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ON NADLER’S FIXED POINT THEOREM FOR PARTIAL
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ABSTRACT. Recently, H. Aydi, M. Abbas and C. Vetro [Partial Hausdorff met-
ric and Nadler’s fixed point theorem on partial metric spaces, Topology Appl.
159 (2012), 3234-3242] have obtained a version of the well-known Nadler fixed
point theorem for multi-valued maps on complete partial metric spaces. In
this note we prove a new partial metric version of Nadler’s theorem and derive
some consequences of it.

1. INTRODUCTION AND PRELIMINARIES

The notion of a partial metric space was introduced by Matthews ([11]) in the
study of denotational semantics o programming languages. In this way, he modeled
as partial metric spaces some distinguished examples of the theory of computation
as the domain of words and the domain of the interval, and also proved a partial
metric version of the celebrated Banach fixed point theorem ([11, Theorem 5.3]).
Since then, many authors have obtained fixed point theorems for partial metric
spaces that extend and generalize in several directions the one given by Matthews
(see e.g. [1, 2, 3,5,8,9, 13]). In particular, Aydi, Abbas and Vetro ([6]) started
the fixed point theory for multi-valued maps on partial metric spaces, obtaining,
among other results, a generalization of the well-known Nadler fixed point theorem
([12]). In this note we prove a new partial metric version of Nadler’s result which
is different to the one presented in [6]. Our contraction condition is based upon
contraction conditions for single-valued self maps as used in [10], and conditions of
Berinde’s type ([7]) for partial metric spaces, recently explored by Altun and Acar
in [4].

Next we recall some pertinent concepts and results of the basic theory of partial
metric spaces, given in [11], which will be useful later on.
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The letters RT and w will denote the set of all non-negative real numbers and
of all non-negative integer numbers, respectively.

Definition 1.1. A partial metric on a (non-empty) set X is a function p : X x X —
R* satisfying the following conditions for all z,v,z € X:
(P1) z =y & p(z,x) = p(y,y) = p(z,y);
(P2) p(z,z) < p(z,y);
(P3) p(x,y) = p(y, x);
(P4) p(z.y) < p(.2) + plz.y) — p(z.2).
)

Then, the pair (X, p) is called a partial metric space.

Example 1.1. Let X = R* and p defined by p(z,y) = max{z,y} for all z,y € X.
Then (X, p) is a partial metric space.

Each partial metric p on a set X induces a Ty topology 7, on X, which has
as a base the family of open p-balls {B,(z,¢):z € X,e > 0} where B,(z,¢) =
{y € X : p(z,y) < p(z,z) + ¢} for all z € X and & > 0.

Observe that a sequence (z,)ne, in a partial metric space (X,p) converges to
z € X for 7, if and only if lim,,_,o p(z, z,) = p(x, x).

Given a partial metric space (X, p), the function p* : X x X — R¥ given by
p*(2,y) = 2p(z,y) — p(z,2) — p(y,y),

for all x,y € X, is a metric on X.
We also have the following useful equivalence:
lim p®(z,2,) =0 & p(z,x) = lim p(x,z,) = lm p(Tp, Tm).
n—oo n—oo n,m—oQ
Definition 1.2. Let (X, p) be a partial metric space.
(1) A sequence (2, )new in X is called a Cauchy sequence in (X, p) if limy, ;o0 P(Zn, Tm)
exists and is finite.
(2) (X,p) is called complete if every Cauchy sequence (z,)nen converges for 7,
to a point € X such that p(z, z) = limy, m—co P(Tn, Tm)-

Lemma 1.1. Let (X,p) be a partial metric space. Then:

(a) A sequence (Xy)new in X is a Cauchy sequence in (X, p) if and only if it is
a Cauchy sequence in the metric space (X, p®).

(b) (X, p) is complete if and only if the metric space (X, p®) is complete.

Let (X,p) be a partial metric space. Following [6], a subset A of X is called
bounded if there is 2o € X and M > 0 such that a € B,(zg, M) for all a € A, i.e.,
p(z0,a) < p(xo,x0) + M for all a € A.

The set of all non-empty 7,-closed and bounded subsets of (X, p) is denoted by
CBP(X).

Aydi, Abbas and Vetro ([6]) defined the so-called partial Hausdorff metric of
(X,p) on CBP(X) as follows.

Given z € X and A € CBP(X), let p(z, A) = inf,ca p(x, a).

Now let d, : CBP(X) x CBP(X) — R* given by

5P(Av B) = Supp(aa B)a
acA

for all A, B € CBP(X).
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The function H, : CB?(X) x CBP(X) — R* given by
HI)(A7 B) = maX{JP(Aa B)a 5P(Bv A)}
for all A, B € CBP(X), is said to be the partial Hausdorff metric of (X, p) ([6]).

If (X,d) is a metric space, then the partial Hausdorff metric constructed above
is exactly the Hausdorff metric Hyq of (X,d) on the set CB(X) of all nonempty
closed and bounded subsets of X.

Next we collect some interesting properties of H,, obtained in [6].

Proposition 1.1. [6, Proposition 2.3] Let (X,p) be a partial metric space. For
each A, B,C € CBP(X) the following hold:

(a) Hy(A, A) < Hy(A, B);

(b) Hy(A, B) = Hy(B, A);

(¢c) Hy(A,B) < H,(A,C) + Hy(C, B) —inf.cc p(c, c).

2. THE RESULTS

Nadler proved in [12] the following multi-valued extension of the classical Banach
fixed point theorem.

Theorem 2.1. [12, Theorem 5] Let (X, d) be a complete metric space. If T : X —
CB(X) is a multi-valued map such that for all x,y € X, we have

Hd(Txu Ty) S kd(.’E, y)v
where k € (0,1), then T has a fixed point, i.e., there exists z € X such that z € Tz.

The main result of [6] is the following generalization of Nadler’s fixed point
theorem to the realm of partial metric spaces.

Theorem 2.2. [6, Theorem 3.2] Let (X, p) be a complete partial metric space. If
T:X — CBP(X) is a multi-valued map such that for all z,y € X, we have

Hy(Tx,Ty) < kp(z,y),
where k € (0,1), then T has a fized point.

In our main result (Theorem 2.3 below) we consider multi-valued maps from X
into XUC'BP(X). This approach is motivated, in part, by the fact that CBP(X) = ()
when (X, p) is the (complete) partial metric space of Example 1. Indeed, nonempty
7p-closed sets are of the form [r,+oo[, r € RT. Hence, given A = [r,+oo[, r € RT,
then for each z¢p € X and each M > 0, we have that p(zo,a) > p(zo,zo) + M,
where a = max{r,zo + M }. Consequently CBP(X) = 0.

Moreover, our approach has also the advantage that fixed point results for self
(single-valued) maps can be derived from the corresponding fixed point results for
multi-valued maps (recall that if (X, p) is a partial metric space and = € X, then
{z} does not necessarily belongs to CBP(X), as Example 1.1 shows).

Given a partial metric space (X,p), we shall write T : X — X U CBP(X),
whenever that 7' is a multi-valued map on X such that for each z € X, |Tz| =1
(i.e., Tx = {y} for some y € X), or Tx € CBP(X). Then T will be called a mixed
multi-valued map.

Note that, in particular, both a self map 7' : X — X and a multi-valued map
T:X — CBP(X), are mixed multi-valued maps. Of course, if 7, is a T} topology
on X and Tx = {y}, we also have Tz € CBP(X).
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If Tz = {y} for some y € X, we simply write Tz = y, if no confusion arises.

A mixed multi-valued map T : X — X U CBP(X) will be called T | x-orbitally
continuous if whenever (z,)ne, is as sequence in X such that z,41 € Ta, for
all n € w, and limy,_,o0 p(x, z,) = p(x,x) for some z € X with |Tz| = 1, then
lim, oo p(Tx, 2,) = p(Tx, Tx). When T : X — X we simply say that T is orbitally
continuous.

Lemma 2.1. [10] Let (X,p) be a partial metric space. A sequence (Tp)new 1 X
is a Cauchy sequence in (X, p) if and only if it satisfies the following condition:

For each ¢ > 0 there is ng € w such that p(xn, m) — p(Tn, ) < € whenever
no <n < m.

Theorem 2.3. Let (X,p) be a complete partial metric space. If T : X — X U
CBP(X) is a T |x-orbitally continuous mized multi-valued map such that for each
z,y € X we have

(21) Hp(Tz,Ty) < klp(z,y) — p(z, )] + p(y, y) + Lmin{p®(z, Ty),p*(y, Tx)},
where k € (0,1) and L € RY| then T has a fived point.

Proof. Fix r € (k,1). We first show that there exists a sequence (2, )ne, in X such
that for each n € w, 11 € Tz, and

P($n+1, xn+2) < T[p(ﬁﬂm xn—&-l) - p(ﬁﬁm xn)] + p(zn—&-la zn+1)~

To this end, choose an zg € X, and take x1 € Txg. Since
i T = inf p° =0
p*(x1,Txo) yéf%%p (71,y) )
we deduce from (2.1) that
(2.2) H,(Txo,Tz1) < k[p(xo,21) — p(x0, 20)] + p(1,21)-

Now we consider two cases.
e Case 1: |Txz1| = 1. Then, there exists o € X such that Tz; = x9, and
hence p(z1,x2) < Hy(Txo,Tx1). It follows from (2.2) that
p(x1,72) < k[p(wo, x1) — p(x0, T0)] + p(21,71).
e Case 2: |Tx1| > 1. Then Tx; € CBP(X).
If p(xo,z1) = p(z0,%0), we deduce from (2.2) that Hy,(Txzo,Tx1) <

p(x1,x1), so, in particular,

of <
zéril“zlp(mlaz) < p(er, 1),

ie.,

(2.3) Zeir%le p(z1,2) = p(x1,21).

By (2.3), there is a sequence (2, )new in Ty such that
lim p(xla Z’n) = p(l‘h xl)a
n—oo

i.e., (2n)new converges to z1 for 7,, and thus x; € Tx;. Therefore, putting
T9 = x1, we trivially deduce that

p(z1,72) = 7[p(x0, 1) — P(T0, 0)] + P(T1, 71)-
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If p(zo,x1) > p(xo, o), we have
Hy(Tzo, Tz1) < k[p(wo,21) — p(wo, 0)] + p(z1,71)
< rlp(zo, x1) — p(xo, zo)] + p(x1, 71).
So, in particular,
inf p(z1,2) < rlp(zo, z1) — p(xo, 20)] + p(z1,71).
z€Txy
Therefore, there exists zo € Tx1 such that
p(w1,22) < r[p(20, 1) — P(T0, 20)] + P(T1, 1)
Now, repeating the above arguments, there exists x3 € Txy such that
p(x2,x3) < r[p(x1, v2 — p(w1, 21)] + P02, 2],

and following this process we find a sequence a sequence (%, )new in X such that
for each n € w, ©,4+1 € T'x,, and

p(anLla mn+2) S T[P(xm :L'n+1) - p(mna l'n)] + p(xn+la xn+1)~
Consequently
p($n+1’ -rn+2) - p(xn-‘rla xn-{-l) S 7‘n+1[p($07 xl) - p(an .130)],

for all n € w. It immediately follows from the triangle inequality (P4) and standard
techniques that for each € > 0 there exists ng € N such that

p(xn,xm) - p(-’l?n,fn) <g,

whenever ng < n < m. Thus (2, )ne, is a Cauchy sequence in (X, p) by Lemma
2.1. Let z € X be such that

(2.4) nh_)rrgop(z,:rn) = nh_)rrolop(acn,xn) = p(z, 2),
or, equivalently, lim,, o, p*(z,z,) = 0.
We shall show that z is a fixed point of T Indeed, since, by (2.1),
Hp<xn+l> TZ) < k[p(xna Z) - p(xna .’Ifn)] + p(Z7 Z) +L min{ps(a:n, TZ),pS(Z7 xn-‘rl)}a
for all n € w, we immediately deduce the existence of a subsequence (z,;);jen of
(Zn)new and of a sequence (z;);en in Tz such that
1
(2.5) P(Tn;41,25) < ; +p(z,2),
for all j € N. Since
p(zv Z) < p(Z, Zj) < p(Z, xn_;'+1) + p(mn]‘+17 Zj) - p(mn]‘+17 xnj+1)7
for all j € N, it follows from (2.4) and (2.5) that
(2.6) lim p(z, z;) = p(z, 2).
j—o0

If |Tz| > 1, then Tz € CBP(X). From (2.6) and the fact that z; € Tz for all
j € N, it follows that z € Tz, i.e., z is a fixed point of T

If [Tz| =1, then z; = Tz for all j € N, and by (2.6), p(z,Tz2) = p(z, 2). By (2.4)
and our hypothesis that T is T' | x-orbitally continuous we deduce that

lim p(z,,Tz) =p(Tz,Tz).
n—roo
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Since

p(Tz,Tz) <p(z,Tz) < p(2,2n) + p(wn, T2) — p(Tn, Tn),
for all n € w, we have taking limits when n — oo, p(T'z,Tz) = p(z,Tz). Therefore
p(z,2) = p(Tz,Tz) = p(z,Tz), so z = Tz. This completes the proof. O

As a first consequence of Theorem 2.3 we have the following improvement of
Nadler’s fixed point theorem.

Corollary 2.1. Let (X,d) be a complete metric space. If T : X — CB(X) is a
multi-valued map such that for each x,y € X we have

Hq(Tz,Ty) < kd(z,y) + Lmin{d(z,Ty),d(y, Tz)},
where k € (0,1) and L € R™| then T has a fived point.

Proof. We show that T is T |x-orbitally continuous. Indeed, let (z,)nec., be a
sequence in X such that x,; € Ta, for all n € w, and lim,_, d(x, x,) = 0 for
some z € X with [Tz| = 1. Then

d(Tx,2pnt1) < sup d(Tz,y) < Hg(Tz,Txy)

yETxy,

< kd(z,x,)+ Ld(z,Tx,) < kd(x,z,) + Ld(z, Tnt1),

for all n € w. Consequently lim,, o, d(Tx, z,+1) = 0. Theorem 2.3 concludes the
proof. (I

We also deduce the following fixed point result for single-valued self maps.

Corollary 2.2. Let (X,p) be a complete partial metric space. If T : X — X is an
orbitally continuous map such that for each x,y € X we have

p(Tz, Ty) < klp(x,y) — p(z, 2)] + p(y,y) + Lmin{p® (z, Ty), p°(y, Tx)},
where k € (0,1) and L € R™, then T has a fived point.
We finish the paper with two examples illustrating the obtained results.

Example 2.1. Let X = {a,b,c} andlet p: X x X — RY given as p(a,a) = p(c,c) =
0, p(b,b) =1, p(a,b) = p(b,a) =2, p(a,c) = p(c,a) =4, and p(b,c) = p(c,b) = 5. It
is almost obvious that (X, p) is a complete partial metric space. Observe also that
Tp is the discrete topology on X. Now define T': X — CB(X) by Ta =a, Tb=1b
and T'c = {a,b}. It is immediate to check that T is T | x-orbitally continuous. We
also obtain

H,(Ta,T) = 2= [pla,b) - pla,a)] + p(b,)

< 4= %[p(a,w — p(b,b)] + min{p*(a, Tb), p*(Ta, b)},

H,(Ta,Te) =2 = L lp(a,c) — pla,a)] = 3[pla,) —ple, )],

H,(Tb,Te) = 2= [p(b,c) plb, )]
< 2= 5lb(be) — ple, )] +p(b, ),



ON NADLER’S FIXED POINT THEOREM FOR PARTIAL METRIC SPACES 7

and hence condition (2.1) is satisfied for k = 1/2, L = 0. We have shown that all
conditions of Theorem 2.3 hold. However, for every k € (0,1), we have

H,(Ta,Tb) =2 > kp(a,b),
and thus Theorem 2.2 cannot be applied to this example.

Example 2.2. Let X = [0, 1] and let p be the complete partial metric on X given
by p(x,y) = max{x,y} for all 2,y € X (compare Example 1.1). Nowlet T : X — X
defined by Tz = 22 for all x € X. It is clear that T is orbitally continuous. Next we
show that the contraction condition of Corollary 2.2 is satisfied for any k € (0,1)
and L = 1. Indeed, if x = y we have

p(TI,T:ZZ) = :172 <xz= p(:ZZ,J?)

If  # y, we suppose, without loss of generality that = < y, and consider two cases.
Case 1. x < Ty. Then we obtain

p(Tz, Ty) = y* <y =p(y,y),
and
p(Tx,Ty) = y*=x+1y*—2=p(r,z)+min{y? — 2,y — 2°}
= klp(z,y) —p(y,y)] + p(z, 2) + min{p®(z, Ty), p*(y, Tx) }.
Case 2. x > Ty. Then we obtain

p(Tz,Ty) = y* <y =ply,y),
and
p(Tz, Ty) = y* <z = p(z, z).
Therefore, we can apply Corollary 2.2. In fact T has two fixed points. However,
we cannot apply this corollary when we consider the complete metric d on X given

by d(z,z) = 0 for all z € X, and d(x,y) = p(z,y) whenever x # y. Indeed, given
k € (0,1) take z € (k,1) and let y = 2. Then min{d(x,Ty),d(y,Tx)} = 0, and

d(Tx,Ty) = 2% > kx = kd(z,y).
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