

{∑
x∈X
|p̂(x)|/τ(x) : p ∈ span (X), ‖p‖A∗ ≤ 1

}
= sup
x∈X\K

|f(x)|τ(x)× sup {‖p‖A∗ : p ∈ span (X), ‖p‖A∗ ≤ 1} (by (5.1))

= sup
x∈X\K

|f(x)|τ(x),

it follows that
‖f‖BSE(A),K ≤ sup

x∈X\K
|f(x)|τ(x).

To show the reverse of the above inequality, put px = τ(x)x for each x ∈ X . Then we have
‖px‖A∗ ≤ 1 (x ∈ X) as observed in the proof of (i). Then we have

|f(x)τ(x)| = |p̂x(x)f(x)| ≤ ‖f‖BSE(A),K (x ∈ X \K),

and hence
sup

x∈X\K
|f(x)|τ(x) ≤ ‖f‖BSE(A),K .

Therefore, we have

(5.2) ‖f‖BSE(C00(X,τ)),K = ‖f‖BSE(C0b(X,τ)),K (f ∈ Cbb(X, τ),K ∈ K(X)).

Hence it follows from (i) and (5.2) that

C0
BSE(C00(X,τ))(X) = C0

BSE(C0b(X,τ))(X).

Recall that C00(X, τ) is of BED, and hence C0
BSE(C00(X,τ))(X) = C00(X, τ) holds. �

Remark 5.2.
(i) If τ is bounded, then C00(X, τ) = C0b(X, τ) = C0(X) and Cbb(X, τ) = Cb(X), and hence

Theorem 5.4 obviously holds.
(ii) As observed in the proof of Theorem 5.4 (i),

‖f‖BSE(C00(X,τ)) = ‖f‖BSE(C0b(X,τ)) = ‖f‖∞,τ

holds for all f ∈ Cbb(X, τ).
(iii) As observed in the proof of Theorem 5.4 (ii),

‖f‖BSE(C00(X,τ)),K = ‖f‖BSE(C0b(X,τ)),K = sup
x∈X\K

|f(x)τ(x)

holds for all f ∈ Cbb(X, τ) and K ∈ K(X).

Corollary 5.4. If τ is unbounded, then C0b(X, τ) is not of BED.

Proof. Suppose that τ is unbounded. Then C00(X, τ) $ C0b(X, τ) holds. In fact, suppose on
the contrary that C00(X, τ) = C0b(X, τ) holds. Then C00(X, τ) is isomorphic to C0b(X, τ), and
hence τ must be bounded by Theorem 1.2. This is impossible because τ is unbounded by
hypothesis. Now if C0b(X, τ) is of BED, then we have from Theorem 5.4 (ii) that

C00(X, τ) = C0
BSE(C00(X,τ))(X) = C0

BSE(C0b(X,τ))(X) = C0b(X, τ)).

Thus we arrive at a contradiction. �
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6. PROOF OF THEOREM 1.3

We can see that:
(1) (v)⇔(iv)⇔(i) are derived from Corollary 3.2.
(2) (v)⇔(iii) is exactly the same as Corollary 4.3.
(3) (ii)⇔(v) is derived from Corollary 5.4.

By combining (1), (2) and (3), we have proved Theorem 1.3.

Remark 6.3. The following four statements are equivalent:
(i) τ is bounded.

(ii) C00(X, τ) is isomorphic to some commutative C*-algebra.
(iii) C0b(X, τ) is isomorphic to some commutative C*-algebra.
(iv) Cbb(X, τ) is isomorphic to some commutative C*-algebra.

In fact, since C0b(X, τ) is a closed ideal of Cbb(X, τ), it follows that (iv) implies (iii). Also
since C00(X, τ) is a closed ideal of C0b(X, τ), it follows that (iii) implies (ii). If C00(X, τ) is iso-
morphic to some commutative C*-algebra, then it must be of BSE, and hence M(C00(X, τ)) =
CBSE(C00(X,τ))(X). Moreover, we have from Theorem 5.4 (i) thatCBSE(C00(X,τ))(X) = Cbb(X, τ),
and hence M(C00(X, τ)) = Cbb(X, τ). Define 1X(x) = 1 (x ∈ X). Then 1X ∈ M(C00(X, τ)),
and hence 1X ∈ Cbb(X, τ) by the above equality. Then τ must be bounded. Consequently,
(ii) implies (i). If τ is bounded, then Cbb(X, τ) = Cb(X), and so Cbb(X, τ) is isomorphic to the
C*-algebra Cb(X). Then (i) implies (iv).

7. EXAMPLES

Let R be the space of real numbers with usual topology and Homeo(R) be the set of all
homeomorphisms from R onto itself. Let T (R) be the set of all positive continuous functions
τ on R with inf{τ(x) : x ∈ R} ≥ 1. Let τ, σ ∈ T (R). If there are m,M > 0 and h ∈ Homeo(R)
such that mτ ≤ σ ◦ h ≤Mτ , τ and σ are said to be equivalent, and written as τ ∼= σ.

(i) Take τ ∈ T (R) and h ∈ Homeo(R) arbitrarily. Then we have τ ∼= τ ◦ h because
τ = (τ ◦ h) ◦ h−1.

(ii) Define

τ1(x) =

{
(n+ 1)(|x| − 2n) + 1 (2n ≤ |x| ≤ 2n+ 1)

−(n+ 1)(|x| − 2n− 2) + 1 (2n+ 1 < |x| ≤ 2n+ 2),

where n = 0, 1, 2, · · · . Then τ1 ∈ T (R). Since τ1 is unbounded, it follows from Corol-
lary 4.3 that C0b(R, τ1) is not Tauberian. However, we can confirm this by a concrete
calculation as follows. Define

f(x) =
1

τ1(x)τ1(x− 1)
(x ∈ R).

Then we can easily see f ∈ C0b(R, τ1). Also since τ1(2n) = 1 for all n = 0,±1,±2, · · · ,
it follows that

‖f − g‖∞,τ1 = sup
x∈R

∣∣∣∣ 1

τ1(x− 1)
− g(x)τ1(x)

∣∣∣∣ ≥ 1

for all g ∈ Cc(R). In other words, C0b(R, τ1) is not Tauberian.
(iii) Define

τ0(x) = 1 + |x| (x ∈ R).

Then τ0 ∈ T (R) and we can easily see τ0 � τ1. Therefore, C0b(R, τ0) is not isomorphic
to C0b(R, τ1) by Theorem 1.1.
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(iv) Let f be a strictly increasing continuous function on [0,∞) such that f(0) = 0 and
limx→+∞ f(x) = +∞. Let g be a strictly decreasing continuous function on (−∞, 0]
such that g(0) = 0 and limx→−∞ g(x) = +∞. Define

τf,g(x) =

{
1 + f(x) (x ≥ 0)

1 + g(x) (x < 0)
.

Then we see τf,g ∈ T (R) and τ0 ∼= τf,g. In fact, it is clear that τf,g ∈ T (R). Define

h(x) =

{
f−1(x) (x ≥ 0)

g−1(−x) (x < 0)
.

Then we see h ∈ Homeo(R) and τf,g ◦ h = τ0 by an easy calculation. Therefore,
we obtain τf,g ∼= τ0 from (i), and hence C0b(R, τf,g) is isomorphic to C0b(R, τ0) by
Theorem 1.1.

8. OPEN PROBLEMS

Finally, let us list some open problems for further study.

Problem on vector-valued functions: Let X be a locally compact Hausdorff space, τ be
a positive continuous function on X with infx∈X τ(x) ≥ 1 and A be a unital commu-
tative C∗-algebra. Moreover, let C0(X,A) be the commutative Banach algebra of all
continuous A-valued functions on X vanishing at infinity and Cb(X,A) be the com-
mutative Banach algebra of all bounded continuous A-valued functions. Define

C0b(X;A, τ) = {f ∈ C0(X,A) : τf ∈ Cb(X,A)}.

Then, solve the isomorphism problem in the Banach algebra C0b(X;A, τ).
Moreover, what are the BSE-extension and the Inoue-Doss ideal associated with

C0b(X;A, τ)?
Problem on Lipschitz algebras: Let Lip1(R) and Lip0

1(R) be the Lipschitz algebras as
defined in [4, Definition 5.8] and τ be a positive continuous function on R with
infx∈X τ(x) ≥ 1. Define

Lip01(R, τ) = {f ∈ Lip0
1(R) : τf ∈ Lip1(R)}.

Then, what are the BSE-extension and the Inoue-Doss ideal associated with the Banach
algebra Lip01(R, τ)?

Problem on differentiable functions: Let Cnb (Rd) and Cn0 (Rd) be the differential alge-
bras as defined in [7, §2] and τ be a positive continuous function on R with infx∈X τ(x) ≥
1. Define

Cn01(Rd, τ) = {f ∈ Cn0 (Rd) : τf ∈ Cnb (Rd)}.
Then, what are the BSE-extension and the Inoue-Doss ideal associated with the Banach
algebra Cn01(Rd, τ)?
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