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ON STRONGLY θ-β∗g-CONTINUOUS MULTIFUNCTIONS

AHU AÇIKGÖZ AND SEDA GÖKTEPE

(Communicated by Murat TOSUN)

Abstract. The purpose of this paper is to define a new class of multifunc-

tions namely strongly θ-β∗g-continuous multifunctions and to improve some
characterizations concerning upper and lower strongly θ-β∗g-continuous mul-

tifunctions.

1. Introduction

Continuity of functions is one of the most important topics in several branches
of mathematics. A good number of papers dealing with continuity of functions
have appeared and a great number of them have been extended to the setting of
multifunctions ([21], [15], [16], [22] ). Multifunctions have many applications in
mathematical programming, probability, statistics, different inclusions, fixed-point
theorems and economics ( [9], [10], [11], [4], [5], [6], [7], [8], [12], [14], [17] ). This
shows that both functions and multifunctions are important tools for studying
properties of spaces and for forming new spaces from previously existing ones. The
aim of this paper is to introduce the concept of upper and lower strongly θ-β∗g-
continuity for multifunctions.

2. Preliminaries

Throught the paper (X, τ) and (Y, σ) will denote topological spaces. If A ⊂ X,
we use the notation Cl(A) and Int(A) for the closure and the interior of the set
A, respectively. A subset A of a space (X, τ) is called a β*-set [20] if A = U ∩ V ,
where U is open and int(V ) = Cl(int(V )). A subset of a space (X, τ) is called a
β∗g-closed set [1] if Cl(A) ⊂ U whenever A ⊂ U and U is a β∗-set. A subset A of a
space (X, τ) is called β∗g-open if the complement of A is β∗g-closed. For a subset
A of a space (X, τ), the intersection of all β∗g-closed subsets of (X, τ) that contain
A is the β∗g-closure of a set A, written β∗g-cl(A). For a subset A of a space (X, τ),
the union of all β∗g-open sets of (X, τ) contained in A is called β∗g-interior of A
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and denoted by β∗g-int(A). The family of all β∗g-open (resp.β∗g-closed) sets in a
space (X, τ) is denoted by β∗gO(X)( resp.β∗gC(X)). The family of all β∗g-open
sets of X containing a point x ∈ X is denoted by β∗gO(X,x). Multifunctions are
denoted by capital letters F,G,H etc. By a multifunction F : X → Y , we mean
a point-to-set correspondence from X into Y and assume that F (x) 6= ∅ for all
x ∈ X. For a multifunction F : X → Y , following [2], [3] we denote the upper
and lower inverse of a set B of Y by F+(B) = {x ∈ X : F (x) ⊆ B} and F−(B) =
{x ∈ X : F (x) ∩ B 6= ∅}, respectively. For each A ⊂ X, F (A) =

⋃
x∈A F (x). F is

defined to be a surjection if F (X) = Y or equivalently if for each y ∈ Y there exists
a point x ∈ X such that y ∈ F (x). A multifunction F : (X, τ) → (Y, σ) is said to
be upper (lower) β∗g-continuous multifunction if F+(V )(F−(V )) ∈ β∗gO(X) for
every V ∈ σ .

3. Some properties of upper and lower strongly θ-β∗g-continuous
multifunctions

Lemma 3.1. Let (X, τ) be a topological space and A ⊂ X. Then x ∈ β∗g-cl(A) if
and only if U ∩A 6= ∅ for each β∗g-open set U that contains x ∈ X [1].

Definition 3.1. Let (X, τ) be a topological space , A ⊂ X and x ∈ X. If cl(U) ∩
A 6= ∅ for each open set U containing x, then x is defined as a θ-closure of A .
The set of all θ-closure of A is called θ-closure of A and denoted by θ-cl(A). If
A = θ − cl(A) , then A is called θ-closed set [19].

Definition 3.2. Let (X, τ1) and (Y, τ2) are topological spaces and F : (X, τ1) →
(Y, τ2) be a multifunction. F is defined to be upper and lower β∗g-continuous if
for each x ∈ X and for each open set V of Y such that F (x) ⊂ V (F (x) ∩ V 6= ∅ )
there exists a β∗g-open subset U ⊂ X such that U ⊂ F+(V ) (U ⊂ F−(V )).

Definition 3.3. Let (X, τ) be a topological space , A ⊂ X and x ∈ X. If β∗g-
cl(U) ∩ A 6= ∅ for each β∗g-open set U containing x, then x is defined as a β∗g-
θ-closure of A. The set of all β∗g-θ-closure of A is called β∗g-θ-closure of A and
denoted by β∗g-θ-cl(A). If A = β∗g-θ-cl(A) , then A is called β∗g-θ-closed set. A
subset A of a space (X, τ) is called β∗g-θ-closed if the complement of A is β∗g-θ-
open.

Remark 3.1. The family of all β∗g-θ-open (resp.β∗g-θ-closed) sets in a space (X, τ)
is denoted by β∗g-θO(X)( resp.β∗g-θC(X)). The family of all β∗g-θ-open sets of
X containing a point x ∈ X is denoted by β∗g-θO(X,x).

Definition 3.4. A topological space X said to be β∗g-closed space if β∗g-closures
of every β∗g-open cover of X has a finite subcover covering X.

Definition 3.5. A topological space X said to be β∗g-regular space if there exist
U, V ∈ β∗gO(X) such that x ∈ U , F ⊂ V and U ∩ V = ∅ for every β∗g-closed set
F and every x ∈ (X − F ).

Lemma 3.2. A subset U in (X, τ) is β∗g-θ-open if and only if for each x ∈ U
there exists a β∗g-open set W such that x ∈W and β∗g−cl(W ) ⊂ U .

Definition 3.6. A multifunction F : (X, τ)→ (Y, σ) is defined to be:

a) Upper strongly θ-β∗g-continuous if for each x ∈ X and each open set V ⊂ Y
such that F (x) ⊂ V , then there exists U ∈ β∗gO(X,x) such that F (u) ⊂ V
for each u ∈ β∗g-cl(U).
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b) Lower strongly θ-β∗g-continuous if for each x ∈ X and each open set V ⊂
Y such that F (x) ∩ V 6= ∅, then there exists U ∈ β∗gO(X,x) such that
F (u) ∩ V 6= ∅ for each u ∈ β∗g-cl(U).

c) Strongly θ-β∗g-continuous if it is both upper and lower strongly θ-β∗g-
continuous.

Now, we give characterizations of upper and lower strongly θ-β∗g-continuous
multifunctions, respectively.

Theorem 3.1. The following conditions are equivalent for a multifunction F :
(X, τ1)→ (Y, τ2)

a) F is upper strongly θ-β∗g-continuous,
b) There exists U ∈ β∗g-θO(X,x) such that F (U) ⊂ V , for each x ∈ X and

each open set V ⊂ Y such that F (x) ⊂ V .
c) F+(V ) ⊂ X is β∗g-θ-open set for each open set V in Y .
d) F−(B) ⊂ X is β∗g-θ-closed set for each closed set B in Y .
e) β∗g-θ-cl(F−(A)) ⊂ F−(cl(A)) for each subset A in Y .

Proof. (a) ⇒ (c) Let V be an open set and x ∈ F+(V ). For each u ∈ β∗g-cl(U)
there exists U ∈ β∗gO(X,x) such that F (U) ⊂ V . Then, x ∈ β∗g−cl(U) ⊂ F+(V ).
This shows that F+(V ) ⊂ X is a β∗g-θ-open set.

(c) ⇒ (d) For each B ⊂ Y , F+(Y − B) = X − F−(B). Hence, the proof is
obvious.

(d)⇒ (e) Let A be a subset of Y . Then cl(A) is a closed set in Y and F−(cl(A))
is β∗g-θ-closed set in X. Hence, β∗g-θ-cl(F−(A)) ⊂ (F−(cl(A)).

(e) ⇒ (a) Let x ∈ X and V ⊂ Y be an open set such that F (x) ⊂ V . Since
(Y −V ) ⊂ Y is closed, β∗g-θ-cl(F−(Y −V )) ⊂ F−(Y −V ). Hence, F−(Y −V ) ⊂ X
is β∗g-θ-closed. Since F−(Y − V ) = X − F+(V ) is satisfied, F+(V ) ⊂ X is β∗g-
θ-open. Then, there exists U ∈ β∗gO(X,x) such that β∗g-cl(U) ⊂ F+(V ). This is
the definition of upper strongly θ-β∗g-continuity of F.

(b) ⇒ (c) Let an open set V ⊂ Y and x ∈ F+(V ). Then, there exists U ∈ β∗g-
θO(X,x) such that x ∈ U ⊂ F+(V ). Since U is β∗g-θ-open in X, there exists
G ∈ β∗gO(X,x) such that x ∈ β∗g−cl(G) ⊂ U ⊂ F+(V ). Hence, F+(V ) is a
β∗g-θ-open set in X.

(c) ⇒ (b) Let x ∈ X and an open set V ⊂ Y such that F (x) ⊂ V . F+(V ) ⊂ X
is β∗g-θ-open set and x ∈ F+(V ). Use U = F+(V ), then F (U) ⊂ V . �

Theorem 3.2. The following conditions are equivalent for a multifunction F :
(X, τ1)→ (Y, τ2)

a) F is lower strongly θ-β∗g-continuous,
b) There exists U ∈ β∗g-θO(X,x) such that U ⊂ F−(V ), for each x ∈ X and

each open set V ⊂ Y such that x ∈ F−(V ).
c) F−(V ) ⊂ X is β∗g-θ-open set for each open set V in Y .
d) F+(B) ⊂ X is β∗g-θ-closed set for each closed set B in Y .
e) β∗g-θ-cl(F+(A)) ⊂ F+(cl(A) for each subset A in Y .

Proof. Similar to that of Theorem 3.1. �

Remark 3.2. Upper (lower) strongly θ-β∗g-continuous⇒Upper (lower) β∗g-continuous

Example 3.1. Let X = {1, 2, 3} , τ = {X, ∅, {1}, {1, 2}, {1, 3}} and
Y = {a, b, c} , σ = {X, ∅, {a}, {b}, {a, b}}.
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Let a multifunction F : (X, τ) → (X,σ) such that F (x) = {a, b} for x = 1 ,
F (x) = {c} for x = 2 , F (x) = {b, c} for x = 3 .
Then F+({a}) = ∅ , F+({b}) = ∅ , F+({a, b}) = {1}. While {1} ∈ β∗gO(X),
{1} /∈ β∗g-θO(X). Therefore , F is upper β∗g-continuous , but not strongly β∗g-θ-
continuous.

Theorem 3.3. Let (X, τ1), (Y, τ2) and (Z, τ3) be any topological spaces and F1 :
X → Y and F2 : Y → Z are multifunctions. If F2 : (X, τ1) → (Y, τ2) is up-
per (lower) strongly θ-β∗g-continuous and F2 : (Y, τ2) → (Z, τ3) is upper (lower)
continuous, then F : F2 ◦ F1 : X → Z is upper (lower) strongly θ-β∗g-continuous
multifunction.

Proof. We shall only prove the case where F is upper strongly θ-β∗g-continuous.
Let G ⊂ Z be an open set. From the definition of F2 ◦F1,F+(G) = (F2 ◦F1)+(G) =
F+

1 (F+
2 (G)). Since F2 is upper continuous multifunction, F+

2 (G) ⊂ Y is open set.
Since F1 is upper strongly θ-β∗g-continuous , F+

1 (F+
2 (G)) is β∗g-θ-open set. Hence,

F = F2 ◦ F1 is upper strongly θ-β∗g-continuous. �

Definition 3.7. For multifunctions F1 : X1 → Y1 and F2 : X2 → Y2 , the product
multifunction is defined as F1×F2 : X1×X2 → Y1×Y2, for x1 ∈ X1 and x2 ∈ X2,
(F1 × F2) (x1, x2) = F1(x1)× F2(x2).

Lemma 3.3. For F1 : (X1, τ1) → (Y1, σ1) and F2 : (X2, τ2) → (Y2, σ2) multifunc-
tions and A ⊂ X, B ⊂ Z, then the following properties are hold:

a) (F1 × F2)+(A×B) = F+
1 (A)× F+

2 (B)
b) (F1 × F2)−(A×B) = F−1 (A)× F−2 (B))

Theorem 3.4. Let F1 : (X1, τ1)→ (Y1, σ1) and F2 : (X2, τ2)→ (Y2, σ2) are upper
(lower) strongly θ-β∗g-continuous multifunctions, then the product multifunction
F1 × F2 : X1 ×X2 → Y1 × Y2 is upper (lower) strongly θ-β∗g-continuous.

Proof. We shall only prove the case where F is upper strongly θ-β∗g-continuous.
Let (x1, x2) ∈ X1 × X2 and let V ⊂ Y1 × Y2 be an open set such that F1(x1) ×
F2(x2) ⊂ V . Then there exists U1 ⊂ Y1 and U2 ⊂ Y2 open sets such that F1(x1)×
F2(x2) ⊂ U1 × U2 ⊂ V . Since F1 and F2 are upper strongly θ-β∗g-continuous
multifunctions, there exists A ∈ β∗g-θO(X1, x1) and B ∈ β∗g-θO(X2, x2) such
that F1(A) ⊂ U1 and F2(B) ⊂ U2. Also, A × B ⊂ F+

1 (U1) × F+
2 (U2) = (F1 ×

F2)+(U1 × U2) ⊂ (F1 × F2)+(V ). Hence, A× B ∈ β∗g-θO(X1 ×X2),(x1, x2)) and
(F1 × F2)(A × B) ⊂ V are satisfied. This is definition of upper strongly θ-β∗g-
continuous multifunction F1 × F2. �

Definition 3.8. For a given multifunction F : X → Y , the graph multifunction
GF : X → X × Y is defined as GF (x) = {x} × F (x) for every x ∈ X.

Lemma 3.4. [13]For a multifunction F : X → Y , the following holds:
G+
F (A×B) = A∩F+(B) and G−F (A×B) = A∩F−(B) where A ⊆ X and B ⊆ Y .

Theorem 3.5. Let F : (X, τ1) → (Y, τ2) be a multifunction. If the graph mul-
tifuncion GF is upper (lower) strongly θ-β∗g-continuous, then F is upper (lower)
strongly θ-β∗g-continuous.

Proof. Let x ∈ X and V be an open set in Y . X × V is open in X × Y and
{x} × F (x) ⊂ X × V ,GF (x) ⊂ X × V . From the upper strongly θ-β∗g-continuity
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of GF ,there exists a β∗g-θ-open set U such that x ∈ U and U ⊂ G+
F (X × V ).

By using Lemma 3.4 , we obtain U ⊂ F+(V ). Consequently, F is upper strongly
θ-β∗g-continuous. �

Definition 3.9. A topological space (X, τ) is said to be β∗g-Hausdorff if for each
pair of distinct points x and y of X, there exist disjoint β∗g-open subsets U and V
of X containing x and y, respectively.

Definition 3.10. Let F : (X, τ1)→ (Y, τ2) be a multifunction. If there exist β∗g-
open set U containing x and β∗g-open set V containing y such that (β∗g− cl(U)×
V ) ∩GF = ∅ for each (x, y) /∈ GF , GF ⊂ X × Y is strongly β∗g-closed.

Theorem 3.6. If F : (X, τ1) → (Y, τ2) is upper strongly θ-β∗g-continuous, F (x)
is compact for each x ∈ X and (Y, τ2) is Hausdorff, then GF ⊂ X × Y is strongly
β∗g-closed.

Proof. Let (x, y) ∈ X × Y − GF . Then y /∈ F (x).Since Y is Hausdorff, there
exist disjoint, open sets Vz(y), U(z) ⊂ Y such that z ∈ U(z) and y ∈ Vz(y) for
each z ∈ F (x). The family of U(z) : z ∈ F (x) is an open cover of F (x). Since
F (x) is compact, there exist a finite number of z1, z2, ..., zn ∈ F (x) such that
F (x) ⊂ ∪{U(zi) : i = 1, 2, ..., n}. Let U = {U(zi) : i = 1, 2, ..., n} and V =
∩{vzi(y) : i = 1, 2, ..., n}. Then, there exist disjoint, open sets U, V ⊂ Y such
that F (x) ⊂ U ,y ∈ V . Since F is upper strongly θ-β∗g-continuous, there exist
β∗g-open set W containing x such that β∗g−cl(W ) ⊂ F+(U). Hence,(x, y) ∈
β∗g−cl(W ) × V ⊂ (X × Y ) − GF . Therefore, (β∗g−cl(W ) × V ) ∩ GF = ∅. This
shows that GF is strongly β∗g-closed. �

Theorem 3.7. If F : (X, τ1) → (Y, τ2) is an upper strongly θ-β∗g-continuous
multifunction, F (x) is compact for each x ∈ X and (Y, τ2) is a Hausdorff space,
then A = {(x, y) ∈ X ×X : F (x) ∩ F (y) 6= ∅} ⊂ X ×X is β∗g-θ-closed.

Proof. Let (x, y) ∈ X ×X − A. Then F (x) ∩ F (y) = ∅. Since F (x) and F (y) are
compact and Y is Hausdorff, there exist disjoint, open V1,V2 ⊂ Y sets such that
F (x) ⊂ V1 and F (y) ⊂ V2. Since F is upper strongly θ-β∗g-continuous, there exist
U1 ∈ β∗gO(X,x) and U2 ∈ β∗gO(X,y) such that x ∈ β∗g − cl(U1) ⊂ F+(V1) and
y ∈ β∗g−cl(U2) ⊂ F+(V2). Also, since β∗g−cl(U1×U2)∩A ⊂ (β∗g−cl(U1)×β∗g−
cl(U2))∩A and (β∗g−cl(U1)×β∗g−cl(U2))∩A = ∅ , then β∗g−cl(U1×U2)∩A = ∅
. Since U1×U2 ⊂ X×X is β∗g-open and (x, y) ∈ β∗g− cl(U1×U2) ⊂ X−A, then
A ⊂ X ×X is β∗g − θ-closed set. �

Definition 3.11. Let (X, τ) be a topological space , A ⊂ X and F : (X, τ) →
(A, τA) be a multifunction. If x ∈ F (x) for each x ∈ A, then F is ”retraction” from
topological space (X, τ) to subspace (A, τA) [18].

Theorem 3.8. Let F : (X, τ) → (X, τ) be an upper strongly θ -β∗g-continuous
and (X, τ) be a Hausdorff space. If F (x) is compact for each x ∈ X, then A = {x :
x ∈ F (x)} is a β∗g-θ-closed set.

Proof. Let x0 ∈ β∗g-θ-cl(A). Suppose that x0 /∈ A. Then x0 /∈ F (x0). Since
(X, τ) is Hausdorff space and F (x) is compact, then there exist disjoint, open
sets U and V such that x0 ∈ U and F (x0) ⊂ V . Since U and V are open sets,
β∗g−cl(U)∩V = ∅. Let W ∈ β∗gO(X,x0) such that β∗g−cl(W ) ⊂ F+(W ). Also,
β∗g− cl(U ∩ V )∩A 6= ∅ . Let z ∈ β∗g− cl(U ∩W )∩A. Since z ∈ A, z ∈ F (z) and
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therefore z ∈ β∗g − cl(W ) and z ∈ β∗g − cl(U). Hence β∗g − cl(W )F+(V ),that is,
it is a contradiction. Then, x0 ∈ A and A is a β∗g − θ-closed set. �

Corollary 3.1. Let (X, τ) be a topological space and A ⊂ X . For each x ∈ A,
F : (X, τ)→ (A, τA) upper strongly θ-β∗g-continuous multifunction such that F (x)
is compact . If (X, τ) is Hausdorff, A ⊂ X is β∗g-θ-closed set.

Definition 3.12. A topological space (X, τ) is said to be β∗g-Urysohn if for each
pair of distinct points x and y of X, there exist β∗g-open subsets U and V of X
such that x ∈ U , y ∈ V and β∗g − cl(U) ∩ β∗g − cl(V ) = ∅

Theorem 3.9. Let F : (X, τ1) → (Y, τ2) is an upper strongly θ-β∗g-continuous
multifunction and F (x) is compact for each x ∈ X. Also, let F (x) ∩ F (y) = ∅ for
each pair of x, y ∈ X (x 6= y). If Y is a Hausdorff space, (X, τ1) is β∗g-Urysohn
space.

Proof. Let F (x)∩F (y) = ∅ for each pair of x, y ∈ X(x 6= y). Since Y is Hausdorff,
F (x) and F (y) are compact sets, there exist open sets V1, V2 ⊂ Y such that F (x) ⊂
V1, F (y) ⊂ V2, V1 ∩ V2 = ∅ . Since F is upper strongly θ-β∗g-continuous, there
exist U1 ∈ β∗gO(X,x) and U2 ∈ β∗gO(X, y) such that x ∈ β∗g− cl(U1) ⊂ F+(V1),
y ∈ β∗g − cl(U2) ⊂ F+(V2). Hence β∗g − cl(U1) ∩ β∗g − cl(U2) = ∅ . Therefore, X
is β∗g-Urysohn. �

Theorem 3.10. Let F : (X, τ1) → (Y, τ2) is an upper strongly θ-β∗g-continuous
and surjective multifunction such that F (x) is compact for each x ∈ X. If X is
β∗g-closed space, then (Y, τ2) is compact space.

Proof. Let the family of {Vλ : λ ∈ Λ} be an open cover of Y . Since F (x) is
a compact set for each x ∈ X, there exist finite Λ(x) ⊂ Λ such that F (x) ⊂
∪{Vλ : λ ∈ Λ}. Let V (x) = ∪{Vλ : λ ∈ Λ}. Since F is upper strongly θ-
β∗g-continuous, there exist U(x) ⊂ X β∗g-open set containing x such that β∗g-
cl(U(x)) ⊂ F+(V (x)). Hence, the family of {U(x) : x ∈ X} is a β∗g-open cover of
X. Since X is β∗g-closed, there exist a finite number x1, x2, ..., xn ∈ X such that
X = ∪{β∗g−cl(U(xi)) : i = 1, 2, ..., n}.
F (X) = Y = F (∪ni=1β

∗g− cl(U(xi))) = ∪ni=1F (β∗g− cl(U(xi))) ⊂ ∪ni=1V (xi) =
∪ni=1 ∪λ∈Λ(xi) Vλ.

Therefore, Y is compact. �
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