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SOME PROPERTIES OF POLYNOMIALS G AND N,
AND TABLES OF KNOTS AND LINKS

ISMET ALTINTAS

(Communicated by Murat TOSUN)

ABSTRACT. In [1], we have constructed a polynomial invariant of regular iso-
topy, , for oriented knot and link diagrams L. From by multiplying it by nor-
malizing factor, we obtained an ambient isotopy invariant, , for oriented knots
and links. In this paper, we give some properties of these polynomials. We
also calculate the polynomials and of the knots through nine crossings and the
two-component links through eight crossing.

1. INTRODUCTION

In [1], we constructed a one-variable Laurent polynomial invariant of oriented
knots and links, and denoted it by N, for an oriented link diagram L. The primary
version of this is an invariant of regular isotopy for oriented knot and link diagrams,
denoted G. We have seen that G, is a special case of a general polynomial, [L],
well defined on equivalence classes of oriented diagrams. Since the polynomial
N pobtained from G by multiplying it by a normalizing factor is an invariant for
oriented knots and links. The polynomial N may be compared with the original
Jones polynomialcite [2], [3], [4] and with the normalized bracket polynomial [5], [6],
[7], [8]. In fact, the polynomial N, yields the Jones polynomial and the normalized
bracket polynomial (See [1], Theorem 2.11). Thus, in principle this gives an oriented
state model for the Jones polynomial. In [1], we also used the polynomial G, to
prove that the number of crossings in connected, reduced alternating projection
of a link L is a topological invariant of L. This is a remarkable application of the
polynomial Gy. It solves some of old conjectures about alternating knots due to
Tait, see [9],[10], [11].

This paper is organized as follows. In this section, we give the definitions of
the polynomials G and N, for an oriented link diagram L. The polynomial N,
yields the Jones polynomial and the normalized bracket polynomial. In Section
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2, we prove some properties of the polynomials G and Ny. In Section 3, we
calculate the polynomials G and N, for all the knots through nine crossings and
two-component links through eight crossings.

A link L of k components is a subset of R® C R3U{oo}=S3, consisting of k
disjoint piecewise linear simple closed curves; a knot is a link with one component.
Although links live in R?, we usually represent them by link diagrams: the regular
projections of links into with over passing curves specified.

Definition 1.1. Let L denote an oriented knot or link diagram. Then G €Z/p,
p~!/ is a Laurent polynomial in the variable p assigned to oriented link diagram L.
The polynomial satisfies the properties:

(1) Go =1, Gour =G,
(2)  p'Gr, —pGr_ = (p' )Gy, ,

(3) (1, is an invariant of regular isotopy,
where Ly, L_ and Ly are diagrams in Figure 1, O is the oriented diagram with
zero-crossing of the unknot and U denotes disjoint union and r = —(p~1+p). For

detail, see [1].

The three regular diagrams Ly, L_ and Ly formed in Figure 1 are called skein
diagrams and the relation (the axiom (2) of Definition 1.1) between Laurent poly-
nomials of these skein diagrams is called the skein relation. Also, an operation that
replaces that one of Ly, L_ and Ly by the other two is called a skein operation

AEEAR

FIGURE 1. Skein diagrams

It is possible to create an invariant of ambient isotopy associated with the poly-
nomial G, for oriented diagram L. For this we use the writhe, w(L), of the oriented
link diagram L, (w(L) is the sum of all crossing signs). Recall that w(L) is also a
regular isotopy invariant. Thus we may give the following definition.

Definition 1.2. We define a polynomial N;, €Z[p, p~!] for an oriented link diagram
L by the formula

Ni(p)=(-p~') B G (p)
where w(L) is the writhe of the oriented link diagram L. Call a normalized poly-
nomial of the polynomial by the writhe. The normalized polynomial N is an
invariant of ambient isotopy (see [1], Theorem 2.3).

Proposition 1.1. The polynomial satisfies the following skein relation:

(1.1) p2Np, —p*Nr_ = (p-p')Ng,
where Ly, L_ and Ly are skein diagrams in Figure 1.
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Proof. We have from the axiom (2) of the definition of G the following skein
relation:
p'Gr, —pGr_ = (p7'p)GL,.
Let w(Lp) = w . Since w(Ly) = w+1 and w(L_) = w-1, with a = -p~!, we can
write that
paT¥Gr, ~paYGL = (p7hplaTV G,
Hence
pflaaf(erl)GL_F *paflaf(“’fl)GL_ :(pflfp)af‘”GLg-
or
p?Np, ~p*Nr_ = (p-p~')Ng,. O

We may show that, in fact the polynomial is an oriented state model for the
original Jones polynomial and that it is also a version of the normalized bracket
polynomial.

For now it is suffices to say that the Jones polynomial V[, (t) is determined by
the axioms:|[2],[4].

1) Vo =1,
2) 7'V, —tVy = (t-t73)V,
(3) V1, (t) is an invariant of ambient isotopy

where Ly, L_ and Ly are diagrams in Figure 1, O is the oriented diagram with
zero-crossing of the unknot.
The bracket polynomial < L > (A) is determined by the axioms: [5],[6],[7],[8].
(1) <Ly >=A<Ly>+B< Ly >
<L_>=A< Ly >+B<Lg>
(2) <OUL>=d<L><0>=1
where Ly, L_ and Ly and L., are diagrams in Figure 2. O denotes the diagram
with zero-crossing of the unknot and LI denotes disjoint union. By setting B = A~}
and d=-A%-A"2, < L > is an invariant of regular isotopy [5],[6],[7],[8]. But it is not
an invariant of ambient isotopy. The associated invariant of ambient isotopy for is
the Laurent polynomial defined by the formula
fr(A) = (-A%)~®)
where w(L) is the writhe of L and is defined for oriented links by forgetting the
orientation. Since f,(A4) is an invariant of ambient isotopy [5],[6],[7],[8], it is called
the normalized bracket polynomial for oriented links L and it satisfies the following
skein relation:

(1.2) “Afr, + AL = (A2-ATP)fr,
> =Y
Ly L Lo Loo

FIGURE 2. Non-oriented skein diagrams

Proposition 1.2. Ny (#/2) = Vi (t) and Ni,(A~2) = fr.(A).

Proof. By taking p = t'/2 in the skein relation (1.1) we calculate that
t_lNL+— tNp_ = {( t%—t_%)NLO .
This proves the axiom (2) of the Jones polynomial. The axioms (1) and (3) are
follows directly from the corresponding facts about N .
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Similarly, by taking p = A~2 in the same relation we have
—A4NL+ + A74NL_ = (AQ— A72)NL0 .
This is identical the relation (1.2). Thus the proof is completed. ]

2. THE BASIC CHARACTERISTICS OF POLYNOMIALS G AND N

In this section, we give some properties of the polynomials Gy and Np. From
the skein relation in the axiom (2) of Definition 1.1, we can easily write the following
skein operations:

(1.3) Gr, =p*Gr_ + (1-p*)Gr,,

(1.4) Gr_ :p72GL+ + (1*1)72)0[,0,

Similarly, from the skein relation (1.1) we can write the following skein opera-
tions:

(1.5) Np, =p'Nyp_ + (p*p)Ng,,

(1.6) Ny =p*Np, + (p~%p ')Ni,.

We use the above equations to prove some properties of the polynomials G, and
N . We also use to calculate the polynomials G and N of knots and links in
next section.

Theorem 2.1. Let —L be the knot with the reverse orientation to on the knot L.
Then

G-r(p) = Gr(p) and N_r(p) = N (p).

Proof. In order to calculate G_r, (p), we may use the same skein diagram as for the
calculation of G, (p). Indeed, if we change the orientation on the knot L, does not
change its sing. Because the polynomial Gy (p) is independent the orientation of
the knot. The same thing is also true for the polynomial N, (p). Hence the results
follows. (]

As a consequence of the above theorem, the polynomial N, is not a useful tool
in the study of whether or not a knot is invertible. However, the polynomial is a
powerful tool in the study of amphicheirality of a knot.

Theorem 2.2. Let L* be the mirror image a knot (or link) L. Then

Gr-(p) = Gr(p™"') and Np-(p) = Np(p™').
Therefore, if a knot is amphicherial, then Nz (p) = Nr(p~!), i.a., Np(p) is
symmetric.

Proof. We prove that Np«(p) = Nr(p~') (Similarly, one prove that Gr-(p) =
Gr(p~')). Let L be a knot and L* be the mirror image of L. Then the sings of
a crossing C' of L and the equivalent crossing of L* are opposite. If the sing of the
crossing C of L is positive, then the sing of the same crossing C' of L* is negative.
If we take L= L, at the crossing C, then L*= L_ at the same crossing C. Thus,
the polynomial N can be written as the skein relation (1.5) and the polynomial
N+ can be written as the skein relation (1.6). Since the relation (1.6) is equal the
relation (1.5) by replacement of p by p~!, it follows that Nz (p) = Np(p~'). O

Theorem 2.3. Suppose that L1# Lo is the connected sum of two links, then

Neygr,(p) = Ny, (P)N, (p)-
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Proof. The connected sum link L;# Ls has a diagram that appears as in Figure 3.
Without cutting the strands of L; , let’s flip that part of the diagram corresponding
to in two different ways, to get the two links L, and L_ (Figure 4). Note that these
diagrams are still diagrams (projections) of L1#Ly . In addition, Ly is simply the
disjoint union LiLILs .
From the skein relation p~?Np, - p?Ny_ = (p —p~ )Ny, (see, (1.1)), we can
write the following relation:
P 2NL 1, =P Noygr,= (P =2~ N g,
We know that as a result of the axiom (1) of the definition 1.1
NL1UL2 = (7p_17p)NL1 (p)NL2 (p)
Hence, we have

(02 P*)Npypr, = (0 —p ' )(-p~"p)NL,(p)NrL,(p)

or
Np,#1,= N, (p)Np,(p) U
.
La Ls
—

FIGURE 3. A projection for Li#Lo

L L

Lo

FIGURE 4. Three related links

3. KNOT TABLES, LINK TABLES AND POLYNOMIALS G AND N

In this section we give the polynomials G and N for all the knots through
nine crossings and two-component links through eight crossings. The pictures of
knots are the mirror images of knots in [13], (see, Appendix I). The pictures of
knots through eight crossings can be found in [12], (also see [14]). The pictures of
links taken from[13], (see, Appendix II). For the pictures of some knots and links,
see [15].

The polynomials G, and N, of the knots of Appendix I are listed in Table 1,
and the polynomials Gy and N, of the links of Appendix II are listed in Table 2.
On the first columns of the tables, we give Alexander and Briggs notation of the
knot or link. The second columns, the third columns and the last columns contain
writhe, the polynomial G and the polynomial N, of the diagram of the knot and
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link, respectively. For the writhe in Table 1, see [14]. We have written the writhe
in Table 2 as depending on chosen orientation of the link.

We use the skein operations (1.3) and (1.4) to calculate the polynomial G, for
knots and links. The polynomial N is given by the formula N =(-p~1)~«) G,
where w is the writhe of the oriented diagram of the link L.

We now calculate the polynomials G, and of the right-hand trefoil knot as an
example. In Figure 5 we have drawn the skein diagram for the calculation of the
polynomial G of the right-hand trefoil knot using the skein operation (1.3). It
follows from the skein diagram that

Gr(p) = pQGo (v) + (1 ?)[p2Goo(p) + (1-p*)Go(p)]
= -ptp*+p°.

Since the writhe of the right-hand trefoil knot L,w =3, by Definition 1.2, we
obtain that

Ni(p) = p*+p°p°.

The third columns and the last columns of the Tables 1 and 2 contain a sequence
of numbers that denote the polynomial G and the polynomial N of the knot
and link, respectively. The first number, which appears in the curly brackets, is
the minimum degree of the polynomial. The next sequence of numbers gives the
coefficients of the polynomial, beginning with the coefficient of the minimum degree
term. For example, (-5)[-1 2 -3 3 -4 3 -2 1] denotes the polynomial

—p 5 +2p73-9p~1 +3p1—4p3+3p5-2p7 +p°.

Generally, the notation denotes the polynomial

p" (a0 +a1p*+aspt+...+an,p*™)

If the polynomial G, or of a knot L is given by , then the polynomial G+ or

N« of the mirror image L* of the knot L is given (—n — 2m)[amam—1...a1a0].

1- g

L@3#\
OO @-0

FI1GURE 5. The skein operation of trefoil
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TABLE 1. The polynomials G, and N, of the knots 0; — 949

L |w(l)| Gr(p) NL(p)

0. | 0 |1

31 | 3 | (DFL0-11] (2)[ 01-1]

4]0 [(MI-11-11] (O[T -11-11]

5. | 5 | (D[10-11-11] (O 01-11-1]

52 | 5 | (N[11-21-11] 2)[1-12-11-1]

61 | 2 |(21-12-21-11] (O[I-12-21-11]

62 | 2 | (D[1-12-22-21] (2)[L-12-22-21]

65 | 0 | (6)12-23-22-1] (-6)[12-23-22-1]

7 | 7 | (DFI0-11-11-11] (6)101-11-11-1]

72 | 7 | (9OF11-22-21-11] 2)1-12-22-11-1]

75 | 7 | (3)F11-22-32-11] (A1-12-23-21-1

7. | 7 | (9F12-32-32-11] (2)1-23-23-21-1

75 | 7 |(3)F11-33-43-21 (4)[1-13-34-32-1]

76 | 3 | (B)12-33-43-21 (-2)[1-23-34-32-1]
70 | -1 | (B)-13-34-43-21] (-6)[13-34-43-21]
8. | 4 |(0)1-12-22-21-11] (H1-12-22-21-11]
8 | 4 |(M[I-12-23-32-21] (O)1-12-23-32-21]
8 | 0 |(®)[1-12-33-32-11] (R)1-12-33-32-11]
8 | 0 |(6)[1-12-33-33-21] (-6)1-12-33-33-21]
8 | 4 |(4)[1-13-33-43-21] (0)1-13-33-43-21]
8 | 4 |(6)[1-13-44-43-21] (2)1-13-44-43-21]
8 | 2 |(6)[1224-44-32-1] |(4[1224-44-32-1]
8 | 2 | (4)[12-35-44-32-1] |(6)12-35-44-32-1]
8 | 0 |(®R)[1-23-45-43-21] (-8)1-23-45-43-21]
80| 2 |(6)[12-35-45-42-1] |(4[12-35-45-42-1]
81| 4 |(6)[124-45-53-21] (-2)1-24-45-53-21]
82| 0 |(-8)[1-24-55-54-21] (|)1-24-55-54-21]
83| 2 |(8)13-45-554-31 (-6)[13-45-554-31
8| 4 |(6)[12456-54-31 (2)1-2456-54-31
85| 8 |(A)[1-25-56-64-31] (4)[1-25-56-64-3 1]
86| 2 |(-8)13-56-66-43-1 | (-6)-13-56-606-43-1]
87| 0 |(-8)[1-35-67-65-31 (R)1-35-67-65-31
8is| 0 |(Q)[1-46-79-76-41 (B)1-46-79-76-41
810 | -8 |(14)[10100-1] (6)[10100-1]

80| 2 |(M[12-12-11-1] (Q)12-12-11-1]

81| 4 |(2)[2-23-32-21] 2)2-23-32-21]

9 | 9 |(DF1011-11-11-11 |®)101-11-11-11-1]
9, | 9 |(1[(112222-21-11] |(2)1-12-22-22-11-1]
95 | 9 |(3)[1122-33-32-11] |(6)1-12-23-33-21-1]
9 | 9 |(B)[1123-43-33-21] | (4)[1-12-23-33-21-1]
9 | 9 |(7[1233-4332-11] |(2)[1-23-34-33-21-1]
9% | 9 | (3)[1133-45-43-21] | (6)[1-13-34-54-32-1]
9, | 9 |(B)1134-55-43-21] |(4)[1-13-45-54-32-1]
9 | 1 | (-7)1234-55-53-21] | (6)[1-23-45-55-32-1]
9% | 9 |(3)113455-54-21] |(6)1-13-45-55-42-1]
9% | 9 |(5)812-45-65-53-11]| (4)[1-24-56-55-31-1]
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9] 5 |(-1O[I24-55-64-32-1] (O)1245-56-43-21]
92| 5 | (N[12-45-66-53-21] (2)[1-24-56-65-32-1]
93| 9 |(B)12-45-76-54-21] (A)[1-24-57-65-42-1]
94| 3 |(3)[12-35-66-64-31] (-6)[1-23-56-66-43-1]
95 | 5 | (3)[I24-66-76-42-1] (R)12-46-67-64-21]
9% | 9 | (15)11-45-67-65-3 1] (6)[L-14-56-76-53-1]
97| -1 | (-1)[12-45-67-64-31] (-6)[1-24-56-76-43-1]
98| 9 |(B)12-56-77-64-21] (4)[1-2567-76-42-1]
9% | -1 | (-9)[12-46-77-64-31] (R)1-24-67-76-43-1]
90| 5 |(B)12-45-77-65-31] (0)[L-24-57-76-53-1]
91| 5 | (21)[1-24-67-86-53-1] (-16)[12-46-78 65 -3 1]
992 | 1 | (-1)[12-46-77-75-31] (-6)[1-24-67-77-53-1]
925 | -9 | (13)[12-56-88-65-31] (4)[1-25-68-86-53-1]
94| 1 |(9)[13-57-87-74-21] (-R)1-35-78-77-42-1]
95| 5 | (3)12-57-88-75-31] (2)[1-25-7T8-87-53-1]
96 | 3 | (1N)[13-57-88-74-31] (-14)[1 -35-78 -8 7 -4 3 -1]
97| 1 | (9F13-57-98-75-31] (-])[1-35-79-87-53-1]
92 | 3 | (1)[I-35-88-98-53-1] ()[13-58-89-85-31]
920 | -1 | ((11)[I-36-88-97-53-1] (12)[13-68-89-75-3 1]
95 | 1 | (-11)[I-35-89-9863-1] (-10)[13-58-99-86-3 1]
951 | 3 | (N[L-35-89-9863-1] (O[13-58-99-86-31]
952 | 3 | ((11)[13-69-1010-96-41] | (-14)[L-36-910-10 9 -6 4 -1]
953 | 1 | (-I)[I-36-910-119-74-1] | (-10)-13-69-10 11-97 -4 1]
934 | -1 | (-3)[1-47-1012-1210 -8 4 -1] | (-10)[-1 4 -7 10 -12 12 -10 8 -4 1]
935 | 9 | (I)[F12-34-53-43-11] (2)1-23-45-34-31-1]
936 | 5 | (-23)[T24-66-65-42-1] (18)-12-46 6654 -2 1]
997 | 1 | ((9)12-57-78-74-31] (-R)1-25-77-87-43-1]
935 | 9 | (B)137-8-1010-86-31] | (4)[1-37-810-108 -6 3 -1]
950 | 5 | ((I)[I-36-891-08-63-1] | (-16)-13-68-910-86 -3 1]
9 | 3 |()[1-58-1113-1311-84-1] | (4)-15-8 11 -13 13 -118 -4 1]
91| 3 |(9)[13-57-88-85-31] (-12)[1-35-78 88 -5 3 -1]
942 | -1 | (B)11-11-11-1] (6)1-11-11-11]

93| 5 |(B)11-22-22-21] (O)[1-12-22-22-1]

94 | -1 | (3)[12-33-32-21] (4)1-23-33-22-1]

95 | -5 | ((11)[L-23-44-43-2] (-16)[12-34-44-3 2]

9% | 3 | ((O[11-12-11-2] (12)[I-11-21-12]

97| 3 | ((1)[I-33-55-44-2] ((4)-13-35-54-42]

9s | 5 | (IN)2-34-64-43-1] (12)[23-46-44-31]

9 | 9 |(13)[12-44-54-32] ()1 -24-45-43-2]
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TABLE 2. The polynomials G, and N, of the Links 02 —8%,

L | w@) [Gu(P) N.(P)

07 0 (-1[-1 -1] (-1 -1]

22 2 (-1)[F10-11] (D)1 0-11]

42 4 (-1)[10-11-1] (3)[10-11-1]

57 -1 (-6)[12-121-1] (N[L-21-21-1]

62 6 (D[F10-11-11-1] (2)F10-11-11-1]

63 -6 NF11-22-21-1] B)11-22-21-1]

62 -2 (5)-11-32-22-1] (B)-11-32-22-1]

72 -5 (-8)F12-23-22-11] (-13)[1-22-32-21-1]
73 1 (-4)[1-23-34-22-1] (-3)[12-33-42-21]
73 -3 (0)[1-13-33-22-1] (-3)[11-33-32-21]
72 3 (-10)[112-33-23-11] | (-13)[1-23-32-31-1]
72 -7 (10)[1-24-34-32-1] (3)12-43-43-21]
72 -5 ((4)[1-34-45-33-1] (9-13-44-53-31]
72 7 (-10)[-11010 1] (-3)[1-10-10-1]

72 -3 (-8)F11-12-12] (ID[1-11-21-2]

87 8 (DFL0-11-11-11-1] [(D[10-11-11-11-1]
82 -8 (13)[11-22-33-21-1]|(5)[-11-22-33-21-1
82 4 (D-11-33-44-32-1] [(5)[11-33-44-32-1
82 8 (5)[12-44-44-31-1] [(3)[12-44-44-31-1
82 -8 (I)[-12-44-54-32-1] [ (3)[12-44-54-32-1
82 0 (3)-11-33-43-22-1] [ (3)[11-33-43-22-1]
82 2 ((9)[12-44-65-43-1] | (-T)[12-44-65-43-1]
82 -2 (3)1-34-66-64-31] | (-5)[1-34-66-64-31]
82 -4 ()[12-45-54-42-1] [(-3)[12-45-54-42-1]
8%, 0 (NF13-55-65-42-1] | (-9)[-13-55-65-42-1]
8%, 8 (3)-11-44-55-43-1] | (5)-11-44-55-43-1]
8%, -4 (M1-24-65-64-31] | (-11)[1-24-65-64-31]
8%, -2 (3)1-45-7T7-715-31] | (-B)[1-45-7T7-7T5-31]
8%, 8 (-5)-13-65-76-43-1] | (3)[13-65-76-43-1]
8%, 0 (B)F11-21-11-1] (-5)[11-21-11-1]
8% 4 (-3)[22-22-21-1] ()[22-22-21-1]
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