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ABSTRACT. In this study, we focus on Smarandache curves which are a special
class of curves. These curves have previously been studied by many authors
in different spaces. We will re-characterize these curves with the help of an
alternative frame different from Frenet frame. Also, we will obtain frame
vectors curvature and torsion of these curves.

1. INTRODUCTION

Curves, which have an important position in differential geometry, have enabled
many studies. Many theories have been developed by establishing relations be-
tween Frenet frame. One of the special curves studied in differential geometry is
Smarandache curve. Smarandache curve is defined as the regular curve drawn by
these vectors, when the Frenet vectors of the unit speed regular curve are taken
as position vectors [2]. A.T. Ali introduce special Smarandache curves in the Eu-
clidean space. Some special Smarandache curves are expressed in 3-dimensional
Euclidean space and introduced the Serret-Frenet elements of a special case [3].
NC-Smarandache curve with Frenet vectors {T,N,B} and unit Darboux vector C of
the curve « is defined in the study titled ” An application of Smarandache curves”
[4]. In [5], authors obtain results about the characterization of Smarandache curves
according to the Sabban frame formed on the S? unit sphere. In [7], authors clas-
sify general results of Smarandache curves with respect to the causal character of
the curve. In her master’s thesis named ”Smarandache Curves of Bertrand Curve
Pair According to Frenet Frame”, she define Smarandache curves according to the
Frenet vectors of the Bertrand partner curve and found some characterizations be-
longing to these curves [8]. In the study titled ”Smarandache Curves According
to Bishop Frame in Euclidean 3-Space”, Smarandache curves belonging to Bishop
frame are examined and they give some characterizations of these curves [6].

In this present paper, we introduce Smarandache curves according to the alter-
nate frame defined by Uzunoglu et al. of a unit speed curve in Euclidean 3-Space.
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Firstly, we give Frenet frame, alternative frame and its properties. After that we
mentione the relationship with alternative frame and Frenet frame. Then we define
the special Smarandache curves according to alternative frame and we calculate
the curvature, torsion, Frenet frame elements and alternative frame elements of
this curves.

2. PRELIMINARIES

In this section, basic definitions and theories about the Frenet frame and the Serret-
Frenet formulas and the alternative frame will be given.

Definition 2.1. Let a: I C R — E? be a unit speed curve. The vectors {T,N,B}
Frenet frame along the o can be defined as follows

(2.1) T(s)=a'(s), N(s)= ”58” B(s) = T(s) x N(s)

where T is the unit tangent vector field, N is the principal normal vector field, B is
the binormal vector field. Frenet derivative formulas can be given as follows

’

T [0 s 0][T0)
(2.2) N (s) | = | —k(s) 0 7(s) N(s)
B'(s) 0 -7(s) 0 B(s)

where k is the curvature and 7 is the torsion of the curve « [1]. The curvature and
the torsion of the curve o are calculated as follows

(2.3)

_ <o Na ,a >
T(S) = 4”04//\0// 2

{ w(s) = [l (s)l

Definition 2.2. Let o : I € R — E? be a unit speed curve. Each unit speed
curve has at least four continuous derivatives one can associate three orthogonal
unit vector field. T, N and B are tangent, the principal normal and the binormal
vector fields, respectively. Uzunoglu et al. [9] defined the alternative moving frame
denote by {N,C, W} along the curve a in Euclidean 3-space as

N (s)

(2.4) N(s)=N(s), C(s)= NEI W(s) = N(s) x C(s).

For the derivatives of the alternative moving frame, we have

’

N (s) 0 f(s) 0 N(s)
(2.5) C(s) | =] —fls) 0  g(s) C(s)
W'(s) 0 —g(s) 0 W (s)

where f and g are curvatures of the curve « as

f = /K2 + T2
g= (/) :
T+72/r2

(2.6)
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Definition 2.3. Let « : I — E3 be a unit speed curve denote by {T,N,B} the
moving Frenet frame. Smarandache curve is called the regular curve drawn by the
vector whose position vector is

Bls) = a(s)T(s) + b(s)N(s) + c(s) B(s)
Va2 (s) + b2(s) + ¢(s)

where a,b,c are real functions [4].

3. SMARANDACHE CURVES IN EUCLIDEAN 3-SPACE

In this section, TN, TB, NB and TNB-Smarandache curves will be introduced
and their curvature and torsion will be expressed in Euclidean 3-space.

Definition 3.1. [3] Let a(s) be a unit speed regular curve in E% and {T,N,B} be
its moving Frenet-Serret frame. TN-Smarandache curve is defined by

(3.1) Brals) =

Theorem 3.2. [3] Let a(s) be a unit speed regular curve in E3. The curvature and
torsion of the TN-Smarandache curve are as follows, respectively.

ﬁﬁTN:%V(S%‘FN%‘H?%

(T + N).

(3.2)
r _ V2[(m3 42627 =7k + k7" )81+ (k7' — k' T) a1 +(2r> +K72) 1]
BrN (T342k27—7K +r7" )24+ (kT —K'T)2 4+ (2K3+rT2)2

6y = —[k2(262 + 72) + 7(1K — KT )]
(33) = —[k*(2K% + 37%) — 7(7° + w7’ — 7))
m = k[r(26% + 72) — 27K — KT ]
o=k +w(12 3K ) — K’
(3-4) fir =~k — k(T2 +3K) =377 + K
= —k2T — 734216 + KT 7"
Definition 3.3. [3] Let a(s) be a unit speed regular curve in E3 and {T,N,B} be

its moving Frenet-Serret frame. TB-Smarandache curve is defined by

(3.5) Bra(s) = \%@ + B).

Theorem 3.4. [3] Let a(s) be a unit speed reqular curve in E3. The curvature and
torsion of the TB-Smarandache curve are as follows, respectively.

V2(83+43)

K;BTB = (,{77—)4
(3.6)
.  V2[K% 702 =267 280+ 7350+ K37 — 2K TR+ KT 2 T2)
Prs = (T(r=7)%)2+(k(rk—T)2)2
where
8y = —k* 4+ 3637 — 3272 + k78
(3.7) e =0

2 = K31 — 3K272 4+ 3k73 — 14
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0y = 3Kk + 267 + K T
(38) /742 — (7— _ H)(TQ + /12) + K)” . 7_//
Mo = =377 + 276" + K7’

Definition 3.5. [3] Let a(s) be a unit speed regular curve in E% and {T,N,B} be
its moving Frenet-Serret frame. NB-Smarandache curve is defined by

(3.9) By(s) = %(zv + B).

Theorem 3.6. [3] Let a(s) be a unit speed regular curve in E3. The curvature and
torsion of the NB-Smarandache curve are as follows, respectively.

Kowe = Goitaemyp VO + 43 T 0]

- _ \/5[(27'34-7%2)53—1-(7'/ k—Tk Vs + (k> +2612 k7' —TR') T3]
Bne — 2713 +7R2) 24+ (7' k—TK' )2+ (K3+2rT2+ KT —TK')?

(3.10)

where
03 = (K2 + 21 KT + 27'(&7'/ — 7-/<;')
(3'11) Hn3 = —(/‘62+27'2)(I<&2+7'2)+/€(H/T—7'//£)
s = (* +27%)(=7%) + k(K7 — K'T)
bs =P+ k(T2 =3k ) — K
(3.12) p3 = —K3 — I~€(7'2 + 3/5) — A7+ K
s = —K*T — 73+ 276 + KT + 7"

Definition 3.7. [3] Let a(s) be a unit speed regular curve in E3 and {T,N,B} be
its moving Frenet-Serret frame. TNB-Smarandache curve is defined by

1
V3
Theorem 3.8. [3] Let a(s) be a unit speed reqular curve in E3. The curvature and

torsion of the TNB-Smarandache curve are as follows, respectively.

(3.14)

KBTNBZWV(SE—FNA%—F”E

- _ V3[(K2 TR —2K7T2 —r7 423 — 1k +Tﬁ2)54+(m—/ — 7k ) s+ (263 i )74]
Brne (k27 4+K7' —2672 —77 4273 — 7K' +7K2)2 4+ (k7T —TK) 2+ (263 —TK')?2

(3.13) Brnp(s) = —=(T + N + B).

where
6p = kr[dk(k —7) + 207" +72) + K| — K2(262 + 7') — 2K/ 72
(3~15) 04 = 2HT[(/€ - 7)2 + 27 — 27”] — 2(%4 + T4) + /1/72 — K27
84 = T[26(K% + 472 — K — 2k7) + (7K' + 7' — 273)]

01 = K>+ k(12 —3K) — K
(3.16) fy = —K3 — k(T2 + 3/1/) — 377 + K
a = —k2T — 734+ 216 + KT 7"
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4. SMARANDACHE CURVES ACCORDING TO ALTERNATIVE FRAME IN E?

In this section, these special curves will be re-examined on an alternative frame
inspired by Smarandache curves defined according to the Frenet frame in Euclidean
3-space.

Definition 4.1. Let 3(s) be a unit speed regular curve in E% and {N,C,W} be its
moving alternative frame. NC-Smarandache curve is defined by

(4.1) Bye(s) = (N +0).

V2

Theorem 4.2. Let 3(s) be a unit speed regular curve in E®. The curvature and
torsion of NC-Smarandache curve are as follows, respectively.

f= \/fm] [ (35 55+ua#5+n5ns)]

(2f2+g%)2 52+M52+7l5

(5555+u5u5+n5n0)
52+nZ+n2 /
\/5-\/5§+u§+n§
g= ETEETEd
V2 (8585 +4i5 5 +1i5715)
14] s3+ug+n2 2
VZ\/52+uZ+n3
(2f2+9?%)

(4.2) [

where
55 = —[f2(2f* + 9% + 9(9f — f9)]

(4.3) ps = —[f2(2f + 39%) — g(g° + fg' — gf")]
ns = flo2f* +9%) —2(9f — fg)

55 [(5; - fﬂ5,)(552, + pd +n3) — 55(555é + M5ﬁf/5 + 77577,:5)] /
(4.4) ps = [(fds + ts — gns) (02 + ¢ +n2) — ,H5(5555/+ psps + N575)]
15 = [(gps + 15) (05 + p3 +n3) — 050505 + pspus + 1575)]

(=2ff ="+ 2~ + f9°) ,
=(—f3- ff*2ff +f =299 —f9°—99)
=(-f9-g*+29f +fg +g")

N
&
d) t)

05 = (¢° +2f°9 —9f + f9),
(16) Ty )
s =(=f*9—9°+29f +fg +g)
Proof. Let B(s) be a unit speed regular NC-Smarandache curve as in (4.1). If we

take the derivative of the Smarandache curve according to arclenght parameter, we
have

dﬂNC d85 1
4. L = __(—fN 1774
and since

dBnc
dSﬂ
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we can see
dss \/ 1 \/ 212 + g2
48 D6 a2 ) = g
(1.8 B s ) .
From the equations (4.7) and (4.8), the tangent vector of Syc¢ is
—fN+ fC+gW
(4.9) Toye = :

VeI

If we take derivate this expression is again, we can see that

/ 2

(4.10) Ty = (QF{QQ)Q(&E,N + p5C + s W)
where

05 = —[f2(2f* + ¢*) + g(af — f9)],

s =—[f2(2f* +39%) — 9(¢> + fg' — /")),

s = flo(2f* + g*) — 2(9f — fg))-
The curvature of the Syc¢ is indicated by the kg, taking the norm of equation
(4.10).

V2
(4.11) KBne = W\/ 0 + 2 +n2

If the principal normal of Sy¢ is indicated by Ng, ., it is found in the form of
05N + usC' + nsW
(4.12) Ngyo = Rl e
V05 + p5 + 15
If we take the derivative of the equation (4.12), we obtain
, 2 05N+ jisC + W
(4.13) N — V2 5V + s +7375
V22 +g® (2f2+ g7

where
05 = (65 — f/i5,)(5§ + 2 +12) — 65(0505 + H5/{/5 + 77577;5)], /
15 = [(fd5 + 15 — gns) (53 + 415 +115) — 1 (3505 + st + msms )],
75 = [(gus + 15) (63 + 5 + n3) — 115(9505 + pspis + 715705)]-

If we take the norm of the equation (4.13), we get

(414) INjo | = Y2 VST
VAP (R4 )
Since Cgy = sz re R if necessary calculations are made from the equations (4.13)
NC
and (4.14)
05N + [isC + s W

Cone = =
T VR
From the definition of Darboux vector, we know W3, ., = Ngyo X Cgyeo. So we

have
1 N C W

= 05 M5 15
VOE+ pE 42 -\ 05 + fis® + 15> ds 15 15

W,BNC =
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and so on
(sm5 — nspis) N — (0515 — 1505)C + (05405 — t505) W

= 2 _ _
VOE+ pE 412 \/ 05" + 152 + 152

To find the torsion, we need to find the second and third derivates of the Sy curve.
These derivates are available below.

(4'15) WBNC =

(4.16) Bels) = %(N L),

(4.17) Bre = T(fC FN + gW),

(4.18) Bue = 7( (P4 LIN+ (=24 = HC+ (fg+9)W),
(4.19) Bic = 50N + 0+ W)

where

05 = (=2ff — 1"+ £ = f + 1),

= (=L~ =2 + [ ~299' ~ fg* —g9),

= (—19—g*+29f +fg +9g)
In equation (2.3), if the expressions (4.17), (4.18) and (4.19) are written in their
places and the necessary calculations are made, torsion is found as

(4.20)
V2| (g + 2%~ gf + fg) + (Fa — £ o) + 2 + Fa2)ih
T = ’ ’ ’ ’
e (67 +2f% — I + 192+ (g = ['9) + @ + [o*)?
In equation (2.6), if the expressions (4.11) and (4.20) are written in their places and

the necessary calculations are made, curvature and torsion according to alternative
frame are obtained as

02 + 2 + 775} - (8505 + fisiin + 775775)]

(4.21) f= [\[ 2 )
(212 + g%)2 62 + i5” +15°
and
V2 (8535 +4i5 15 +1i575)
[ 62+u2+n2 ]/
VZ\/52+uZ+n2
_ NC T
(4.22) g= \/5.(5‘5§E+%"5;f5_+vf5%)
62+u2+n2 2
L+ N )
T @efZ+enH)?

where ~ , ,
05 =(9° +2f’9—9f +f9),
is=(fg —f9), / o
5= (—f9—g>+29f +fg +9g ).
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Definition 4.3. Let (3(s) be a unit speed regular curve in E3 and {N,C,W} be its
moving alternative frame. NW-Smarandache curve is defined by

(4.23) Brw(s) = —=(N + W).

V2

Theorem 4.4. Let 3(s) be a unit speed regular curve in E3. The curvature and
torsion of NW-Smarandache curve are as follows, respectively.

f= \/ V2:4/ f2+g [ 5656+776716)]

(f—9) 6241762

V2-(8636 417676
(424) [ 53+ng I
ﬂ‘(\/fz)*’QQ
— f—g
9= T A gbetinnn
14 5g+ng 2

V2V f2+42
(f-=9

where

=(—f - f’92+f2f’+fgg’>
(—f* = f2¢? 2f2 )

=g fP+g9*—gff —gg)

(=3ff +2fg +9f)
—(f2+g J—f+9)+ [ -
= (=399 +29f +fg)
0 = (f?9 —2f¢* + ¢°),
e = (f* = 2f%9 + fg*).
Proof. Let (s) be a unit speed regular NW-Smarandache curve as in (4.23). If

we take the derivative of Smarandache curve according to arclenght parameter, we
have

Gﬂ

(4.25)

dl =
(=2}
Il

(4.26)

§>t S

dfnw dsg  (f —g)C

4.28 — =
(4.28) dsg ds N
and since
dBnw
dSB
we can see
— )2 —
(4.29) dsg _ [(F—9? _|1f—gl
ds 2 V2
From the equations (4.28) and (4.29), tangent vector of Syw is
_l C f>y
(4.30) Tonw = { —C f<g
If we take derivate this expression is again, we can see that
/ V2(—fN +gW)

|f =4l
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The curvature of the By is indicated by the kg, taking the norm of equation
(4.31).

V2

(4.32) Kanw = m\/ 2+ g?

If the Syw is indicated by principal normal Ngy.,,, it is found in the form of
1

(4.33) Noyw = W(*J‘N +gW)

If we take the derivative of the equation (4.33), we obtain that

(4.34) N V2 _56N+ﬂ60+776W
If =g (f2+¢2)2

where ~
do=(-ff—Fo+[f +fog)
fie = (jf4 A 94)/
6= (9 f>+99>—9ff —9°9)
If we take the norm of the equation (4.34), we get

V2

(4.35) | NIl = : O+ 1+ 7}
(P4 e?)Elf -l
Since Cyyy = HI\/?&H , if necessary calculations are made from the equations
BNW

(4.34) and (4.35),

’

s _ NgNW _ SGN + ngC + gW
NW 7 = = — -
H]VﬁNWH V (;g + :u% + ng

From the definition of Darboux vector, we know Wa, ., = Ny X Coyw s

1 N C W
Wayw = —= -f 0 g
RV R R RV R 6 fie Tl
and so on _
W _ —giicN + (fne + g06)C — fricW
BNw — .

VO + i+ -+ g
To find the torsion, we need to find the second and third derivatives of the Syw
curve. The derivates are available below.

(4:36) Brw(s) = Z=(N +T0),

(4.37) Byw = %(fc’ —g0),

@38 B = S5-I aIN (= g)C+ (fg - W),
(4:30) B = —= (BN + FGC + W)

V2
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where

06 = (=3ff +2fg +gf")
= (PP +9+f -
6 = (=399 +29f + fg)
In equation (2.3), if the expressions (4.37), (4.38) and (4.39) are written in their
places and the necessary calculations are made, torsion of Syw is found as

V2 [ (29— 2f9% + 905 + 0+ (f> — 229 + f9*)s, |
(f29=2f9> +¢°)* + (J° = 2?9 + [9°)?
In equation (2.6), if the expressions (4.32) and (4.40) are written in their places and

the necessary calculations are made, curvature and torsion according to alternative
frame are obtained as

(4.40) TByw —

(4.41) f=4

V2. \/f2+g 5656"‘776776)}
(f—9) 52 —|—776

and
V2 (86 56+17676)
[ 62+ng ]/
V22442
_ (F—9)
(4.42) 9= V2:(8686+176775)
62+n
67"6 2
e v
(f—9)

where

56 = (f29 2fg* + ¢%),

(f3 219+ fg°).
(]

Definition 4.5. Let 3(s) be a unit speed regular curve in E? and {N,C,W} be its
moving alternative frame. CW-Smarandache curve is defined by

(4.43) Bow (s) = —=(C +W).

V2

Theorem 4.6. Let 3(s) be a unit speed regular curve in E®. The curvature and
torsion of CW-Smarandache curve are as follows, respectively.

I \/ V3. m] [ 5767+u7u7+n7n7)]

(f*+24° 82+ iz 2 41772

V2 (8787 + 17 7 +1i7 77)
[ 82 +p2+n2
VZ\/52+uZ+n2
g= (F2+2¢%)?
V2 (6787 447 iy +1i77)

1+]

(4.44)

62 +p2+4n2 5
VZ\/52+n2+n2
(f2+242)
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where
6y = (f9(f* +29%) +29(fg —gf)
(4.45) pr=—(f*+20*)(f*+ )+ f(f 9—9 f)
nr=—9*(f*+29°)+ f(fg —9f)

67 = 1(67 = fur)(63 + 13 + ) — 67(8787 + popsg +1pmp)]
(4.46) iz = [(f07 + pir — gnz) (67 + 7 + 0?) — pr(8707 + prpur + n7ny)]
17 = (g7 + n7)(6F + 13 +n3) — n7(8767 + prpur + 1777)]

or = (" + f(29 + 1) +9(f +9)
(4.47) fir = (f(=3f +9f)+9(= 3”9 +9*)-9g)
i =—9(f*+9*+39)+g

o7 = (29° + 9f?)
(4.48) pr=(9f-9f)
= (f*+2fg* +fg —gf)
Proof. Let (s) be a unit speed regular CW-Smarandache curve as in (4.43). If

we take the derivative of Smarandache curve according to arclenght parameter, we
have

dﬁcw d$/3 1

4.49 — N 4+ gW —gC
(4.49) dsy s \f( N +gW —gC),
and since

dBew

dsB
we can see

dsg \/1 \/f2 + 2g2

4. DB L JIF2 g2 4 g2) =
(4.50) s 5 (f2 9%+ 9%) 5
From the equations (4.49) and (4.50), tangent vector of Bow is

—fN +gW —gC
(4.51) Ty = AN TIW —9C

/f2 + 292
If we take derivate this expression is again, we can see that
(4 52) ’ _ 07N + p7C 4+ W ) \ﬁ
' pew (/2 +2¢2)% (7 +2¢°)

where

or = (fg(f* +29%) +29(fg —9f )
pr=—(f*+20*)(f*+ ")+ f(F9—9 f)
= —g*(f*+2¢°) + f(fg —9f)

The curvature of the Scw is indicated by the kg, taking the norm of equation
(4.52).

V2
(4.53) KBow = 1242V 0% + u3 + 13

If the principal normal of Bcw is indicated by Ng,,, , it is found in the form of
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07N + p7C 4+ ns W
(4.54) Npgy = e
V07 + 7+ 07
If we take the derivative of the equation (4.54), we obtain
, 2 6N+ i:C + W
(4.55) N — V2 7N + 7 +7377
V2292 (212 +g%)2

where

b7 = [(67 — fﬂz)(5$ + 1+ n?) — 67(0707 + /~L7lf/7 + 7777{’7)] /
i = (07 + pg — gna) (07 + 17 + 17) — pa(3707 + gy + 1oy )]
7 = [(grr +07)(07 + 13 + 03) — 07(707 + prpr + n7n7)]

If we take the norm of the equation (4.55), we get

V2 02 + 2 + 12

(4.56) 1N || = i
P2 (53 )
N/
Since Cp.y, = —H<W— | if necessary calculations are made from the equations

N
(4.55) and (4.56)

67N + ji7C + ;W
Coow = 5 22
V07 + [7 + 17

From the definition of Darboux vector, we know Wps,,, = Nagy X Caoyy - S0 we
have

1 N C W
Woeow = — 07 ps M7
VO + 2 +nf o+ +? | 0 o
and so on
(7177 — nspir)N — (87177 — 1767)C + (87437 — purb7)W
(4.57) W = ,

&2 _ _
V07 + g + 17\ 077 + pir?

To find the torsion, we need to find the second and third derivates of the Bow
curve. These derivates are available below.

(458) Bew(s) = Z(C+W)

(4.59) Bow = (=N +gW = 4C),

@00 fow = F AN+ (= =)+ (W)
(4.61) By = —=(B1N + 7C + W)

V2
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where R
b= (=f"+ f(29 + 1) +9(f +9f)
= (F(=31 +9f) +9(=3¢ +¢°) — ")
T =—9(f* +9>+3¢)+¢
In equation (2.3), if the expressions (4.59), (4.60) and (4.61) are written in their

places and the necessary calculations are made, torsion is found as
(4.62)

V2| (208 + 0+ (4 f — of Y + (P + 260 + 19— af )i |
T - ’ ’ ’ ’
e (29° + 92 + (9 f —af )2+ (fP+2f* + fg' —gf')?
In equation (2.6), if the expressions (4.53) and (4.62) are written in their places and

the necessary calculations are made, curvature and torsion according to alternative
frame are obtained as

w6 . [\[ 24+ 777} 6757 + firfiz + 777777)]
(f2+242)2 52+ﬂ7 + 1j7”
and
V2 (8787 +4i7 iy i iy)
[ 62+ u2+n2 ]/
\/5-\/5$+u$+n$
_ LI
(4.64) 9= V35757 i im A )
624242 2
1 + [ \/5-\/5$+M%+77$ }
e
where B
7= (29° +9/%),
fir=(g'f—gf ),

iir = (f2+2f> + fg —gf ).
0

Definition 4.7. Let 3(s) be a unit speed regular curve in E* and {N,C,W} be its
moving alternative frame. NCW-Smarandache curve is defined by

1
N HCEW).

Theorem 4.8. Let 3(s) be a unit speed regular curve in E®. The curvature and
torsion of NCW-Smarandache curve are as follows, respectively.

(465) BNCW(S) =

f fm] +[ 5858+N8M8+n8778)]2

2f2+292—29f)2 63 +1is2+1js?

V3-(5385+1im iR+ T8)
2 24,2
[ Sg+ug+ng
V3\/53+n3+n3
g= (2f2+292—29f)2
V3 (6888 +4ig rg +17878)
14 63 +nd+n?2 2
VB /03 +u3+n3
(2f*+2g9°—-2gf)

(4.66)
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where
(4.67)

0s=gff —2f > —2f* —4f°9* +4f% + 20°f + 2f99 — f*9
ps = f2(=2f* = 49> = 2fg — g ) + ¢*(-29" +2fg —g + f9(f —g))
s =2f*(fg—29°+9)+g*(4f9—29*+ f)— f9(g +2f)

0s = (0 — fus) (0% + 1 + ) — 0s(Fsds + pispis +1smg)]
(4.68) s = [(f0s + p1g — gns) (53 + 1§ + n3) — ps(Isds + psprg + sl )]
s = [(gus + ng) (65 + pg + ng) — ns(9sdg + pspig + 1s7g)]

= (f*+fo° —3ff/'—f"/+2g'f7§gf',)/
(4.69) us—(g — 2 =3(ff +gg) (=f +9)+fo(f-9)
=9 — f29—399 — g*+29f + fg)

0s = (2f°9 —2f¢* + fg' — 9f )
(4.70) fis =(fg —I9) o
s = (2f° +2fg* — 29f* —gf +fg)
Proof. Let B(s) be a unit speed reguler NCW-Smarandache curve as in (4.65). If

we take the derivative of the Smarandache curve according to arclenght parameter,
we have

dBncow dsg 1
4. 1 — T — _ JE—
(4.71) T = BUC— N+ gW —gC),
and since
dfncw
dsB 7
we can see
ds 2
(4.72) =3 et —al).

From the equations (4.71) and (4.72) tangent vector of Sncow is

fC—fN+gW —gC
2(f*+9*—9f)

If we take derivate this expression is again, we can see that

, 0N + psC + W V3

YW T (af2 + 292 — 29f)8 /(217 + 292 — 2)

(4'73) TﬁNcw -

(4.74)

where

0s =gff —2]'¢° —2f* —41°¢° + 4% + 2°f +2f9g — [*¢

ps = f2(=2f* — 49> —2fg—g') + ¢*(—2¢" +2fg— g + fo(f —9))

ns =2f2(fg—20>+¢) + ¢*4fg— 20>+ f) = falg +2f")
The curvature of the Sycw is indicated by the g, taking the norm of equation
(4.74)

V3 [2 . 2. 2

If the principal normal of Sycw is indicated by Ngyey , it is found in the form of
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0N + ugC' + nsW
(476) Ngyow = 5 3 5
V03 + kg + 13
If we take the derivative of the equation (4.76), we obtain
, 3 6sN + fisC + s W
(4.77) N — V3 gV + gC + 17

V222~ 29 (5 + A3+ R)?

where

’

0s = [(05 — f1s) (08 + 1 + ) — 0s(Fsds + pispis +1smg)]
s = [(f0s + p1s — gns) (53 + p§ + n3) — pis(Jsds + pispug + Nsg)]
s = [(g1s + ns) (08 + 1§ + ng) — ns(dsds + psps + nsng)]
If we take the norm of the equation (4.77), we get
HN’ H: \/g \/Sngﬁ%Jrﬁg
e R 2 — 29] (BB + R+ )

/

. N . . .
Since Cpyoy = —AAW— | if necessary calculations are made from the equations

Ve |
(4.77) and (4.78)

(4.78)

6N + fisC + s W
CﬁNCW = 2 —35 ) :
Vo5 + g + 173
From the definition of Darboux vector, we know Wz, = Ngyew X Cayow - S0
we have

1 N C W
Winew = — 6_8 Hs 78
VOE +ug + 308" + pis® + s | Os s T8

(nsms — mspis)N — (851 — 1sds)C + (Osfis — pugds)W

Wanew = —
VS 13 115 -\ 08T + fis? + 11

To find the torsion, we need to find the second and third derivates of the Bycow
curve. These derivates are available below.

and so on

(4.79) Bnew (s) = %(N +C+ W),

(4.80) Bvow = %(fc N+ gW — g0,

(4.81) Byew = %((—f’ — A gNN+ (=24 —g =2 )C+(fg—g*+g )W),
(4.82) Brnow = %@N RO+ W)
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where R

0s = (f+ 19" =31 — 1 +29'f +af)

s = ("= £ =3(ff +99) — (=1 +39") + fa(f ~ 9)

T =9 —f*9—399 —g° +29f + fg)
In equation (2.3), if the expressions (4.80), (4.81) and (4.82) are written in their
places and the necessary calculations are made, torsion is found as

(4.83)
V3| (2129 —2f*+ fg —gf )os + (fg — [ 9)is + (21> +2f g% — 291> — gf + f9))iRs

Towew 2f29—2fg*+ fg' —gf )+ (fg' — f'9)* + (2f*+2fg> = 29f*> —gf + fg')?
In equation (2.6), if the expressions (4.75) and (4.83) are written in their places and

the necessary calculations are made, curvature and torsion according to alternative

frame are obtained as

(22 4292 — 29f)? 52 + 12 + 1i

and
V3 (8888 +4g ig+ 18 718)
2 2 2
[ Sgtug+ng ]/
VB /33 +u3+n3
21262 247
4.85 = 2/7 429" 29
( ) g V3 (8888 +1igfig +1ig18)
6§+u§+n§ 2
1 + [ 2 2 2 ]
V3\/53+13+n3
2f2+29%2-2gf

where . , ,
0s = (2f*9 = 2fg* + fg —gf ),
fis = (fg — 1'9), o
s =2 +2fg* —29f*—gf +[fg).

5. CONCLUSION

Smarandache curves have been studied many times since they were defined. The
importance of this study is that, unlike the studies in the literature, these curves are
re-characterized with the help of an alternative frame different from Frenet frame.
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