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ABSTRACT. In this paper, geometric invariants of a parallel timelike ruled sur-
face with a timelike ruling have been given in terms of those of the main surface.
The instantaneous velocities for Frenet, Darboux and Blaschke trihedrons of
a parallel timelike ruled surface have been calculated by using their derivative
formulas. The relations among dual Lorentzian instantaneous rotation vectors
have been obtained for these trihedrons.

1. INTRODUCTION

Modern surface modeling systems include ruled surfaces. The geometry of ruled
surfaces is essential for studying kinematical and positional mechanisms in R3.
Dual numbers were introduced by W.K. Clifford [4] as a tool for his geometrical
investigations. E. Study [15] used dual numbers and dual vectors in his research
on the geometry of lines and kinematics. M. Skreiner in 1966 [14] studied on the
geometry and kinematics of instantaneous spatial motion, using new geometric
explanations gave some theorems and results for the invariants of a closed ruled
surface generated by an oriented line of a moving rigid body in R3. Nizamoglu
[9] studied parallel ruled surfaces in Euclidean space in which he considered them
as one-parameter dual curves on the dual unit sphere. Recently, ruled surfaces in
Lorentz space have been studied in [5], [16], [17]. Moreover, Ugurlu and Caligkan
[18] proved that one-(real)parameter motions on the dual Lorentzian sphere and
dual hyperbolic sphere correspond uniquely to spacelike and timelike ruled surfaces
in three dimensional Lorentz space, respectively. In 2008, authors [5] wrote a paper
on parallel timelike ruled surfaces with timelike rulings. They compared geometric
invariants of the two parallel ruled surfaces.

In this paper, we have found the relations among instantaneous rotation vec-
tors of a parallel timelike ruled surface. For clarity and notation, we recall some
fundamental concepts of the subject.
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2. PRELIMINARIES

To meet the requirements in the next sections, here, the basic elements of the
theory of dual curves in the space D} are briefly presented ( A more complete
elementary treatment can be found in [1], [6], [8]).

W. K. Clifford, in [4], introduced dual numbers with the set

D={X=z+e7:2,7€R}.

The symbol € designates the dual unit with the property €2 = 0 for € # 0. There-
after, a good amount of research work has been done on dual numbers, dual func-
tions and as well as dual curves [1], [6], [9]. Then, dual angle is introduced, which
is defined as 0 = 0 + €0, where 6 is the projected angle between two spears and
0 is the shortest distance between them. (X,Y) is the cosine of dual hyperbolic
angle O = 0 + 6 of two timelike lines: (X,Y) = — cosh @ in [18]. The set D of dual
numbers is a commutative ring with the operations (+) and (.). The set

DP=DxDxD={X:X=z+¢cZ, R TcR?}

is a module over the ring D [8].
Let us denote X = z + €T = (x1,x2,23) + €(T1,T2,73) and ¥ = y + ey =
(y1,y2,y3) + €(71, 72, Y3). The Lorentzian inner product of X and Y is defined by

<X7 Y> = <1‘,y> + €(<"an> + <f7 y>)

We call the dual space D? together with Lorentzian inner product as dual Lorentzian
space and show by D?. We call the elements of D} as the dual vectors. A dual vector
X € D3 is said to be spacelike, timelike or lightlike (null) if the real vector z is
spacelike, timelike or lightlike (null), respectively. If X # 0, then the norm of the
dual vector X € D} is defined by || X|| = v/|(X, X)|. Therefore, an arbitrary dual
curve, which is a differentiable mapping onto D3, can locally be dual spacelike,
dual timelike or dual null, if its velocity vector is respectively, dual spacelike, dual
timelike or dual null. Besides, for the dual vectors X, Y € D}, Lorentzian vector
product of dual vectors is defined by

XANY =zAhy+e@Ay+zATY),
where 2 Ay is the classical Lorentzian cross product according to signature (+, 4, —)
[18]. Also E) A E; = E;, b_72> A E;, = —E_'1> and E_'3> A b_71> = —L'_72> are obtained for the
base {b_71> , E; , E;} The well known Study theorem’s expression is that there exists
one-to-one correspondence between directed timelike (resp. spacelike) lines of R$

and an ordered pair of vectors (z,T) such that < z,x >= —1 (resp. < x,x >= +1)
and < z,T >= 0 [18].

3. THE INSTANTANEOUS VELOCITY VECTORS OF TRIHEDRONS DEPENDING ON
TIMELIKE RULED SURFACE

Let us show the dual unit vectors of a solid perpendicular trihedron in D} de-
pending on a parameter t as X; = x; +ex;, 1 <17 < 3, where X; is dual timelike
vector and X5, X3 are dual spacelike vectors. In this case, we can write

(3.1) (X1,X7) =—-1, (X5, X0)=(X3,X3)=1
and

(3.2) (X1, X2) = (X2, X3) = (X3, X1) = 0.
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We call the dual vector
(33) W:’w+€@:7<X§,X3>X1+<X{,X3>X2+<X{,X2>X3

as instantaneous rotation vector of the moving solid trihedron (X; 4,j,k). The
vectors w and w denote instantaneous rotation vector and the wvelocity of moving
trihedron at point X. Thus, we can write

(3.4) X =WAX;; i=1,2,3,
where A denotes the Lorentzian cross product.

Definition 3.1. If ¢ is fixed, Ry (t), Ra(t), R3(t) are straight lines in R}, and their
point of intersection is the point of striction z(t) on the ruling R;(¢). The locus of
x(t) is the curve of striction on the ruled surface [6].

dzx
(3.5) El:(X§%:$1agyn)7 Ey=(X;z1=a1,a9,a3), Es=(X;r1,79 =n,73)

trihedrons state the Darboux, Frenet and Blaschke trihedrons line of a timelike
ruled surface by dual timelike unit vector Ry = r1(s) + 71(s) in the striction
point, where x1 and r; are timelike vectors, the others are spacelike vectors. Also,
respectively, the derivative formulas of Darboux, Frenet and Blaschke trihedrons
are as follows:

/ / !
Ty = Pgg + pnh a; = Kag Ty =pro
(3.6) g = pgr1+ TN ab, = kay + Tas rh=1pri+qrs
! I _ !
n' = ppx1 — 749 ah = —Tag Th = —qry

Pn, Tg and p, are differentiable functions given at the Darboux derivative formula
in (3.6). Set 2’ = ary + brg where (') stands for the derivative with respect to
the arc length parameter (or the pseudo-arc parameter) s of x, then we find a=g
and b=p since x A r;=7;, 1 < i < 3. If z is timelike then we have for the Darboux
trihedron

(3.7) (z1,n =712,9 =21 An)

as follows:
1 =qri +prs 1 =qr1 —Dpg

(3.8) n=ry and ro =n
g=pri+qrs r3 = —pr1+4qg

By a direct computation, we have

(3.9) Pn=pq— qP, Tg=PP—qd, P’ —d*=pp —T.

IV . N2 2
(3.10) pe=7/P=P/T, pe=00 —D7, Po=@) — (@) .

The results in (3.9) and (3.10) have been obtained in [5]. The elements of Frenet
apparatus are found as follows:

ay _ pgg+ pan
Tl (2 +p2)F
From (3.11), the functions x and 7 are found as follows:

_ PuPy — PgPh
T= — a3 Ty

Png — Pgn
P
(P2 + k)2

(3.11) 1= ag= az=ay N\ az=

(3.12) k=(p2+p2)2 and
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If we consider the derivative formulae of the Darboux trihedron in R} given in (3.6)
and the following equalities

(3.13) Xi=z1+e(@xhz), G=g+e(xANg), N=n+e(zAn),

then we find the derivative formulae of Darboux trihedron as follows:

X! 0 Pg Pn X1
(3.14) G | =1 pg 0 Tg — € G
N’ Pn E—Tg 0 N

If the matrix form (3.14) is considered, the instantaneous rotation vector of motion
of Darboux trihedron F4; with respect to the fixed trihedron Ejy can be given by

(3.15) D = (e —19) X1 + pnG — pgN
such that
(3.16) X! =DAX;; G=DAG, N=DAN.

Frenet trihedron is
(317) Xi=A =a; + €($ A\ al), Ay = ao —|—8($ N ag), Az = aj +€(J} A CL3)

The Frenet derivative formulae at striction point can also be written as follows:

All 0 K 0 A1
(3.18) A, | = & 0 T—¢€ As
Aé 0 e—171 0 A3

The instantaneous rotation vector of the motion of Fy with respect to Ey is

(3.19) F = (E — T)Al - FaAg
such that
(3.20) Al =FNA; i=1,2,3.

The derivative formulae of Blashcke trihedron E3 can be obtained with the same
method as follows:

R 0 P 0 R
(3.21) R|=|P 0 Q|| R
R, 0 —-Q 0 R

where P and @ show dual curvature and dual torsion, respectively. If we consider
the relation (3.21), the instantaneous rotation vector of the motion of the Blaschke
trihedron E3 with the respect to Ej is given by

(3.22) B=QR, — PR3
such that

(3.23) R,=BAR;i=1,2,3.
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3.1. The relations among instantaneous velocity vectors. Let us consider
the relations among the instantaneous rotation vectors D, F' and B that are the
results of motions (E1/Ey), (E2/FEy) and (E3/Fy) of Darboux, Frenet and Blaschke
trihedrons Fp, F5 and E3 of a timelike ruled surface at the striction point with
respect to trihedron Ej.

From the relations (3.16) and (3.20) we have

(3.24) (D—F)A X, =0

and

(3.25) D=F+LX,, LeR.

By (3.15) and (3.19) we obtain

(3.26) (e —79) X1+ pnG — pgN = (e = 7)A1 — kA3 + LX;.
From (3.26), we get L =7 — 7,. Then we have

(3.27) D=F+(t—1)X1

and

(3.28) kA3 = —pnG + pgN.

Let T' = v + €% be dual angle between the spacelike vectors A; and N. Then we
can write

(3.29) G = sinl.Ay —cosT.A3
(3.30) N = cosI"Ay +sinI. A3
By (3.29) we have
(3.31) (A3,G) = —cosT cosy = % ¥=0
(3.32) (A3,N) = sinT sinvy = '29 7=0
If we consider (3.16) and (3.23), we obtain
(D—B)AN=0
and
(3.33) D=B+MN, MeR.
From (3.15) and (3.22), we find
(3.34) (e —719) X1+ pnG — pgN = QR1 — PR3 + MN.

If we consider M = —p,, the equations (3.33) and (3.34) can be written as, respec-
tively,

(3.35) D=B- pgN
and
(336) (5 — Tg)Xl + pnG =QRy — PRs.

If the angle between the timelike unit vectors R; and X; is ® = ¢ + £, by using
(3.35) we obtain

(3.37) P = (1, —¢)sinh ¢ — p, cosh

(3.38) Q = (e — 14) cosh ¢ + p,, sinh .
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From (3.27) and (3.36), the relation among the instantaneous rotation vectors F'
and B is given as

(3.39) F =B+ (r,—7)X1 — pgN.

4. PARALLEL TIMELIKE RULED SURFACES WITH TIMELIKE RULING

We define parallel timelike ruled surfaces with timelike rulings by a rotation
about the axis Ry, that is,

Definition 4.1. Let [R;] be timelike ruled surface with a timelike ruling and
© = 0 + €6 be a constant dual hyperbolic angle (cf.[18]). Then a parallel ruled
surface [R}] to [Ry1] is defined by

R} = cosh©OR; +sinh©OR3
(4.1) RS = Ry
R% = sinh OR; + cosh©R3

where sinh © = sinh #+&6 cosh §, cosh© = cosh § + efsinh. Let’s assume that the
change of the new trihedron with respect to s is

Ry = PR,
(4.2) Ry = P'Rj+Q'R;,
R = —Q'R:,

where P* = p* 4+ ep*, Q* = ¢* + 7" [5].
By using (4.1)-(4.2) we have
(4.3) P* = Pcosh® — Qsinh©®, Q* = —Psinh©® + Q cosh ©,
and then splitting these equations into real and dual parts gives the following result:

Proposition 4.1. Let [Ry] be timelike ruled surface with a timelike ruling. Then
we have

(4.4) p* =pcoshf — gsinh 6, ¢* = —psinh 6 + g cosh 6

and

p* = pcosh® — gsinh @ + 6(psinh § — g cosh §)

(4.5) 7" = —psinh 0 + gcosh 6 + (—p cosh 6 + gsinh 0).

These results are similar to those in [5]. Let’s express Darboux trihedron of
parallel timelike ruled surface, we know that

dx* ds*
* gk O
(4.6) x] = 1o ds q'ry +pr;
d *
where di =/q"? —p? = VA. If we write the elements of Darboux trihedron for
S
parallel timelike ruled surface z7, ¢g* and n* as respect to s, we have
q* p*
x] = ri + —=r3;
VA VA
P =%
(4.7) q rt+ D rt

N RN}
n* =

T3
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From (4.7), we obtain

r¥ = —
1 \/Z 1 \/Zg
(4.8) ry =n"
I
VA VA

And also we find the derivative formulas of Darboux trihedron for parallel timelike
ruled surface with respect to the parameter s as follows:
i’ = VA(pyg* + pjn”)
(4.9) g = VA(pyat + 0%
n* = VA(ppai —759")
Also, by using (4.5), in which the values are obtained for § = 0, in (4.7) we have

o @=bp)  (P—0q)
1 \/Z -1 \/Z -3

(4.10) (P — 0q) (@ — 0p)
* = 14 .
g \/Z 1 \/Z T3
n* =ry
If we use (3.8), (3.9) and (3.10) in (4.10), then we obtain
* (1 — gp"l) 97—‘]
“T A Tl
vaTlT VA
n* =n.

Let’s express py, py,, 7, on the striction point of parallel timelike ruled surface [R}]
in terms of pg, pn, 7, which belong to timelike ruled surface [R;]. By differentiating
in (4.8) and using (4.2) and (4.9), we obtain

(4.12) P+ q'rs = VA(phzt — 159%).
From (4.10) and (4.12), we obtain
(4.13) pr=9L P9 gL 99

By using (3.9), (4.4) and (4.5) in (4.13), we have

2

* Pn — g(p% - Tg) % Tg
(4.14) Pn= g and 7, = e
From (3.9) and (3.10), it is written as follows:
q*/ Tj*/
(4.15) VAp; = = VApy = .
The geodesic curvature of parallel timelike ruled surface is found as
* 1 ? ! n !/
(4.16) Py = ﬁ[pg + 1 [Tg + 0(pnTy) ]]
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The expression of Frenet vectors in terms of Darboux vectors is
a] =]
* % * ok
. _ai P+
(4.17) a2 = oy = T
T~ (i + o)’
1 Pg” + Py
az = aj \as.

From the equations (4.17), the curvature and torsion of parallel timelike ruled
surface are obtained as

* k) * k/

* *2 %2\ & *_pnpg—pgpn *

(4.18) K= (p,” +p, )2 and 7 === T

4.1. The relations among instantaneous rotation vectors of parallel time-

like ruled surfaces. We consider the timelike ruled surface [R}] determined by
Definition 4.1 which is parallel to the ruled surface [Ry].

For the vectorial moments of the dual vectors we have the formulae:

T = 2" Ax] g =x*Ag* n* = x*An*

T =a*Ar} (1=1,2,3)

Let’s find the instantaneous rotation vectors of Frenet, Darboux and Blaschke
trihedrons {AF, A5, A3}, {X7,G*,N*} and {Rj, R}, R5}, respectively, for parallel
timelike ruled surface.

The Frenet derivative formulae are given as

(4.19)

Ay 0 K* 0 A
(4.20) Ay | =VA| k" 0 TF—¢ Aj
A 0 -7 0 A

By using (4.20), the instantaneous rotation vector of Frenet trihedron is obtained
as

(4.21) F* =VA[(e — %) A — K A3

such that AY = F* N Af, i=1,2,3.
The Darboux derivative formulas are given as follows:

Xy 0 r Pn X7

*/ _ * * *

(4.22) G =VA| p 0 Ty —€ G
N* Py €—T, 0 N*

By using (4.22), the instantaneous rotation vector of Darboux trihedron is obtained
as

(4.23) D* =VA[(e — )X} + ppG* — piN*]
such as
X' =DAX!i=1,23.

The Blaschke derivative formulas are given as follows:

RY 0 P 0 R}
(4.24) Ry |=| P 0 Q|| R
RY 0 —-Q* 0 R

By using (4.22), the instantaneous rotation vector of Blaschke trihedron is obtained
as

(4.25) B* = Q*R} — PR}
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such that
R!'=B*ARf,i=1,2,3.
The relation between instantaneous rotation vectors of Darboux and Frenet tri-
hedrons is

(4.26) D* = F* + VA(r* — 7)) X}.

By using (4.23) and (4.25), the relation between instantaneous rotation vectors of
Darboux and Blaschke trihedrons is

(4.27) D* = B* — vV Ap;N".

By using (4.21) and (4.25), the relation between instantaneous rotation vectors of
Frenet and Blaschke trihedrons is

(4.28) F* = B* + VA(r* — )X},

By using (4.8)-(4.11), Darboux, Frenet and Blaschke elements of parallel timelike
ruled surface are obtained as follows:

=1 al =a rT=m
(4.29) g =g a3 = as TS =72
n*=n a3 = as Ty =73

respectively. 3
If the equation &~ = 2 — Ory and (4.29) are substituted in X} = z¥ +e(x Ax}),
i=1,2,3, then we have

Xi =X, +€0G
(4.30) G* = G +0X,
N*=N.

If the equation a” = a — Ory and (4.29) are substituted in A¥ = af +¢e(a’ A a),
i =1,2,3, then we get

0
Al = A + 52(09142 — pnAs)
0
(4.31) A5 = Ay + e2Pa g,
_K
9 n
A§ = A3 — €LA1.
K
If the equation r = r — @ry and (4.29) are substituted in R = ¥ +e(r” A7),
1 =1,2,3, then we obtain
RT = R1 — E?Rg
(4.32) Ry =Ry
Rj = Rs —¢0R;.
Also, from (4.14) and (4.16) for the values § = 0 and 7, = 0, invariants of parallel

timelike ruled surface are found as follows:

* * /Cn /CQ
= 0, n = —F ) - —F .

From (4.18) and (4.3), respectively, we have

(4.34) K=
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(4.35) P*=P—¢clq, Q" =Q—¢ebp.

If the equations (4.30)-(4.35) are used in the formulae of (4.23) and (4.25), then
the relation between Darboux and Blaschke instantaneous rotation vectors of the
main and parallel surfaces are found as follows:

D* =D and B* = B,

respectively.
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