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ABSTRACT. Many investigations have been made about of non-Newtonian
calculus and superposition operators until today. Non-Newtonian superpo-
sition operator was defined by Sagir and Erdogan in [9]. In this study, we
have defined *- boundedness and *-locally boundedness of operator. We have
proved that the non-Newtonian superposition operator xPf : ¢, , — £1,5 is
*-locally bounded if and only if f satisfies the condition (NA%). Then we have
shown that the necessary and sufficient conditions for the *-boundedness of
NPf ¢y, — £1p . Finally, the similar results have been also obtained for
NPf L Ca — 5115 .

1. INTRODUCTION AND PRELIMINARIES

Non-Newtonian calculus was firstly introduced and worked by Michael Grossman
and Robert Katz between years 1967 and 1970. They published the book about
fundamentals of non-Newtonian calculus and which includes some special calculus
such as geometric, harmonic, quadratic. Cakmak and Bagar [5] obtained some
results on sequence spaces with respect to non-Newtonian calculus. Duyar and
Erdogan [7] worked on non-Newtonian real number series. Also, Glingér [11] studied
on some geometric properties of £, (V).

Many studies are done until today on superposition operator which is one of
the non-linear operators. Dedagich and Zabreiko [2] studied on the superposition
operators in the space ¢,. After, some properties of superposition operator, such
as boundedness, continuity, were studied by Tainchai [3], Sama-ae [4], Sagir and
Gilingor [6] and many others. Non-Newtonian superposition operator was defined
and characterized in some non-Newtonian sequence spaces by Sagir and Erdogan in
[9]. In this article, we define *- boundedness and *-locally boundedness of operator.
We prove that the non-Newtonian superposition operator x Py : ¢, — {15 is *.
locally bounded if and only if f satisfies the condition (N Aj). Then we show that

Date: Received: 2021-07-13; Accepted: 2021-07-29.

2000 Mathematics Subject Classification. 47H30,46A45,26A06,11U10.

Key words and phrases. *-Boundedness, *-local boundedness, non-Newtonian superposition
operator, non-Newtonian sequence spaces.

241



242 FATMANUR ERDOGAN AND BIRSEN SAGIR

the necessary and sufficient conditions for the *-boundedness of Py : ¢, . — {1 3.
Also the similar results are obtained for y Py : co — €1 .

A generator is defined as an injective function with domain R and the range of
generator is a subset of R. Let take any « generator with range A = R,,. Let define
a—addition, a—subtraction, a—multiplication, a—division and a—order as follows;

a—addition oty =a(a ! (2) + ofl (y))

a—subtraction T—y =« (™t (z) —a "t (y))

a—multiplication zxy =« (@™t (z) x (y)) '

a—division x/y =a(a (z) /oz_1 (y)) (y#0)

a—order <y (2<y) @ at (@) <al(y) (e (z) <al(y)
for z,y € Ry [1].

Ry, +, %, <) is totally ordered field [5].

The numbers >0 are a—positive numbers and the numbers 2<0 are a— negative
numbers in R,. a—integers are obtained by successive a—addition of 1to 0 and
successive a—subtraction of 1 from 0. For each integer n, we set n = o (n).

a—absolute value of a number x € R, is defined by

rif x>0
|x\a:a(|a_1 (x)|): O if x:.()
0—z if =<0
For z € Ry, ¢/z° =« ( (e (J:)) and 27> = a {[a™! (x)]p}

Grossman and Katz described the *-calculus with the help of two arbitrary se-

lected generators. In this paper, we study according to *-calculus. Let take any

generators « and 8 and let * ("star”) is shown the ordered pair of arithmetics
(a—arithmetic, f—arithmetic). The following notations will be used.

a—arithmetic [ — arithmetic

Realm A(=R,) B (=Rp)
Summation + F
Subtraction - =
Multiplication X X
Division / /
Ordering < <

In the x—calculus, a—arithmetic is used on arguments and S—arithmetic is used
on values.

The isomorphism from a—arithmetic to S—arithmetic is the unique function
1(iota) that possesses the following three properties.

1. % is one-to-one.

2. 21is on A and onto B.

3. For any numbers v and v in A,

L(utv) = c(w)Fe(), (usv) =0 (u) Ze(v),
c(uxv) = o(u) xe(v), o (u/v) L(u) Ju(v) v #0
) <t (v) .

=4 {of T } for every number x in A and that +(n) =0

u < v<=(u
It turns out that ¢ ()
for every integer n [1].
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In non-Newtonian metric space, the definitions of a—accumulation point of a
set, a—convergence of a sequence and a—bounded sequence have been given in the
studies which are numbered[5, 10]. The definitions of *-limit and *-continuity of
the function f : X C R, — Rg have been introduced by Sagir and Erdogan[10].
Duyar and Erdogan introduced a—series and its a—convergence[7].

Let X be a vector space over the field R, and |[|.||x , be a function from X to

R U {O} satisfying the following non-Newtonian norm axioms. For z,y € X and
A eR,, _ )

(NNl) ||xHX,o¢ =0ez= 07

(NN2) HAX'THX’Q = ‘)‘|a X ”xHX,a’

(NN3) [Jatyl| ., < 2l x .0 F1¥llx0-

Then (X, 11 5 a) is said to be a non-Newtonian normed space.

The non-Newtonian sequence spaces Sq, £oo,a5 Cay Co,a and £p o over the non-
Newtonian real field R,, are defined as following:
So = {x = (z1) : Vk € Nz € Ry}

loga =@ = (x) € So: “sup |z, <—i—oo},
keN
ca =32 = (xp) € So:INeER, > @ lim |xkél| :O},
k— o0 @
Co0 = {x = (z) € Sa: kl;rgo |zk], = 0},

lyo = {x =(z) €Sat o |zt {—5—00} (1<p<o0).

k=1
The sequence spaces ¢ q, Ca; Co,o are non-Newtonian normed spaces with the
non-Newtonian norm |||, which is defined as [[z||, = <sup|z|, and the
’ ’ keN

sequence space ¢, ,, is a non-Newtonian normed space with the non-Newtonian norm

(1>
l.Il, ~ which is defined as ||z|, = (a > |acki“> P7a [5]. The a—sequence ek
D, P, k=1

1, k=n
0, k#n
Let Snx be space of non-Newtonian real number sequences, X, be a sequence
space on R, and Yz be a sequence space on Rg. A non-Newtonian superposi-
tion operator yP; on X, is a mapping from X, into Sy defined by yPs(z) =
(f (k,zk))pey where f: N x R, — Rg satisfies condition (NA;) as follows;
(NA;) f(k,0) =0 for all k € N,
If nPs(z) € Yp for all © = (1) € Xo, we say that yPf acts from X, into Y3
and write Py : Xo — Y3 [9].
Also, we shall assume the following conditions:
(NAy) f(k,.) is *-continuous for all k € N.
(NAY) f(k,.)is B—bounded on every a—bounded subset of R,, for all k € N.
Sagir and Erdogan [9] have characterized the non-Newtonian superposition op-
erators yPr on ¢y and ¢, as the following.

Theorem 1.1. Let f : N x R, — Rp satisfies the condition (NA5). Then NPy :
co,a — L1, if and only if there exist a a—number >0 and a f—sequence (cx) € {1
such that |f (k,t)| 5 <cx when |t|, <p for all k € N.

is defined as eglk) = {
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Theorem 1.2. Let f : N x R, — Rg satisfies the condition (NA,). Then yPy :
co —> 01,5 if and only if there exist a a—number p>0 and a f—sequence (cy) € Ui
such that |f (k,t)|s <cy when |t$z|a <u for all z € R, and for all k € N.

2. MAIN RESULTS

Definition 2.1. Let (X,,d,) and (Yg, d%) be non-Newtonian sequence spaces. An

operator F' : X, — Y3 is *-bounded if F (A) is f—bounded for every a—bounded
subset A of X, .

Definition 2.2. Let (X,,d,) and (Yg,d/ﬁ) be non-Newtonian sequence spaces.
An operator F' : X, — Y3 is *-locally bounded at z¢ € X, if there exist a—number
p>0 and B—number 730 such that F (z) € Bqy [F (20) ,n] for x € By, [vo,p]. F
is *-locally bounded if it is *-locally bounded for every x € X,.

Theorem 2.3. Let (X,,d,) and (Yg, dlﬁ) be non-Newtonian metric sequence spaces.
An operator F : X, — Y3 is *locally bounded if F is *-bounded.

Proof. Let x € X, with © € By, [zo, ] for zog € X, and p>0. Since F is *'—'
bounded, F (Bq, [7o,p]) is f—bounded set. Then there exists a f—number >0
such that djs (F'(z), F' (z0)) <n. So we obtain that F'(z) € Ba, [F (z0),n]. Thus
F is *-locally bounded at xg € X,. O

Corollary 2.4. Let X, be an a—sequence space. F : X, — {1 is *-locally
bounded if F is *-bounded.

Theorem 2.5. If the function f: N xR, — Rg is *locally bounded, it is satisfies
the condition (N A}).

Proof. Let A be an a—bounded subset of R,. Then there exists [a,b] C R, such
that A C [a,b]. Let ¢ € [a,b]. Since f is *-locally bounded, there exists 5.>0 and
~¢>0 such that

1F () 2 )] 2 with [ac],, <6,
Then it is written that f (z) € Bg[f (¢), ] for € By [c,d]. Since

1£ @)1 =17 s, £ 17 @) “F @], e

we get
If (@)|5 <7eF1f (0]

when z € B,|c,d.]. Every a—closed interval [a,b] on R, is a—compact by *-

Heine Borel Theorem in [9]. Then there exist ¢, ¢, ..., ¢, € [a, ] such that [a,b] C

U Ba[ck, ¢, ], since [a7b] C U Bale,dc]. So we have [f (z)|5 <uv(ep) FIf (cx)lg
k=1 ce.[a,b].

for each x € B, [ck, ¢, ] where 1 < k <n. If M = 5max{L(ck)—'|'—|f(ck)\5 1<k< n},
then [f (24 <M for x € |J Ba[ck,0c,]. Since A C [a,b] C | Ba [ck, e, ], We get

k=1 k=1
\f(x)|ﬁéMforx€A. O



ON *-BOUNDEDNESS AND *-LOCAL BOUNDEDNESS 245

Theorem 2.6. Let f : N x R, — Rg. Then the non-Newtonian superposition
operator NPy : coo — l1p is *locally bounded if and only if f satisfies the
condition (N A}).

Proof. Assume that f satisfies the condition (NA}). Let z = (z;) € ¢ Since
NPf i co,a — {15 and f satisfies (NA5), by Theorem 1.1, there exist ©>0 and
(ck) € £y,p such that

(2.1) |f (k1) <cy whenever [t|, <u

forallk € N. Let ¢ = ga and x € ¢y o such that Hx—zH ég@. Since @ lim |zz|, =
2 ’ €0, k—s00

0, there exists a positive integer r such that EAR <y for all k > r. Then

(2.2) I2ll,., = “suplzxl, <¢
’ k>r

for A € {r,r +1,...}. Since Hx;zHCO . <y, we get that
(2.3) sup |lze—2e|, <¢

By (2.2) and (2.3), it is written that

lzel, < “suplaal,
n>r

o . .
= sup ’xn—zn—l—zn‘a
n>r

< “sup ’xn—zn|a + “sup |z, |,
n>r n>r

< pte
=
for all k > 7. From (2.1), we have |f (k,zy)|4 <cy, for all k > r. Then

24) Y fka)ls< Y =52 lerls< 5 lerls = lew)lle, , -
k=r k=r k=r k=1

Letmy =2 sup |f(k, t)| for all k € N. Since f satisfies the condition (N Aj3),
[t=zk] <o

it is seen that mjy<+oo for all k € N. So we get ’xk;zk’a <y for all k € N by (2.3).

Then we have

(2.5) |f (k,zx)| 5 <
for all k£ € N. Using the relations (2.4) and (2.5), it is obtained that

k=1

InPr @Iy, ,

r—1 o0
= Y Ifka)lsF 5D 1f (B2,
k=1 k=r

IN:

r—1
8> mitll(en)lly, , -
k=1



246 FATMANUR ERDOGAN AND BIRSEN SAGIR

Then we have

[nPr (@)= nPr (), , < lnPr @), , FlvPr (2,
r—1
< sy mekl @)l , FlInPr ), , -
k=1

Therefore we get that

r—1

[Py (@) = 5Py (2|, , <y when v = |[w Py ()l , F 5> mut (e, , -
k=1

Hence, the non-Newtonian operator Py *-locally bounded at z.
Conversely assume that yPf : coo — ¢1,p is *-locally bounded. Let £ € N and

be R, Lety= (y,) be defined as y, = { g’ Z;]Z .

assumption, there exist >0 and >0 such that

Then (y,) € co,o- By

(2.6) | v Py (z) = NPy (y)Helﬁ <1 whenever Hx;yHCM <p.
Let a € R, with ’a4b}a <p and let z = (z,) with =, = { g’ Z;Z . Then

x € ¢p,o. Since

lz=yll,,,. = *sup |2aynl, = |a=b], <u,

we get || Pr (z) = NPy (y)Helﬁ <1 by (2.6). Then we have

[f (k) <f kD), < 5 > | (o) = F (n,un)|
n=1
= |[vPr (@)= ~Pr W, ,
< 7

Hence f (k,.) is *-locally bounded at b. Since b € R,, is arbitrary, f (k,.) is *-locally
bounded. Thus f (k,.) satisfies the condition (NAY). O

Corollary 2.7. Let f : N x R, — Rg satisfies the condition (NAs2). The non-
Newtonian superposition operator y Py is *-locally bounded if Py : co.o — ¢1 .

Corollary 2.8. Let f: NxR, — Rg. If yPy : co,o — £1,51s *-bounded, f satisfies
the condition (N A}).

Proposition 2.9. Assume that f : N xR, — Rp satisfies the condition (N A5). If
for each >0 there exists a f—number 7 (1) >0 such that

8 Z |f (ks 2i)l g <n(p) whenever |zg|, <p
k=1

for all k € N, then there exists a c¢(u) = (cx (1)) € f15 with cx (1) >0 and
e ()l 5 <n (u) for all k € N such that

|f (k:,t)|/3 <cp, (1) whenever Itl, <u.
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Proof. Let ,ui('). We define
A(p) = {t € Ry |t], <p} and ¢ (1) = ﬁsup{\f(k;,t)\ﬁzteA(u)}

for all k € N. Then [f (k,?)[4 <cy, (1) where [t|, <p. Since f satisfies the condition

(N AY), it is obtained that 0< ¢y (1) <00 for all k € N. For each £30. there exists
an a-sequence x = (x) when |z|, <p such that

. . £
(2.7) i (1) < |f (kyxi)lg ‘*‘%5
for all k € N. By (2.7), we have

s> ()= 5> lex (1)l <5Z|f (. ) |B+522k5 = te .
P k=1

Thus, [lcx (1), , <n (u) +e. Since ¢ is arbitrary, it is written that ||c (e, , <n (w)
with ¢(u) = (cx (p)). So there exists a S-sequence c¢(u) = (cx (1)) € 41, with
cx (1) >0 and lle (e, , <n (u) such that |f (k)] <cj (1) whenever [t <pu for
each k € N. O

Theorem 2.10. Let f : N xR, — Rg. The non-Newtonian superposition operator
NPyt o0 — b1, is *-bounded if and only if for all >0 there exists a [5-sequence
c(p) = (ck (1) € b1, such that

|f (k,t)] 5 <ck (1) whenever [t|, <p
for each k € N.

Proof. Let © € ¢y, and p>0 with =, . <p. Then |zy|, <p for all k € N.

By the hypothesis, there exists a [-sequence ¢ () = (cx (1)) € ¢1,3 such that
|f (k,t)s <cy, () for each k € N. Then

InPr ()l , = BZ\f kan)lg <Y en ()= s lew (Wl = lle@l,, , -
k=1 k=1

Thus, v Py : o, — £1,5 is *-bounded.
Conversely, assume that Py : ¢go — 1, is *-bounded. Let p>0. Then for
each = € cp o with ||z, ~<p, it is obtained that

o0

InPr @), , = 8 1f (ks < (1) <Hoo
k=1

for a S-positive integer n(p). By Corollary 2.8, f satisfies the condition (N Aj).
In view of Proposition 2.9, there exists a S-sequence ¢ (p) = (¢ (1)) € 41,3 with
lle ()ll,, , <n(p) such that |f (k,t)|5 <cx (1) whenever [¢|, <p for each k € N. [

e ()]
5ks

Example 2.11. Let function f : NxR, — Rg be defined by f (k,t) = 8 for

. i
all k € Nand ¢t € R,. Since there exist v =1 and (¢cx) = <5k,3’8) € {1 g such that

|f (k1) <cy whenever [t|, <1 for each k € N, the non-Newtonian superposition
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operator y Py acts from cg o to ¢1,8. Let ,u>() and t € R, with [t] <p. Then, for
all k e N

0], = 252 ana 53 0= (05)

Fks Pt Bkg 4ks
Hence we obtaine that |f (k,?)], <cp, (1) whenever (cy, (1)) = <L5(I:;) 6) € 41,3 for

all k € N. Then, yPy : co,o — 41, is *-bounded by Theorem 2.10.

Theorem 2.12. Let f : NxR, — Rg. The non-Newtonian superposition operator
NPy i co = L1 g is *locally bounded if and only if f satisfies the condition (NAS).

Proof. Assume that f satisfies the condition (NA}). Let z = (zx) € ¢o. By
Theorem 1.2 there exist 4>0 and (cx) € £1 5 such that

(2.8) |f (k,t)|5 <cy, whenever ’t4a|a <u

for each a € R, and for all £k € N. Let 77}0 and x € ¢, with ||x—z||ca ﬁn. Since
T € cq, there exists a € R, such that

(2.9) * kli_g)lo ‘xk¥a|a =0.

From (2.8), there exist a p>0 and a (cx) € £; 5 such that
(2.10) |f (k1) <cj, whenever |t;a’a <p
for all k € N. By (2.9), there exists i € N

(2.11) ’xk4a|a <p

for all k& > i. By (2.10) and (2.11), we obtaine that |f (k,zx)]|, <cy, for all k > 4.
Then

(2.12) B Z |f(ka$k)|,3 < B ch = B Z |Ck|g < B Z ‘Ck|ﬂ = ||Ck||z1,,3
k=i k=i k=i k=1

Let my = 7 sup |f (k,t)|5 for each k € N. Since f satisfies the condition
=l 20

(NAp), my<Foo for all k € N. Since||z—z||,  <n, we have that |z;—z| <n for
all k € N. Then, for all £k € N

(2.13) |f (k‘, mk)|ﬁ émk
By (2.12) and (2.13),

InPr @)l , = 8> If (kzn)lg
k=1

i—1 00
k=1 k=1

IN:

i—1
8> mitll(en)lly, , -
k=1
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Then

IvPr @) = WP, £ InPr @y, , FInPr G,
i—1

£ S md Nl , FlInPr (Dl , -
k=1
Therefore we have that
i—1
I Py (@)= w Py I, , <y when v = llnPr 2l , + 5 > mut N, , -
k=1

Hence Py *-locally bounded at z.
Conversely, assume that y Py : ¢o — ¢1,5 is *-locally bounded. Let k € N and
beR,. Let y = (yn) be as follows

[ b,n=k
In=0, n#k

for all k € N and b € R,. Then y € ¢,. By the hypothesis, there exist p>0 and
©>0 such that

(2.14) |nPr(x) = NPy (y)HELB <¢ whenever Hm;qua <u .
Let a € Ry with |a—b| <p and x = (z,) with z,, = ¢, n=Fk . Then x € c,.
Since
Hx;yHc,a = asup |x”;y"‘o¢ = ‘a;b‘a SM’

n

by virtue of (2.14), it is written that ||xPs (z) = n Py (y He <. Then we have
|f (kya) =f (kD) < ﬂzyf nyan) = (n,yn)]

= ||NPf )= xPr )|, ,

< v
Therefore f (k,.) is *-locally bounded at b. Since b € R, is arbitrary, f (k,.) is
*_locally bounded. Hence f (k,.) satisfies the condition (N AJ). O

Corollary 2.13. Let the function f : N x R, — Rg satisfy the condition (NAs).
Then y Py : cq — 41,5 is *-locally bounded.

Corollary 2.14. Let f : NxRy = Rg. If yPf : co — {15 is *-bounded, f satisfies
the condition (N A}).

Theorem 2.15. Let f : Nx R, = Rg. NPy :cq — L1 is *bounded if and only
if for every u>0 there exists a sequence ¢ (p) = (cy, (1)) € l1.5 such that

|f (k’t)|,g <cp, (1) whenever It <n
for all k € N.
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Proof. Let ;>0 and z € ¢, with 2l o <p. Then |xg|, <p for all k € N. By the

hypothesis, for each k € N there exists a sequence ¢ (u) = (cx (1)) € ¢1, 5 such that
|f (ks 2x)l g <cp, (p). Then it is written that

InPr (@)l , = 6D 1 (kean)lg< 6D cn(w)= 5D lex (w)lg = llc@l,, -
k=1 k=1 k=1

Thus y Py : co — £1,5 is *-bounded.
Conversely, assume that x Py : ¢ — {1, is *-bounded. Let ;L}O. There exists a
positive f—number 7 (u) such that

InPr @)y, , = 6D 1f (ko) <n(n)
k=1

for each = € ¢, with [z], <. From Corollary 2.13, f satisfies the condition

(NAj5). By Proposition 2.9, there exists a f-sequence ¢ (u) = (ck (1)) € €1, with
lle()ll,, , <n(p) such that |f (k,t)|5 <cp (1) whenever |t|, <p forallk e N. [

Example 2.16. Let f: N xR, — Rg be as follows

Flen =0

for all k € N. Let ¢>0 and t € R,, with |¢|, <p. Then
(L) o ()™

5ks 5ks

1 (k)]s = 52

for each k € N. Since
o 2p > 7 1 1 L 2 -
oS s 56 = (o sd gL g = LD g

=7 -
- O il 5 1;%5 4

(e (1)

5ks

we have |f (k, )] <cp, when ¢}, =
is *-bounded by Theorem 2.15.

B for each k € N. Hence nPy : co — {18

3. CONCLUSION

In this paper, the well-known boundedness and locally boundedness in classical
calculus were extended to non-Newtonian calculus. Also their properties on some
non-Newtonian sequence spaces were investigated.
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