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Abstract. We define a new type of multivariable multiple hypergeometric functions in this paper, which is
inspired by Exton’s multiple hypergeometric functions given by in [13]. Then, for these functions, we obtain
some certain type linear generating functions. After that, we derive a variety classes of multilinear and multilateral
generating functions for a family of the multivariable multiple hypergeometric functions. In addition, by employing
the Erkus-Srivastava polynomials (see [11]) and the fourth type multivariable Horn functions (see [13]), we have
also provided some of its conclusions.
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1. Introduction

The generalized hypergeometric series pFq with an arbitrary number of p numerator and q denominator parameters
(p, q ∈ N0 = {0} ∪ N) defined by [29]

pFq

[
α1, ..., αp;
β1, ..., βq; z

]
= pFq

(
α1, ..., αp; β1, ..., βq; z

)
=

∞∑
n=0

(α1)n ... (αp)n

(β1)n ... (βq)n

zn

n!
, (1.1)

where the Pochhammer symbol is denoted by (λ)ν which is defined (in terms of gamma function) by

(λ)ν =
Γ(λ + ν)

Γ(λ)
(λ ∈ C \ Z−0 ) (1.2)

=

{
1, if ν = 0; λ ∈ C\{0}
λ(λ + 1)...(λ + n − 1), if ν = n ∈ N; λ ∈ C,

Γ(λ) is Gamma function, and Z−0 denotes the set of non-positive integers. If we set p = 2, q = 1 in (1.1), we get a
hypergeometric function following,

2F1 (α, β; γ; z) =

∞∑
n=0

(α)n(β)n

(γ)n

zn

n!
,
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and if we also set p = 1, q = 1, we get a confluent hypergeometric function as follow,

Φ = 1F1 (β; γ; z) =

∞∑
n=0

(β)n

(γ)n

zn

n!
. (1.3)

In addition, in (1.1), the absence of parameters p or q is emphasized by a dash (interpreting an empty product as 1).
For example, if no numerator or denominator parameters are present, i.e., p = q = 0, the result is

0F0 (−;−; z) =

∞∑
n=0

zn

n!
.

Similarly if p = 0 and q = 1, then

0F1 (−; β; z) =

∞∑
n=0

zn

(β)n n!
, (1.4)

and finally if p = 1 and q = 0, then

1F0 (α;−; z) =

∞∑
n=0

(α)n zn

n!
.

The second type of Appell functions, the first type of Lauricella functions, the fourth type of Horn functions, and the
fourth type of multivariable Horn functions are, respectively [13, 16, 21, 29],

F2
(
α, β1, β2; γ1, γ2; x1, x2

)
=

∞∑
m,r=0

(α)m+r
(β1)m(β2)r

(γ1)m(γ2)r

xm
1

m!
xr

2

r!
, (1.5)

where |x1| + |x2| < 1, and

F(r)
A

(
α, β1, ..., βr; γ1, ..., γr; x1, ..., xr

)
=

∞∑
m1,...,mr=0

(α)m1+...+mr

(β1)m1 ...(βr)mr

(γ1)m1 ...(γr)mr

xm1
1

m1!
...

xmr
r

mr!
, (1.6)

where |x1| + ... + |xr | < 1, and

H4 (α, β; γ1, γ2; x1, x2) =

∞∑
m,r=0

(α)2m+r (β)r

(γ1)m(γ2)r

xm
1

m!
xr

2

r!
, (1.7)

where 2
√
|x1| + |x2| < 1, and

(k)H (r)
4 (α, βk+1, ..., βr; γ1, ..., γr; x1, ..., xk, xk+1, ..., xr)

=

∞∑
m1,...,mr=0

(α)2(m1+...+mk)+mk+1+...+mr (βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

xm1
1

m1!
...

xmr
r

mr!
, (1.8)

where 2(
√
|x1| + ... +

√
|xk |) + |xk+1| + ... + |xr | < 1.

The multivariable multiple hypergeometric functions are highly significant in special functions theory, used in a
wide range of applications, such as integral representations, generating functions, recurrence relations, finite and in-
finite sums, analytic continuation, asymptotic behaviour and some special formulas (linear transformation, quadratic
transformation, decomposition, reduction, limit and differentiation) [1, 4–7, 10, 13, 16, 21]. Additionally, various types
of extensions (q-analogue, k-analogue, finite field analogue, matrix extension, p-extension) of these functions are de-
fined, and similar features are extensively researched [2, 3, 9, 12, 14, 15, 18–20, 23, 30]. Besides from these studies,
they are also utilized in theories such as perturbation theory (in numerical analysis) and quantum theory (in modern
physics) [17,24]. Studies of generating functions for polynomial sequences, on the other hand, are widely investigated,
which typically comprise ordinary, multilinear and multilateral generating functions [8, 11, 22, 25, 26, 28].

In this paper, we described a new type of multivariable multiple hypergeometric functions that are general forms of
the fourth type multivariable Horn functions (k)H (r)

4 , the first kind Lauricella F(r)
A , the second kind Appell F2 and the

fourth type Horn H4 functions. A similar idea was followed by Exton in [13] to study the generating functions of the
fourth type multivariable Horn functions. Our objective is to derive obtaining certain linear generating functions and
several families of multilinear and multilateral generating functions, as well as their conclusions, for these multivariable
multiple hypergeometric functions.
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2. Generating Functions

We obtain certain linear generating function relations after defining a new type of multivariable multiple hyperge-
ometric functions in this section of the study. Below is a definition of a new type of multivariable multiple hypergeo-
metric functions.

Definition 2.1. We define a new type multivariable multiple hypergeometric function as below:

(k)E (r) (α, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr
)

:=
∞∑

m1,...,mr=0

(α)ρ(m1+...+mk)+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

xm1
1

m1!
...

xmr
r

mr!
, (2.1)

where ρ
(√
|x1| + ... +

√
|xk |

)
+ |xk+1| + ... + |xr | < 1, ρ > 0.

In (2.1), if we take k = 1, r = 2, we have two-variable multiple hypergeometric functions as follow

(1)E (2) (α, β2; γ1, γ2; x1, x2
)

= E
(
α, β2; γ1, γ2; x1, x2

)
:=

∞∑
m1,m2=0

(α)ρm1+m2

(β2)m2

(γ1)m1 (γ2)m2

xm1
1

m1!
xm2

2

m2!
. (2.2)

For the functions given (2.1), some generating function relations have been established in various ways, as well as
some results.

Theorem 2.2. We have the following generating function for the multivariable multiple hypergeometric function (k)E (r)

defined by (2.1):
∞∑

n=0

(λ)n

n!
(k)E (r) (λ + n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
tn = (1 − t)−λ (2.3)

×
(k)E (r)

(
λ, βk+1, ..., βr; γ1, ..., γr;

x1

(1 − t)ρ
, ...,

xk

(1 − t)ρ
,

xk+1

(1 − t)
, ...,

xr

(1 − t)

)
,

where λ ∈ C, |t| < 1.

Proof. Let T denote the first member of assertion (2.3),

T =

∞∑
n=0

(λ)n

n!
(k)E (r) (λ + n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
tn

=

∞∑
n=0

∞∑
m1,...,mr=0

(λ)n (λ + n)ρ(m1+...+mk)+...+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!
tn

n!
. (2.4)

Using the identity [27, page 87]

(λ)n (λ + n)k = (λ)n+k = (λ)k (λ + k)n , (2.5)

with k = ρ (m1 + ... + mk) + ... + mk+1 + ... + mr in (2.5), we have

(λ)n (λ + n)ρ(m1+...+mk)+...+mk+1+...+mr

= (λ)n+ρ(m1+...+mk)+...+mk+1+...+mr

= (λ)ρ(m1+...+mk)+...+mk+1+...+mr
(λ + ρ(m1 + ... + mk) + mk+1 + ... + mr)n .

Thus, we can write (2.4)

T =

∞∑
m1,...,mr=0

(λ)ρ(m1+...+mk)+...+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

(2.6)

×
(x1)m1

m1!
...

(xr)mr

mr!

∞∑
n=0

(λ + ρ(m1 + ... + mk) + mk+1 + ... + mr)n

n!
tn.

Using the identity [27, page 58]

(1 − t)−c =

∞∑
n=0

(c)n

n!
tn, (2.7)



A New Type Multivariable Multiple Hypergeometric Functions 362

with c = λ + ρ(m1 + ... + mk) + mk+1 + ... + mr in (2.7), we obtain
∞∑

n=0

(λ + ρ(m1 + ... + mk) + mk+1 + ... + mr)n

n!
tn = (1 − t)−λ−ρ(m1+...+mk)−mk+1−...−mr . (2.8)

Thus, we can write (2.6) as follows,

T = (1 − t)−λ
∞∑

m1,...,mr=0

(λ)ρ(m1+...+mk)+...+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

×

[
x1

(1 − t)ρ

]m1

...

[
xk

(1 − t)ρ

]mk
[

xk+1

(1 − t)

]mk+1

...

[
xr

(1 − t)

]mr 1
m1!

...
1

mr!
.

If we apply the definition (2.1), we get the desired equality, and the proof is complete. �

If we take k = 1, r = 2 in Theorem 2.2), we have the following conclusion for the two-variable multiple hypergeo-
metric functions given by Equation (2.2).

Corollary 2.3. If we take k = 1, r = 2 in Theorem 2.2, then the two-variable multiple hypergeometric functions in
Equation 2.2 have the following relation:

∞∑
n=0

(λ)n

n!
E

(
λ + n, β2; γ1, γ2; x1, x2

)
tn = (1 − t)−λ E

(
λ, β2; γ1, γ2;

x1

(1 − t)ρ
,

x2

(1 − t)

)
,

where λ ∈ C and |t| < 1.

If we set ρ = 2 in (2.1), we clearly see that the multivariable multiple hypergeometric functions are a generalization
of the fourth kind multivariable Horn functions (k)H(r)

4 [13]:
(k)E (r) (α, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
= (k)H (r)

4
(
α, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
.

Corollary 2.4. If we take ρ = 2 in Theorem 2.2, then we have the following relation for the fourth kind multivariable
Horn functions [13]:

∞∑
n=0

(λ)n

n!
(k)H (r)

4
(
λ + n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
tn = (1 − t)−λ

×
(k)H (r)

4

(
λ, βk+1, ..., βr; γ1, ..., γr;

x1

(1 − t)2 , ...,
xk

(1 − t)2 ,
xk+1

(1 − t)
, ...,

xr

(1 − t)

)
,

where λ ∈ C and |t| < 1.

If we choose k = 1, r = 2 in Corollary 2.4, we immediately have the following conclusion for the fourth kind Horn
functions [16, 29].

Remark 2.5. We have
∞∑

n=0

(λ)n

n!
H4 (λ + n, β; γ1, γ2; x1, x2) tn = (1 − t)−λH4

(
λ, β; γ1, γ2;

x1

(1 − t)2 ,
x2

(1 − t)

)
,

where λ ∈ C and |t| < 1.

If we set k = 0 in Corollary 2.4, we have the following relation for the first kind Lauricella functions in [21, 29].

Remark 2.6. We have
∞∑

n=0

(λ)n

n!
F(r)

A
(
λ + n, β1, ..., βr; γ1, ..., γr; x1, ..., xr

)
tn = (1 − t)−λF(r)

A

(
λ, β1, ..., βr; γ1, ..., γr;

x1

(1 − t)
, ...,

xr

(1 − t)

)
,

where λ ∈ C and |t| < 1.

If we choose k = 0, r = 2 in Corollary 2.4, we immediately have the following conclusion for the second kind
Appell functions [21, 29].
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Remark 2.7. We have the following generating function for the second kind Appell functions:
∞∑

n=0

(λ)n

n!
F2 (λ + n, β1, β2; γ1, γ2; x1, x2) tn = (1 − t)−λ F2

(
λ, β1, β2; γ1, γ2;

x1

(1 − t)
,

x2

(1 − t)

)
,

where λ ∈ C and |t| < 1.

Theorem 2.8. We have the following generating function for the multivariable multiple hypergeometric functions
(k)E(r) defined by (2.1):

∞∑
n=0

(λ)n

n!
(k)E (r) (

−n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr
)

tn = (1 − t)−λ (2.9)

×
(k)E (r)

(
λ, βk+1, ..., βr; γ1, ..., γr;

x1 (−t)ρ

(1 − t)ρ
, ...,

xk (−t)ρ

(1 − t)ρ
,
−xk+1t
(1 − t)

, ...,
−xrt

(1 − t)

)
,

where λ ∈ C, |t| < 1.

Proof. Let S denote the first member of assertion (2.9). Then,

S =

∞∑
n=0

(λ)n

n!
(k)E (r) (

−n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr
)

tn (2.10)

=

∞∑
n=0

ρ(m1+...+mk)+mk+1+...+mr≤n∑
m1,...,mr=0

(λ)n(−n)ρ(m1+...+mk)+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!
tn

n!
.

Using the idendity [27, page 58]
(−n)k

n!
=

(−1)k

(n − k)!
, (2.11)

with k = ρ(m1 + ... + mk) + mk+1 + ... + mr in (2.11), we get

(−n)ρ(m1+...+mk)+mk+1+...+mr

n!
=

(−1)ρ(m1+...+mk)+mk+1+...+mr

(n − ρ(m1 + ... + mk) − mk+1 − ... − mr)!
. (2.12)

Thus we can rewrite (2.10)

S =

∞∑
n=0

ρ(m1+...+mk)+mk+1+...+mr≤n∑
m1,...,mr=0

(λ)n(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!

×
(−1)ρ(m1+...+mk)+mk+1+...+mr tn

(n − ρ(m1 + ... + mk) − mk+1 − ... − mr)!
,

where we have used the relation [29, p.102]

∞∑
n=0

m1k1+...+mrkr≤n∑
k1,...,kr=0

Φ (k1, ..., kr; n) =

∞∑
n=0

∞∑
k1,...,kr=0

Φ (k1, ..., kr; n + m1k1 + ... + mrkr) , (2.13)

with n→ n + ρ(m1 + ... + mk) + mk+1 + ... + mr and we get

S =

∞∑
n=0

∞∑
m1,...,mr=0

(λ)n+ρ(m1+...+mk)+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!
(2.14)

×
(−1)ρ(m1+...+mk)+mk+1+...+mr tn+ρ(m1+...+mk)+mk+1+...+mr

n!
.

Using (2.5) with k = ρ(m1 + ... + mk) + mk+1 + ... + mr, we have

(λ)n+ρ(m1+...+mk)+mk+1+...+mr = (λ)ρ(m1+...+mk)+...+mk+1+...+mr
(λ + ρ(m1 + ... + mk) + mk+1 + ... + mr)n ,
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and we can write (2.14)

S =

∞∑
m1,...,mr=0

(λ)ρ(m1+...+mk)+...+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

×

[
x1 (−t)ρ

]m1 ...
[
xk (−t)ρ

]mk [−xk+1t]mk+1 ... [−xrt]mr

m1!...mk! mk+1!...mr!

×

∞∑
n=0

(λ + ρ(m1 + ... + mk) + mk+1 + ... + mr)n

n!
tn,

where using (2.8) and we have

S =(1 − t)−λ
∞∑

m1,...,mr=0

(λ)ρ(m1+...+mk)+...+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

×

[
x1 (−t)ρ

(1 − t)ρ

]m1

...

[
xk (−t)ρ

(1 − t)ρ

]mk
[
−xk+1t
(1 − t)

]mk+1

...

[
−xrt

(1 − t)

]mr 1
m1!

...
1

mr!

=(1 − t)−λ (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;

x1 (−t)ρ

(1 − t)ρ
, ...,

xk (−t)ρ

(1 − t)ρ
,
−xk+1t
(1 − t)

, ...,
−xrt

(1 − t)

)
,

which completes the proof. �

Theorem 2.9. We have the following generating function for the multivariable multiple hypergeometric functions
(k)E (r) defined by (2.1):

∞∑
n=0

(k)E (r) (
−n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

) tn

n!
= et

0F1 (−, γ1; x1 (−t)ρ) ... 0F1 (−, γk; xk (−t)ρ)

× Φ (βk+1, γk+1;−xk+1t) ...Φ (βr, γr;−xrt) , (2.15)

where |t| < 1 and Φ is confluent hypergeometric function and 0F1 is hypergeometric series, given by (1.3) and (1.4),
respectively.

Proof. Let S denote the first member of assertion (2.15). Then,

S =

∞∑
n=0

(k)E (r) (
−n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

) tn

n!

=

∞∑
n=0

ρ(m1+...+mk)+mk+1+...+mr≤n∑
m1,...,mr=0

(−n)ρ(m1+...+mk)+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!
tn

n!

and using (2.12)

S =

∞∑
n=0

ρ(m1+...+mk)+mk+1+...+mr≤n∑
m1,...,mr=0

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!

×
(−1)ρ(m1+...+mk)+mk+1+...+mr tn

(n − ρ(m1 + ... + mk) − mk+1 − ... − mr)!
,
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and using (2.13) with n→ n + ρ(m1 + ... + mk) + mk+1 + ... + mr and we have

S =

∞∑
n=0

∞∑
m1,...,mr=0

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

[
x1 (−t)ρ

]m1 ...
[
xk (−t)ρ

]mk [−xk+1t]mk+1 ... [−xrt]mr

m1!...mk! mk+1!...mr!

∞∑
n=0

tn

n!

= et
∞∑

m1,...,mr=0

(βk+1)mk+1 ...(βr)mr

(γ1)m1 ...(γr)mr

[
x1 (−t)ρ

]m1 ...
[
xk (−t)ρ

]mk [−xk+1t]mk+1 ... [−xrt]mr
1

m1!
...

1
mr!

= et
∞∑

m1=0

1
(γ1)m1

[
x1 (−t)ρ

]m1
1

m1!
...

∞∑
mk=0

1
(γ1)mk

[
xk (−t)ρ

]mk
1

mk!

×

∞∑
mk+1=0

(βk+1)mk+1

(γ1)mk+1

[−xk+1t]mk+1
1

mk+1!
...

∞∑
mr=0

(βr)mr

(γr)mr

[−xrt]mr
1

mr!
.

If the hypergeometric series in (1.4) and confluent hypergeometric function in (1.3) are used,

S = et
0F1 (−, γ1; x1 (−t)ρ) ...0F1 (−, γk; xk (−t)ρ) Φ (βk+1, γk+1;−xk+1t) ...Φ (βr, γr;−xrt) ,

which completes the proof. �

Lemma 2.10. The following relation is provided for the Pochhammer symbol given by (1.2)

(1 − λ − n)m1
=

(
λ + n − 1

n

)
(1 − λ)m1(

λ − m1 + n − 1
n

) . (2.16)

Proof. On the left side of Equation 2.16, if the definition of the Pochhammer symbol is applied, we get

(1 − λ − n)m1
= (1 − λ − n) (2 − λ − n) ... (1 − λ − n + m1 − 1)

= (1 − λ − n) (2 − λ − n) ... (m1 − λ − n)

=
(−1)m1 (λ + n − 1) (λ + n − 2) ... (λ + n − m1) (λ + n − m1 − 1)!

(λ + n − m1 − 1)!

=
(−1)m1 (λ + n − 1)! n! (λ − m1 − 1)! (λ − 1)!
(λ + n − m1 − 1)! n! (λ − m1 − 1)! (λ − 1)!

=

(
λ + n − 1

n

)
(λ − 1)! (−1)m1(

λ − m1 + n − 1
n

)
(λ − m1 − 1)!

=

(
λ + n − 1

n

)
(λ − 1) (λ − 2) ... (λ − 1 − (m1 − 1)) (λ − 1 − m1)! (−1)m1(

λ − m1 + n − 1
n

)
(λ − m1 − 1)!

=

(
λ + n − 1

n

)
(1 − λ) (2 − λ) ... (1 − λ + m1 − 1)(
λ − m1 + n − 1

n

)

=

(
λ + n − 1

n

)
(1 − λ)m1(

λ − m1 + n − 1
n

) ,

which completes the proof. �
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Theorem 2.11. We have the following generating function for the multivariable multiple hypergeometric functions
(k)E (r) defined by (2.1):

∞∑
n=0

(
λ + n − 1

n

)
(k)E (r) (α, βk+1, ..., βr; 1 − λ − n, γ2, ..., γr; x1, ..., xr

)
tn (2.17)

= (1 − t)−λ (k)E (r) (α, βk+1, ..., βr; 1 − λ, γ2, ..., γr; x1 (1 − t) , x2, ..., xr
)
,

where λ ∈ C, |t| < 1.

Proof. Let T denote the first member of assertion (2.17). Then,

T =

∞∑
n=0

∞∑
m1,...,mr=0

(
λ + n − 1

n

)
(α)ρ(m1+...+mk)+mk+1+...+mr

×
(βk+1)mk+1 ...(βr)mr

(1 − λ − n)m1
(γ2)m2 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!
tn.

Using the Lemma 2.10

T =

∞∑
n=0

∞∑
m1,...,mr=0

(
λ − m1 + n − 1

n

)
(α)ρ(m1+...+mk)+mk+1+...+mr

×
(βk+1)mk+1 ...(βr)mr

(1 − λ)m1
(γ2)m2 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!
tn

=

∞∑
n=0

∞∑
m1,...,mr=0

(λ − m1 + n − 1)!
(λ − m1 − 1)!

(α)ρ(m1+...+mk)+mk+1+...+mr

×
(βk+1)mk+1 ...(βr)mr

(1 − λ)m1
(γ2)m2 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!
tn

n!
. (2.18)

Using the idendity
Γ (n) = (n − 1)!,

and the definition of Pochhammer symbol given by (1.2), we have

(λ − m1 + n − 1)!
(λ − m1 − 1)!

=
Γ (λ − m1 + n)

Γ (λ − m1)
= (λ − m1)n .

Thus, we can rewrite (2.18)

T =

∞∑
n=0

∞∑
m1,...,mr=0

(α)ρ(m1+...+mk)+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(1 − λ)m1
(γ2)m2 ...(γr)mr

(x1)m1

m1!
...

(xr)mr

mr!

∞∑
n=0

(λ − m1)n

n!
tn.

Using the equation (2.7) with c = λ − m1, we get

T = (1 − t)−λ
∞∑

m1,...,mr=0

(α)ρ(m1+...+mk)+mk+1+...+mr

(βk+1)mk+1 ...(βr)mr

(1 − λ)m1
(γ2)m2 ...(γr)mr

[x1 (1 − t)]m1

m1!
...

[xr]mr

mr!

= (1 − t)−λ (k)E (r) (α, βk+1, ..., βr; 1 − λ, γ2, ..., γr; x1 (1 − t) , x2, ..., xr
)
,

which completes the proof. �

In the next theorem, let Ψm denote the following special functions (k)E (r).

Ψm = (k)E (r) (α, βk+1, ..., βr; 1 − λ − m, γ2, ..., γr; x1, ..., xr
)
.

Theorem 2.12. The following generating function for the multivariable multiple hypergeometric functions Ψm holds
true:

∞∑
n=0

(
λ + m + n − 1

n

)
Ψm+n (x1, ..., xr) tn = (1 − t)−λ−m Ψm (x1 (1 − t) , x2, ..., xr) . (2.19)
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Proof. Let T denote the first member of assertion (2.19). Then,

T =

∞∑
n=0

(
λ + m + n − 1

n

)
Ψm+n (x1, ..., xr) tn

=

∞∑
n=0

(
λ + m + n − 1

n

)
(k)E (r) (α, βk+1, ..., βr; 1 − λ − m − n, γ2, ..., γr; x1, ..., xr

)
tn.

From Theorem 2.11,

T = (1 − t)−λ−m (k)E (r) (α, βk+1, ..., βr; 1 − λ − m, γ2, ..., γr; x1 (1 − t) , x2, ..., xr
)

= (1 − t)−λ−m Ψm (x1 (1 − t) , x2, ..., xr) ,

which completes the proof. �

Similar to Corollaries 2.3, 2.4 and Remarks 2.5, 2.6 and 2.7, we also get the following corollary for Theorems 2.8,
2.9, 2.11 and 2.12.

Corollary 2.13. If

(1) k = 1, r = 2
(2) ρ = 2
(3) ρ = 2, k = 1 and r = 2
(4) ρ = 2, k = 0
(5) ρ = 2, k = 0 and r = 2

are taken in all Teorems 2.8, 2.9, 2.11 and 2.12, generating function relations are found for the functions of two-
variable multiple hypergeometric, fourth kind multivariable Horn, fourth kind Horn, first kind Lauricella and second
kind Appell given by (2.2), (1.8), (1.7), (1.6) and (1.5), respectively.

3. Multilinear andMultilateral Generating Functions

In this section, we derive several families of multilinear and multilateral generating function for multivariable mul-
tiple hypergeometric functions defined by (2.1) by using the similar method considered in [11, 19, 20].

Theorem 3.1. Corresponding to an identically non-vanishing function Ωµ(y1, ..., ys ) of s complex variables y1, ..., ys

(s ∈ N) and of complex order µ, let

Λµ,ψ(y1, ..., ys; ζ) :=
∞∑

k=0

akΩµ+ψk(y1, ..., ys)ζk,

where ak , 0 , µ, ψ ∈ C and

Θ
µ,ψ
n,p (x1, ..., xr; y1, ..., ys; ξ)

:=
[n/p]∑
k=0

ak (λ)n−pk
(k)E (r) (λ + n − pk, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
Ωµ+ψk(y1, ..., ys)

ξk

(n − pk)!
.

Then, for p ∈ N, we have
∞∑

n=0

Θ
µ,ψ
n,p

(
x1, ..., xr; y1, ..., ys;

η

tp

)
tn = Λµ,ψ(y1, ..., ys; η)(1 − t)−λ

×
(k)E (r)

(
λ, βk+1, ..., βr; γ1, ..., γr;

x1

(1 − t)ρ
, ...,

xk

(1 − t)ρ
,

xk+1

(1 − t)
, ...,

xr

(1 − t)

)
, (3.1)

provided that each member of (3.1) exists.
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Proof. For convenience, let S denote the first member of the assertion (3.1). Then,

S =

∞∑
n=0

[n/p]∑
k=0

ak (λ)n−pk
(k)E (r) (λ + n − pk, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
Ωµ+ψk(y1, ..., ys)

ηktn−pk

(n − pk)!
.

Replacing n by n + pk, we may write that

S =

∞∑
n=0

∞∑
k=0

ak (λ)n
(k)E (r) (λ + n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
Ωµ+ψk(y1, ..., ys)ηk tn

n!

=

∞∑
n=0

(λ)n
(k)E (r) (λ + n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

) tn

n!

∞∑
k=0

akΩµ+ψk(y1, ..., ys)ηk

= (1 − t)−λ (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;

x1

(1 − t)ρ
, ...,

xk

(1 − t)ρ
,

xk+1

(1 − t)
, ...,

xr

(1 − t)

)
Λµ,ψ(y1, ..., ys; η),

which completes the proof. �

In a similar manner, we also get the Theorem 3.2 and 3.3 immediately.

Theorem 3.2. Corresponding to an identically non-vanishing function Ωµ(y1, ..., ys ) of s complex variables y1, ..., ys

(s ∈ N) and of complex order µ, let

Λµ,ψ(y1, ..., ys; ζ) :=
∞∑

k=0

akΩµ+ψk(y1, ..., ys)ζk,

where ak , 0 , µ, ψ ∈ C and

Θ
µ,ψ
n,p (x1, ..., xr; y1, ..., ys; ξ)

:=
[n/p]∑
k=0

ak (λ)n−pk
(k)E (r) (

−n − pk, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr
)
Ωµ+ψk(y1, ..., ys)

ξk

(n − pk)!
.

Then, for p ∈ N, we have
∞∑

n=0

Θ
µ,ψ
n,p

(
x1, ..., xr; y1, ..., ys;

η

tp

)
tn = Λµ,ψ(y1, ..., ys; η)(1 − t)−λ (3.2)

×
(k)E (r)

(
λ, βk+1, ..., βr; γ1, ..., γr;

x1 (−t)ρ

(1 − t)ρ
, ...,

xk (−t)ρ

(1 − t)ρ
,
−xk+1t
(1 − t)

, ...,
−xrt

(1 − t)

)
,

provided that each member of (3.2) exists.

Proof. By using similar method in the proof of Theorem 3.1, we arrive at the desired result. �

Theorem 3.3. Corresponding to an identically non-vanishing function Ωµ(y1, ..., ys ) of s complex variables y1, ..., ys

(s ∈ N) and of complex order µ, let

Λµ,ψ(y1, ..., ys; ζ) :=
∞∑

k=0

akΩµ+ψk(y1, ..., ys)ζk,

where ak , 0 , µ, ψ ∈ C and

Θ
µ,ψ
n,p (x1, ..., xr; y1, ..., ys; ξ) :=

[n/p]∑
k=0

ak
(k)E (r) (

−n − pk, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr
)

×Ωµ+ψk(y1, ..., ys)
ξk

(n − pk)!
.
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Then, for p ∈ N, we have
∞∑

n=0

Θ
µ,ψ
n,p

(
x1, ..., xr; y1, ..., ys;

η

tp

)
tn = Λµ,ψ(y1, ..., ys; η) et

0F1 (−, γ1; x1 (−t)ρ) ...0F1 (−, γk; xk (−t)ρ)

× Φ (βk+1, γk+1;−xk+1t) ...Φ (βr, γr;−xrt) , (3.3)

provided that each member of (3.3) exists.

Proof. We get the required result by using the generating functions in Theorem 2.9 and the techniques used to prove
Theorem 3.1. �

Theorem 3.4. Corresponding to an identically non-vanishing function Ωµ(y1, ..., ys ) of r complex variables y1, ..., ys

(r ∈ N) and of complex order µ, let

Λm,q(x1, ..., xr; y1, ..., ys; t) :=
∞∑

n=0

an Ψm+nq (x1, ..., xr) Ωµ+pn(y1, ..., ys)tn,

where (an , 0 , µ ∈ C), Ψm is defined by (2.7) and

N p,µ
n,m,q(y1, ..., ys; z) :=

[n/q]∑
k=0

akΩµ+pk(y1, ..., ys)zk.

Then, for every nonnegative integer m,
∞∑

n=0

(
λ + m + n − 1

n

)
Ψm+n (x1, ..., xr) N p,µ

n,m,q(y1, ..., ys; z)tn (3.4)

= (1 − t)−λ−mΛm,q

(
x1 (1 − t) , x2, ..., xr; y1, ..., ys;

ztq

(1 − t)q

)
,

provided that each member of (3.4) exists.

Proof. Let T denote the left-hand side of equality (3.4). Then we have

T =

∞∑
n=0

(
λ + m + n − 1

n

)
Ψm+n (x1, ..., xr)

[n/q]∑
k=0

akΩµ+pk(y1, ..., ys)zktn

=

∞∑
k=0

 ∞∑
n=0

(
λ + m + n + qk − 1

n

)
Ψm+n+qk (x1, ..., xr) tn

 ak Ωµ+pk(y1, ..., ys) (ztq)k

=

∞∑
k=0

(1 − t)−λ−m−qk Ψm+qk (x1 (1 − t) , x2, ..., xr) akΩµ+pk(y1, ..., ys) (ztq)k

= (1 − t)−λ−m
∞∑

k=0

akΨm+qk (x1 (1 − t) , x2, ..., xr) Ωµ+pk(y1, ..., ys)
(

ztq

(1 − t)q

)k

= (1 − t)−λ−m Λm,q

(
x1 (1 − t) , x2, ..., xr; y1, ..., ys;

ztq

(1 − t)q

)
,

which completes the proof. �

4. Special Cases

As an application of the above Theorems, when the multivariable function Ωµ+ψk(y1, ..., ys) , k ∈ N0, s ∈ N, is
expressed in terms of simpler functions of one and more variables, then we can give further applications of the above
theorems. We first set

s = r, Ωµ+ψk(y1, ..., yr ) = u(α1,...,αr)
µ+ψk (y1, ..., yr)
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in Theorem 3.1, where the Erkus-Srivastava polynomials u(α1,...,αr)
n (x1, ..., xr), generated by [11]

∞∑
n=0

u(α1,...,αr)
n (x1, ..., xr)

tn

n!
=

r∏
j=1

{(1 − x jtm j )−α j }. (4.1)

We are thus led to the following result which provides a class of bilateral generating functions for the (k)E(r) multi-
variable multiple hypergeometric functions and Erkus-Srivastava polynomials respectively defined by (2.1) and gener-
ated by (4.1).

Corollary 4.1. If

Λµ,ψ(y1, ..., yr; ζ) :=
∞∑

k=0

aku(α1,...,αr)
µ+ψk (y1, ..., yr)ζk

(ak ,0, µ, ψ ∈ C)

then, we have

∞∑
n=0

[n/p]∑
k=0

ak (λ)n−pk
(k)E (r) (λ + n − pk, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
× u(α1,...,αr)

µ+ψk (y1, ..., yr)
ηk

tpk

tn

(n − pk)!

= (k)E(r)
(
λ, βk+1, ..., βr; γ1, ..., γr;

x1

(1 − t)ρ
, ...,

xk

(1 − t)ρ
,

xk+1

(1 − t)
, ...,

xr

(1 − t)

)
× (1 − t)−λ Λµ,ψ(y1, ..., yr; η), (4.2)

provided that each member of (4.2) exists.

Remark 4.2. Using the generating relation (4.1) for Erkus-Srivastava polynomials and getting ak = 1, µ = 0, ψ = 1 in
Corollary 4.1, we find that

∞∑
n=0

[n/p]∑
k=0

(λ)n−pk
(k)E (r) (λ + n − pk, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
× u(α1,...,αr)

k (y1, ..., yr)
ηktn−pk

(n − pk)!

= (1 − t)−λ (k)E (r)
(
λ, βk+1, ..., βr; γ1, ..., γr;

x1

(1 − t)ρ
, ...,

xk

(1 − t)ρ
,

xk+1

(1 − t)
, ...,

xr

(1 − t)

)
×

r∏
j=1

{(1 − yiη
m j )−αi }.

If we set

Ωµ+ψk(y1, ..., yr ) = (k)E (r) (λ + (µ + ψk), βk+1, ..., βr; γ1, ..., γr; x1, ..., xr
)

or

Ωµ+ψk(y1, ..., yr ) = (k)E (r) (
−(µ + ψk), βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
in Theorem 3.1, 3.2 and 3.3, we have bilinear generating function relations for the multivariable multiple hypergeo-
metric functions.

On the other hand, choosing

s = r, Ωµ+ψk(y1, y2) = (k)H(r)
4

(
− (µ + ψk) , βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
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in Theorem 3.2, where the fourth kind multivariable Horn functions [13], generated by
∞∑

n=0

(λ)n

n!
(k)H(r)

4
(
−n, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr

)
tn (4.3)

= (1 − t)−λ (k)H (r)
4

(
λ, βk+1, ..., βr; γ1, ..., γr;

x1t2

(1 − t)2 , ...,
xkt2

(1 − t)2 ,
−xk+1t
(1 − t)

, ...,
−xrt

(1 − t)

)
,

where |t| < 1.
We are thus led to the following result which provides a class of bilateral generating functions for the multivariable

multiple hypergeometric functions (k)E(r) and the fourth kind multivariable Horn functions.

Corollary 4.3. If

Λµ,ψ(y1, ..., yr; ζ) :=
∞∑

k=0

ak
(k)H (r)

4
(
− (µ + ψk) , βk+1, ..., βr; γ1, ..., γr; y1, ..., yr

)
ζk

(ak , 0, µ, ψ ∈ C)

then, we have
∞∑

n=0

[n/p]∑
k=0

ak (λ1)n−pk
(k)E (r) (

−n − pk, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr
)

×
(k)H (r)

4
(
− (µ + ψk) , βk+1, ..., βr; γ1, ..., γr; y1, ..., yr

) ηktn−pk

(n − pk)!

= (1 − t)−λ1 (k)E (r)
(
λ1, βk+1, ..., βr; γ1, ..., γr;

x1 (−t)ρ

(1 − t)ρ
, ...,

xk (−t)ρ

(1 − t)ρ
,
−xk+1t
(1 − t)

, ...,
−xrt

(1 − t)

)
× Λµ,ψ(y1, ..., yr; η), (4.4)

provided that each member of (4.4) exists.

Remark 4.4. Using the generating relation (4.3) for the fourth kind multivariable Horn functions and getting ak =
(λ2)k

k! ,
µ = 0, ψ = 1, in Corollary 4.3, we find that

∞∑
n=0

[n/p]∑
k=0

(λ2)k (λ1)n−pk
(k)E (r) (

−n − pk, βk+1, ..., βr; γ1, ..., γr; x1, ..., xr
)

×
(k)H (r)

4
(
−k, βk+1, ..., βr; γ1, ..., γr; y1, ..., yr

) ηktn−pk

k! (n − pk)!

= (1 − t)−λ1 (k)E (r)
(
λ1, βk+1, ..., βr; γ1, ..., γr;

x1 (−t)ρ

(1 − t)ρ
, ...,

, xk (−t)ρ

(1 − t)ρ
,
−xk+1t
(1 − t)

, ...,
−xrt

(1 − t)

)
× (1 − η)−λ2 (k)H (r)

4

(
λ2, βk+1, ..., βr; γ1, ..., γr;

y1η
2

(1 − η)2 , ...,
ykη

2

(1 − η)2 ,
−yk+1η

(1 − η)
, ...,

−yrη

(1 − η)

)
.

Remark 4.5. If we take ρ = 2 in (4.4), we have a bilinear generating function relations for the fourth type multivariable
Horn functions.

Furthermore, for every suitable choice of the coefficients ak (k ∈ N0), if the multivariable functions Ωµ+ψk(y1, ..., yr),
r ∈ N, are expressed as an appropriate product of several simpler functions, the assertions of Theorems 3.1, 3.2, 3.3
and 3.4 can be applied in order to derive various families of multilinear and multilateral generating functions for the
multivariable multiple hypergeometric functions (k)E(r) defined by (2.1).
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[14] Gürel Yılmaz, Ö., Aktaş, R., Taşdelen, F., On some formulas for the k-analogue of Appell functions and generating relations via k-fractional
derivative, Fractal and Fractional, 4(2020), 48.

[15] Hidan, M., Abdalla, M., A note on the Appell hypergeometric matrix function F2, Mathematical Problems in Engineering, (2020).
[16] Horn, J., Hypergeometrische funktionen zweier Veränderlichen, Math. Ann., 105(1931), 381–407.
[17] Jaeger J.C., Hulme H.R., The internal conversion of Gamma rays with the production of electrons and positrons, Proceedings of the Royal

Society of London A, 148(1935), 708–728.
[18] Kalla, S.L., Parmar, R.K., Purohit, S.D., Some extensions of Lauricella Functions of sevearal variables, Communications of the Korean

Mathematical Society, 30(2015), 239–252.
[19] Korkmaz Duzgun, D., Erkus Duman, E., Extended multivariable fourth type Horn functions, Gazi University Journal of Science, 32(2019),

225–240.
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