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Abstract

In this work, we investigate an issue of fractional order continuity for a system of pseudo-parabolic equations.
Specifically, we focus on investigating the stability of the derivative index, the solution wa is continuously
with respect to fractional order a in the appropriate sense.
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1. Introduction

Fractional PDEs are important in a variety of domains, including physics and engineering of the memory
effect, viscoelasticity, porous media, and other fields [1–14]. Viscosity has an essential role in the research of
the material characteristics of constructions and biological materials. Many researchers have recently used
fractional calculations to investigate the Viscosity of such materials accurately. The primary tool for solving
that phenomenon model is fraction PDEs. Binh et al. [15] studied the dependence of the fractional order of
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derivatives with respect to the time variable for the pseudo-parabolic equation. To expand on the previous
result, we consider the coupled nonlinear fractional pseudo-parabolic equations which shown as following{

∂at
(
u(t, x) + (1 + k)Bu(t, x)

)
= F((t, x, u(t, x)), (t, x) ∈ (0, T ]× Ω,

∂at
(
v(t, x) + (1 + l)Bv(t, x)

)
= G((t, x, v(t, x)), (t, x) ∈ (0, T ]× Ω,

(1)

with the boundary conditions and initial value conditions as followed.

u(t, x) = 0, u(t, x) ∈ (0, T ]× ∂Ω, u(0, x) = f0(x), x ∈ Ω, ut(0, x) = 0, x ∈ Ω,

and
v(t, x) = 0, (t, x) ∈ (0, T ]× ∂Ω, v(0, x) = g0(x), x ∈ Ω, vt(0, x) = 0, x ∈ Ω,

In (1), the operator B is defined in (11). The function F ,G, f0, g0 will define later. The constant a ∈ (0, 1)
is called the order of fractional. Furthermore, the Caputo fractional derivative ∂at is defined as follows.

∂at u(x, t) =
1

Γ(1− a)

ˆ t

0

u′s(x, s)ds,

∂at u(x, t) = [Γ(1− a)]−1
´ t

0 (t− s)−a ∂u(x,s)
ds ds,

(2)

where u is a definitely continuous function with respect to time, Γ(w) =
∞́

0

tw−1e−tdt is the Gamma function

and u′s is regarded as an ordinary first derivative of function u. Let Ω is a bounded domain in Rn with
sufficiently smooth boundary ∂Ω. The case 0 < a < 1, the time-fractional diffusion equation plays an
crucial part in Brownian motion for normal diffusion, the macroscopic version of continuous time random
walk model (1) becomes the well known pseudo-parabolic with derivative of integer order (a = 1)

ut + (k + 1)But = F(u). (3)

The equation (3) has a wide range of real world applications, it is called the pseudo-parabolic (see [17–19]).
In addition, there are numerous works on the well-posedness of the pseudo-parabolic equation with classical
derivative, as evidenced by [20–43, 60–68] and the references therein. Investigating the existence, uniqueness,
and stability of fractional differential equations, has been the important goal in the scientific community,
especially in fractional calculus. Until now, we hardly find many articles related to the fractional order of the
pseudo-parabolic partial differential equation. Recently, the authors [46] researched and generalized Ulam-
Hyers. In [50, 51, 59], authors were recognized a boundary value problem for fractional pseudo-parabolic
equations. Benchohra [56–58] specialize in research about Hilfer fractional derivative. The regularity of the
mild solutions for fractional pseudo-parabolic equations, on the other hand, has not been investigated.

As a result, the solutions’ stability concerning these parameters is crucial for modeling purposes. The
inspiration for this idea came from the article [54]. Experiments are used to define or compute the parameters
of a practical problem. As a result, we only see its value incorrectly, and we can only get an approximate
value even if the parameters are known precisely. Problem (1) becomes complicated when we have to analyze
the upper and lower quantities utilizing terms of fractional order a. Therefore, we must choose an effective
method to provide an appropriate estimate due to the non-local and nonlinear nature of our problem.

The rest of the paper is divided as follows: In Section 2, we present the Mittag-Leffler function’s pre-
liminaries and the mild solution. In the last section, the uniqueness of the solution and continuity of the
solution with respect to fractional order will be present.

2. Preliminaries

2.1. The Mittag-Leffler function
For a > 0, b ∈ R and $ ∈ C, the Mittag-Leffler function is denoted by the symbol Ea,b($) and has the

following definition:

Ea,b($) =
∞∑
n=1

$n

Γ(na+ b)
.

Remember the following lemmas (see for instance [9, 48, 53]), that would be useful for Section 3.
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Lemma 2.1. For all $ > 0, there exist D > 0 depends on a ∈ (0, 1) such that

|Ea,1(−$)| ≤ D, |Ea,a(−$)| ≤ D.

Lemma 2.2. If a ∈ (0, 1), λ > 0 and $ ∈ R+ then we get

∂$Ea,1(−λ$a) = −λ$a−1Ea,a(−λ$a),

∂$($a−1Ea,a(−λ$a)) = $a−2Ea,a−1(−λ$a). (4)

Proof. See [60], Lemma (2.2).

Lemma 2.3. If T is large enough and 0 < a < 1 then there exist two constants D1
a and D2

a such that

D1
a

1 + λjT a
≤
∣∣∣Ea,1(−λjT a)

∣∣∣ ≤ D2
a

1 + λjT a
, ∀j ∈ N· (5)

Proof. See [44].

Lemma 2.4 (See [47], Lemma 2.3).

1 +$ ≤ |Ea,1(−$)| ≤ D2(a1, a2)

1 +$
, |Ea,a(−$)| ≤ D3(a1, a2)

1 +$
. (6)

Let 0 < a1 < a2 < 1 and a ∈ (a1, a2). Then there exists constants Di(a1, a2) > 0 (i = 1, 3) depending only
on a1, a2 such that

D1(a1, a2)

1 +$
≤ |Ea,1(−$)| ≤ D2(a1, a2)

1 +$
, |Ea,a(−$)| ≤ D3(a1, a2)

1 +$
. (7)

for any $ > 0.

Lemma 2.5. Let 0 < a1 < a < a′ < a2, 0 < $ ≤ T . There exists Dε such that

|$a −$a′ | ≤ max(T a2+2ε, 1)Dε(a′ − a)εT a−ε. (8)

here ε is a number greater than zero and independent of a.

Proof. See [60], Lemma 3.2.

Lemma 2.6. Assume that ε > 0 and 0 < a1 < a < a′ < a2 < 1. Then there is a positive constant
D1(a1, a2, ε, θ, T ), such that

|Ea,1(−λjξa)− Ea′,1(−λjξa
′
)| ≤ D1(a1, a2, ε, θ, T )λθ−1

j t−a2(1−θ)−ε
[
(a′ − a)ε + (a′ − a)

]
, (9)

where θ ∈ [0, 1] and ξ ∈ (0, T ].

Proof. See [60].

Lemma 2.7. Suppose that 0 < a1 < a < a′ < a2 < 1. If θ ∈ [0, 1] and ε > 0 then there exist
D2(a1, a2, ε, θ, T ) > 0 which is independent on a and a′ such that∣∣∣ξa′−1Ea′,a′(−λjξa

′
)− ξa−1Ea′,a′(−λjta

′
)
∣∣∣

≤ D2(a1, a2, ε, θ, T )λθ−1
j ta1θ−ε−1

[
(a′ − a)ε + (a′ − a)

]
. (10)

Proof. See [60].

Lemma 2.8 (See [69], Lemma 8). Assume exist µ1 > −1, µ2 > −1 such that µ1 + µ2 > −1 and µ3 > −1
then the following estimates hold

C µ3
µ1,µ2(γ) := sup

t∈[0,T ]
tµ3
ˆ 1

0
sµ1(1− s)µ2e−γt(1−s)ds γ→∞−−−→ 0.
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2.2. Some spaces and solution representation

Next, we need familiar Hilbert spaces L2(Ω), H1
0 (Ω), H2(Ω). Let B : L2(Ω) → L2(Ω) be a symmetrical,

uniform elliptical operator, defined as follows:

Bw(s) = b(s)w(s, t)−
n∑
r=1

∂

∂s r

(
Brl(s)

∂

∂sl
w(s)

)
, s ∈ Ω, (11)

where D(B) = H2(Ω) ∩H1
0 (Ω), b(s) ∈ C(Ω, [0,∞)), Brl ∈ C1(Ω), Brl = Blr for all 1 ≤ r, l ≤ n, and there

exist B̃ > 0 such that (see [49])

B̃

n∑
i=1

e2
i ≤

∑
1≤r,l≤n

eiBrl(x)ek, for all x ∈ Ω, e = (e1, e2, · · · , en) ⊂ Rn.

We now consider the spectral problem {
Bψj(x) = λjψj(x)

ψj(x) = 0 on ∂Ω·
(12)

where {λj}j≥1 (see e.g [55]) is an increasing sequence of positive real numbers that satisfies the condition
that lim

j→∞
λj =∞.

Furthermore, Bpw operator is defined as follows:

Bpw :=
∞∑
j=1

〈w, ψj〉λpjψj ,

w ∈ D(Bp) =

w ∈ L2(Ω) :
∞∑
j=1

|〈w,ψj〉|2λ2p
j <∞

 , (13)

The Banach space D(Bp) is equipped with the norm

‖u‖2D(Bp) :=

∞∑
j=1

λ2p
j

∣∣〈u, ψj〉∣∣2. (14)

If p = 1, we have D(B1) = H2(Ω). For p ≥ 0, the Hilbert space

Hp(Ω) =

u : u ∈ L2(Ω) and
∞∑
j=1

|〈u, ψj〉|2λ2p
j <∞

 , (15)

it is equipped with the norm

‖u‖2Hp(Ω) =
∞∑
j=1

λ2p
j |〈u, ψj〉|

2 .

If p = 0 then H0(Ω) = L2(Ω). Denote Hp(Ω) = Hp(Ω)×Hp(Ω). Let w(u, v) ∈ Hp(Ω), we define the following
norm:

‖w‖Hp(Ω) =
√
‖u‖2Hp(Ω) + ‖v‖2Hp(Ω) (16)

For α ∈ (0, 1) and γ > 0, we use the notation Cαγ (0, T ;Hp(Ω)) to indicate the subspace of C(0, T ;Hp(Ω))
such that

‖u‖Cαγ (0,T ;Hp(Ω)) := sup
0<t≤T

tαe−γt‖u(t)‖Hp(Ω) <∞, u ∈ C(0, T ;Hp(Ω)),
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with the convention that Cγ(0, T ;Hp(Ω)) := C0
γ(0, T ;Hp(Ω)) when α = 0. The product space

Cαγ (0, T ;Hp(Ω)) = Cαγ (0, T ;Hp(Ω))× Cαγ (0, T ;Hp(Ω))

has the norm

‖w‖Cαγ (0,T ;Hp(Ω)) =
(
‖u‖2Cαγ (0,T ;Hp(Ω)) + ‖v‖2Cαγ (0,T ;Hp(Ω))

) 1
2

(17)

Now, using the result [15], we can deduce the solution of the coupled nonlinear fractional pseudo-parabolic
equation system (1) as below

ua(t, x) =
∞∑
j=1

Ea,1

(
−λjta

1 + kλj

)
f0,jψj +

∞∑
j=1

1
1+kλj

[
t́

0

(t− s)aEa,a
(
−(t− s)a−1λj

1 + kλj

)
F(uj(s))ds

]
ψj .

va(t, x) =
∞∑
j=1

Ea,1

(
−λjta

1 + lλj

)
g0,jψj +

∞∑
j=1

1
1+lλj

[
t́

0

(t− s)aEa,a
(
−(t− s)a−1λj

1 + lλj

)
G(uj(s))ds

]
ψj .

(18)

We can rewritten as follows:
ua(t, x) = Ra,k(t)f0 +

t́

0

Sa,k(t− s)F(ua(s))ds,

va(t, x) = Ra,l(t)g0 +
t́

0

Sa,l(t− s)G(ua(s))ds,

(19)

where

Ra,k(t)Ψ =
∞∑
j=1

Ea,1

(
−λjta

1 + kλj

)
〈Ψ, ψj〉ψj (20)

Ra,l(t)Ψ =

∞∑
j=1

Ea,1

(
−λjta

1 + lλj

)
〈Ψ, ψj〉ψj (21)

Sa,k(t− s)Ψ =

∞∑
j=1

1

1 + kλj

[
(t− s)a−1Ea,a

(
−(t− s)aλj

1 + kλj

)
〈Ψ, ψj〉

]
ψj , (22)

Sa,l(t− s)Ψ =

∞∑
j=1

1

1 + lλj

[
(t− s)a−1Ea,a

(
−(t− s)aλj

1 + lλj

)
〈Ψ, ψj〉

]
ψj . (23)

Replace a with a′, we have
ua′(t, x) = Ra′,k(t)f0 +

t́

0

Sa′,k(t− s)F(ua′(s))ds,

va′(t, x) = Ra′,l(t)g0 +
t́

0

Sa′,l(t− s)G(ua′(s))ds.

(24)

Next, we give some lemmas to evaluate the solution’s dependence on the parameter. And, we can refer
to the proof in [15].
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Lemma 2.9. For 0 < a1 < a < a2 < 1, θ ∈ (0, 1), p ≥ 0 and Ψ ∈ Hp(Ω). The following inequalities hold:

‖Ra,k(t)Ψ‖Hp(Ω) ≤ D1(a1, a2, k, θ)t
−a2θ‖Ψ‖Hp(Ω),

(25)

‖Ra,l(t)Ψ‖Hp(Ω) ≤ D1(a1, a2, l, θ)t
−a2θ‖Ψ‖Hp(Ω),

(26)

‖Sa,k(t− s)Ψ‖Hp(Ω) ≤ D2(a1, a2, k, θ)(t− s)(a1−1−a1θ)‖Ψ‖Hp(Ω).

(27)

‖Sa,l(t− s)Ψ‖Hp(Ω) ≤ D2(a1, a2, l, θ)(t− s)(a1−1−a1θ)‖Ψ‖Hp(Ω).

Lemma 2.10. For a ∈ (0, 1), p ≥ 0 with 0 < θ < 1 and Ψ ∈ Hp(Ω), we get the following inequalities:∥∥∥[Ra′,k(t)−Ra,k(t)]Ψ∥∥∥
Hp(Ω)

≤ D1(a1, a2, ε, θ, k, T )t−a2(1−θ)−ε‖Ψ‖Hp(Ω)

[
(a′ − a)ε + (a′ − a)

]
,∥∥∥[Ra′,l(t)−Ra,l(t)]Ψ∥∥∥

Hp(Ω)
≤ D1(a1, a2, ε, θ, l, T )t−a2(1−θ)−ε‖Ψ‖Hp(Ω)

[
(a′ − a)ε + (a′ − a)

]
,∥∥∥[Sa′,k(t− s)− Sa,k(t− s)]Ψ∥∥∥

Hp(Ω)
≤ D2(a1, a2, ε, θ, k, T )(t− s)a1θ−ε−1‖Ψ‖Hp(Ω)

[
(a′ − a)ε + (a′ − a)

]
,∥∥∥[Sa′,l(t− s)− Sa,l(t− s)]Ψ∥∥∥

Hp(Ω)
≤ D2(a1, a2, ε, θ, l, T )(t− s)a1θ−ε−1‖Ψ‖Hp(Ω)

[
(a′ − a)ε + (a′ − a)

]
.

where D1, D2 are independent of ω and also defined in the proof.

3. The fractional-order stability of a nonlinear FPPES.

In this section, we investigate the existence of a unique mild solution of the problem (1) and how its
continuity depends on the parameters with input (the fractional-order a and the initial state f0, g0). The
function F and G are assumed to meet the following criteria:
(F).
‖F(u, v)(·, t)‖Hp(Ω) < CF

(
1 + ‖u(·, t)‖Hp(Ω) + ‖v(·, t)‖Hp(Ω)

)
,

‖F(u1, v1)(·, t)−F(u2, v2)(·, t)‖Hp(Ω) < KF

(
‖u1(·, t)− u2(·, t)‖Hp(Ω) + ‖v1(·, t)− v2(·, t)‖Hp(Ω)

)
,

F(0) = 0,

(28)

where (u1, v1), (u2, v2) ∈ Hp(Ω).

(G).
‖G(u, v)(·, t)‖Hp(Ω) < CG

(
1 + ‖u(·, t)‖Hp(Ω) + ‖v(·, t)‖Hp(Ω)

)
,

‖G(u1, v1)(·, t)− G(u2, v2)(·, t)‖Hp(Ω) < KG

(
‖u1(·, t)− u2(·, t)‖Hp(Ω) + ‖v1(·, t)− v2(·, t)‖Hp(Ω)

)
,

G(0) = 0,

(29)

here (u1, v1), (u2, v2) ∈ Hp(Ω).

Definition 3.1. w(u(t, x), v(t, x)) ∈ Cαγ (0, T ;Hp(Ω)) is called a mild solution to the problem (1) if it satisfies
system (19).
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Theorem 3.2. Assume that 0 < a1 < a < a′ < a2 < 1, 0 < θ < 1, 0 < α < a1(1− θ) < 1 and f0 ∈ Hp(Ω),
g0 ∈ Hp(Ω). Then Problem (1) has unique solution w(u, v) ∈ Cαγ (0, T ;Hp(Ω)), and the following estimate
holds

‖wa‖Cθa2γ (0,T ;Hp(Ω))
≤

Dk,l
1,θ(a1, a2)

1−Dk,l
2,θ(a1, a2)

. (30)

here Dk,l
1,θ(a1, a2) and Dk,l

2,θ(a1, a2) is defined in (45). Furthermore, consider wa and wa′ are solutions of

Problem (1) for fractional orders a and a′ respectively. If exist θ and ε such that 0 < ε < a1θ and 1− 1
a2
<

θ < a1
a2+a1

then we get

‖wa′ − wa‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))
≤

(
U1(a1, a2, ε, θ, k, T ) + V 1(a1, a2, ε, θ, l, T )

)[
(a′ − a)ε + (a′ − a)

]
1−

(
V 1(a1, a2, ε, θ, k, T ) + V 2(a1, a2, ε, θ, l, T )

) . (31)

where U1(a1, a2, ε, θ, k, T ), U2(a1, a2, ε, θ, k, T ),V 1(a1, a2, ε, θ, l, T ) and V 2(a1, a2, ε, θ, l, T ) are positive con-
stants.

Proof. We divide the proof into three parts:
Part 1.We use the Banach fixed-point theorem to prove the existence and uniqueness of the solution of

equation (18). For wa ∈ Cαγ (0, T ;Hp(Ω)) and operate Υ is defined by

Υwa :=
(

Υkua(·, t),Υlva(·, t)
)

(32)

where 
Υkua(t, x) = Ra,k(t)f0 +

t́

0

Sa,k(t− s)F(ua(s))ds,

Υlva(t, x) = Ra,l(t)g0 +
t́

0

Sa,l(t− s)G(ua(s))ds,

(33)

We will show that for all wa ∈ Cαγ (0, T ;Hp(Ω))@ ∈ Cαγ (0, T ;Hp(Ω)) the equation Υwa = wa has a unique
solution. Indeed, let wa,1(ua,1(t, x), va,1(t, x)), wa,2(ua,2(t, x), va,2(t, x)) ∈ Cαγ (0, T ;Hp(Ω)), we get

Υk

(
ua,1(t, ·)− ua,2(t, ·)

)
=

tˆ

0

Sa,k(t− s)
[
F(ua,1, va,2)(s, ·)−F(ua,2, va,2)(s, ·)

]
ds, (34)

Υl

(
va,1(t, ·)− va,2(t, ·)

)
=

tˆ

0

Sa,l(t− s)
[
G(ua,1, va,1)(s, ·)− G(ua,2, va,2)(s, ·)

]
ds. (35)
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Using Lemma (2.9) and condition (28), (34) will be∥∥∥tαe−γt[Υk

(
ua,1(t, ·)− ua,2(t, ·)

)]∥∥∥
Hp(Ω)

=

∥∥∥∥∥
tˆ

0

Sa,k(t− s)tαe−γt
[
F(ua,1, va,1)(s, ·)−F(ua,2, va,2)(s, ·)

]
ds

∥∥∥∥∥
Hp(Ω)

≤
tˆ

0

D2(a1, a2, k, θ)(t− s)(a1−1−a1θ)tαe−γtKF

(
‖ua,1(s, ·)− ua,2(s, ·)‖Hp(Ω) + ‖va,1(s, ·)− va,2(s, ·)‖Hp(Ω)

)
ds

≤ D2(a1, a2, k, θ)KF

× tα
tˆ

0

s−α(t− s)(a1−1−a1θ)e−γ(t−s)
[
sαe−γs

(
‖ua,1(s, ·)− ua,2(s, ·)‖Hp(Ω) + ‖va,1(s, ·)− va,2(s, ·)‖Hp(Ω)

)]
ds

≤ D2(a1, a2, k, θ)KF

(
‖ua,1 − ua,2‖Cαγ (0,T ;Hp(Ω)) + ‖va,1 − va,2‖Cαγ (0,T ;Hp(Ω))

)
× ta1−a1θ

1ˆ

0

s−α(1− s)a1−1−a1θe−γt(1−s)ds.

By setting µ1 := −α;µ2 := a1 − 1− a1θ and

C µ2+1
µ1,µ2 (γ) := sup

t∈[0,T ]
ta1−a1θ

ˆ 1

0
s−α(1− s)a1−a1θ−1e−γt(1−s)ds,

appling inequality (m+ n)2 ≤ 2(m2 + n2), we can get∥∥∥Υk

(
ua,1(t, ·)− ua,2(t, ·)

)∥∥∥
Cαγ (0,T ;Hp(Ω))

≤
√

2D2(a1, a2, k, θ)KF‖wa,1 − wa,2‖Cαγ (0,T ;Hp(Ω))C
µ2+1
µ1,µ2 (γ). (36)

Similarly, we also get∥∥∥Υl

(
ua,1(t, ·)− ua,2(t, ·)

)∥∥∥
Cαγ (0,T ;Hp(Ω))

≤
√

2D2(a1, a2, l, θ)KG‖wa,1 − wa,2‖Cαγ (0,T ;Hp(Ω))C
µ2+1
µ1,µ2 (γ). (37)

From (36)-(37), we can obtain estimate as follow∥∥∥Υ
(
wa,1(t, ·)− wa,2(t, ·)

)∥∥∥
Cαγ (0,T ;Hp(Ω))

=

√∥∥∥Υk

(
ua,1(·, t)− ua,2(·, t)

)∥∥∥2

Cαγ (0,T ;Hp(Ω))
+
∥∥∥Υl

(
va,1(·, t)− va,2(·, t)

)∥∥∥2

Cαγ (0,T ;Hp(Ω))

≤
√

2D
2
2(a1, a2, k, θ)K2

F + 2D
2
2(a1, a2, l, θ)K2

GC
µ2+1
µ1,µ2 (γ)‖wa,1 − wa,2‖Cαγ (0,T ;Hp(Ω)). (38)

Using the assumption 0 < α < a1(1− θ), we see that{
−α > −1,
−α+ a(1− θ)− 1 > −1.

Hence, by applying Lemma (2.8), we deduce that

C µ2+1
µ1,µ2 (γ)

γ→∞−−−→ 0. (39)
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Therefore, we can choose γ0 such that√
2D

2
2(a1, a2, k, θ)K2

F + 2D
2
2(a1, a2, l, θ)K2

GC
µ2+1
µ1,µ2 (γ0) < 1.

Accordingly, we discover that Υ is a contractive mapping in Cαγ (0, T ;Hp(Ω)). Following the Banach fixed
point theorem, we confirm that (1) has a uniques solution in Cαγ (0, T ;Hp(Ω)).

Part 2. Estimates ‖wa(t, ·)‖Ca2θγ (0,T ;Hp(Ω))
. From (19) we get

∥∥ua(t, ·)∥∥Hp(Ω)
≤
∥∥∥Ra,k(t)f0

∥∥∥
Hp(Ω)

+

∥∥∥∥∥
tˆ

0

Sa,k(t− s)F(ua, va)(·, s)ds

∥∥∥∥∥.
Using Lemma (2.9), and (28). we can deduce

‖ta2θe−γtua(t, ·)‖Hp(Ω)

≤ ta2θe−γtD1(a1, a2, k, θ)t
−a2θ‖f0‖Hp(Ω) + ta2θe−γt

tˆ

0

D2(a1, a2, k, θ)(t− s)(a1−1−a1θ)‖F(ua, va)(·, s)‖Hp(Ω)ds

≤ D1(a1, a2, k, θ)e
−γt‖f0‖Hp(Ω)

+D2(a1, a2, k, θ)CF t
a2θ

tˆ

0

s−a2θ(t− s)(a1−1−a1θ)e−γ(t−s)sa2θe−γs
(

1 + ‖ua(·, s)‖Hp(Ω) + ‖va(·, s)‖Hp(Ω)

)
ds,

(40)

It is clear that e−bt < 1 for all t > 0. Using the same evaluation technique as (36) with asumption
0 < θ < a1

a2+a1
< 1, we can deduce

‖ta2θe−γtua(t, ·)‖Hp(Ω)

≤ D1(a1, a2, k, θ)‖f0‖Hp(Ω) +D2(a1, a2, k, θ)CF t
a2θ

tˆ

0

(t− s)a1−1−a1θds

+D2(a1, a2, k, θ)CF t
a1−a1θ

1ˆ

0

s−a2θ(1− s)(a1−1−a1θ)e−γt(1−s)
[
sa2θe−γs

(
‖ua(·, s)‖Hp(Ω) + ‖va(·, s)‖Hp(Ω)

)]
ds

≤ D1(a1, a2, k, θ)‖f0‖Hp(Ω) +D2(a1, a2, k, θ)CF
T a1+(a2−a1)θ

a1 − a1θ

+D2(a1, a2, k, θ)CFC µ2+1
µ′1,µ2

(γ)
(
‖ua‖Ca2θγ (0,T ;Hp(Ω))

+ ‖va‖Ca2θγ (0,T ;Hp(Ω))

)
≤ D1(a1, a2, k, θ)‖f0‖Hp(Ω) +D2(a1, a2, k, θ)CF

T a1+(a2−a1)θ

a1 − a1θ

+
√

2D2(a1, a2, k, θ)CFC µ2+1
µ′1,µ2

(γ)‖wa‖Ca2θγ (0,T ;Hp(Ω))
. (41)

here µ′1 := −a2θ. Therefor, we obtain

‖ua(t, ·)‖Ca2θγ (0,T ;Hp(Ω))
≤ D1(a1, a2, k, θ)‖f0‖Hp(Ω) +D2(a1, a2, k, θ)CF

T a1+(a2−a1)θ

a1 − a1θ

+
√

2D2(a1, a2, k, θ)CFC µ2+1
µ′1,µ2

(γ)‖wa‖Ca2θγ (0,T ;Hp(Ω))
. (42)
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By the same evaluation technique above, we also have

‖va(t, ·)‖Ca2θγ (0,T ;Hp(Ω))
≤ D1(a1, a2, l, θ)‖g0‖Hp(Ω) +D2(a1, a2, l, θ)CG

T a1+(a2−a1)θ

a1 − a1θ

+
√

2D2(a1, a2, l, θ)CGC
µ2+1
µ′1,µ2

(γ)‖wa‖Ca2θγ (0,T ;Hp(Ω))
. (43)

From (42)-(43), we get

‖wa(t, ·)‖Ca2θγ (0,T ;Hp(Ω))
≤ Dk,l

1,θ(a1, a2) + Dk,l
2,θ(a1, a2)‖wa‖Ca2θγ (0,T ;Hp(Ω))

. (44)

where the following symbols are used

Dk,l
1,θ(a1, a2) := D1(a1, a2, k, θ)‖f0‖Hp(Ω) +D2(a1, a2, k, θ)CF

T a+(a2−a)θ

a− aθ

+D1(a1, a2, l, θ)‖g0‖Hp(Ω) +D2(a1, a2, l, θ)CG
T a+(a2−a)θ

a− aθ
,

Dk,l
2,θ(a1, a2) :=

√
2D2(a1, a2, k, θ)CFC µ2+1

µ′1,µ2
(γ) +

√
2D2(a1, a2, l, θ)CGC

µ2+1
µ′1,µ2

(γ). (45)

Therefore, we obtain

‖wa‖Ca2θγ (0,T ;Hp(Ω))
≤

Dk,l
1,θ(a1, a2)

1−Dk,l
2,θ(a1, a2)

(46)

Part 3. Similar as part 2, from (19)-(24), we can show that

‖ua′(t, ·)− ua(t, ·)‖Hp(Ω)

≤
∥∥∥[Ra′,k −Ra,k(t)](t)f0

∥∥∥
Hp(Ω)

+

∥∥∥∥∥
tˆ

0

[
Sa′,k(t− s)− Sa,k(t− s)

]
F(ua′ , va′)(·, s)ds

∥∥∥∥∥
2

Hp(Ω)

+

∥∥∥∥∥
tˆ

0

Sa,k(t− s)
[
F(ua′ , va′)(·, s)−F(ua, va)(·, s)

]
ds

∥∥∥∥∥
2

Hp(Ω)

.

Applying Lemma (2.9-2.10), we obtain

ta2(1−θ)+εe−γt‖ua′(t, ·)− ua(t, ·)‖2Hp(Ω)

≤ ta2(1−θ)+εe−γtD1(a1, a2, ε, θ, k, T )t−a2(1−θ)−ε‖f0‖Hp(Ω)

[
(a′ − a)ε + (a′ − a)

]
︸ ︷︷ ︸

U1

+ ta2(1−θ)+εe−γt
[
(a′ − a)ε + (a′ − a)

] tˆ

0

D2(a1, a2, ε, ρ, k, T )(t− s)a1θ−ε−1‖F(ua′ , va′)(·, s)‖Hp(Ω)ds︸ ︷︷ ︸
U2

+ ta2(1−θ)+εe−γt
tˆ

0

D2(a1, a2, k, θ)(t− s)(a−1−aθ)‖F(ua′ , va′)(·, s)−F(ua, va)(·, s)‖Hp(Ω)ds︸ ︷︷ ︸
U3

. (47)

Estimate U1: using inequality e−bt < 1 for all t > 0, we obtain

U1 ≤ D1(a1, a2, ε, θ, k, T )‖f0‖Hp(Ω)

[
(a′ − a)ε + (a′ − a)

]
. (48)
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Estimate U2: Using the same estimation (42) with assumption (28), we get

U2 ≤ D2(a1, a2, ε, θ, k, T )
[
(a′ − a)ε + (a′ − a)

]
CF

× t2a2(1−θ)+2ε

tˆ

0

s−a2θ(t− s)(a1θ−ε−1)e−γ(t−s)
[
sa2θe−γs

(
1 + ‖ua′(·, t)‖Hp(Ω) + ‖va′(·, t)‖Hp(Ω)

)]
ds.

≤ D2(a1, a2, ε, θ, k, T )CF

[
(a′ − a)ε + (a′ − a)

]
ta2(1−θ)+ε

tˆ

0

(t− s)a1θ−ε−1ds.

+D2(a1, a2, ε, θ, k, T )CF

[
(a′ − a)ε + (a′ − a)

]
×
√

2‖wa′‖Ca2θγ (0,T ;Hp(Ω))
ta2(1−θ)+ε

tˆ

0

s−a2θ(t− s)a1θ−ε−1ds.

Assume that 0 < ε < a1θ, θ <
a1

a2+a1
< 1 then{

−a2θ > −1,
a1θ − ε− 1 > −1.

Following the Beta’s function property

ˆ t

0
sm−1(t− s)n−1ds = tm+n−1B(m,n)

where

B(m,n) :=
Γ(m)Γ(n)

Γ(m,n)
,m > 0, n > 0,

from (46) we can deduce

U2 ≤ D2(a1, a2, ε, θ, k, T )
[
(a′ − a)ε + (a′ − a)

]
CF

T a2(1−θ)+a1θ

a1θ − ε

+D2(a1, a2, ε, θ, k, T )
[
(a′ − a)ε + (a′ − a)

]CF√2Dk,l
1,θ(a1, a2)

1−Dk,l
2,θ(a1, a2)

T a2−2a2θ+a1θB(1− a2θ, a1θ − ε). (49)

Estimate U3: Using globally Lipschitz property of F (29), 0 < ε < a1θ and 1− 1
a2
< θ < a1

a2+a1
, we also have

U3 ≤ D2(a1, a2, k, θ)KF t
a2(1−θ)+ε

tˆ

0

(t− s)a1−1−a1θe−γt
(
‖ua′(·, t)− ua(·, t)‖Hp(Ω) + ‖va′(·, t)− va(·, t)‖Hp(Ω)

)
ds,

≤ D2(a1, a2, k, θ)KF

(
‖ua′ − ua‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

+ ‖va′ − va‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

)
× ta2(1−θ)+ε

tˆ

0

s−a2(1−θ)−ε(t− s)a1−1−a1θe−γ(t−s)ds,

≤
√

2D2(a1, a2, k, θ)KFT
a1(1−θ)B(1− a2(1− θ)− ε, a1 − a1θ)‖wa′ − wa‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

. (50)



N. Duc Phuong, et al., Adv. Theory Nonlinear Anal. Appl. 6 (2022), 405–419. 416

From (47)-(50), we obtain

‖ua′ − ua‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

≤ D1(a1, a2, ε, θ, k, T )‖f0‖Hp(Ω)

[
(a′ − a)ε + (a′ − a)

]
+D2(a1, a2, ε, θ, k, T )CF

T a2(1−θ)+a1θ

a1θ − ε

[
(a′ − a)ε + (a′ − a)

]
+D2(a1, a2, ε, θ, k, T )

CF
√

2Dk,l
1,θ(a1, a2)

1−Dk,l
2,θ(a1, a2)

T a2−2a2θ+a1θB(1− a2θ, a1θ − ε)
[
(a′ − a)ε + (a′ − a)

]
+
√

2D2(a1, a2, k, θ)KFT
a1(1−θ)B(1− a2(1− θ)− ε, a1 − a1θ)‖wa′ − wa‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

. (51)

To facilitate the calculation, we set

U1(a1, a2, ε, θ, k, T ) := D1(a1, a2, ε, θ, k, T )‖f0‖Hp(Ω) +D2(a1, a2, ε, θ, k, T )CF
T a2(1−θ)+a1θ

a1θ − ε

+D2(a1, a2, ε, θ, k, T )
CF
√

2Dk,l
1,θ(a1, a2)

1−Dk,l
2,θ(a1, a2)

T a2−2a2θ+a1θB(1− a2θ, a1θ − ε),

U2(a1, a2, ε, θ, k, T ) :=
√

2D2(a1, a2, k, θ)KFT
a1(1−θ)B(1− a2(1− θ)− ε, a1 − a1θ). (52)

We obtain the following estimate

‖ua′ − ua‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

≤ U1(a1, a2, ε, θ, k, T )
[
(a′ − a)ε + (a′ − a)

]
+ U2(a1, a2, ε, θ, k, T )‖wa′ − wa‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

. (53)

Similarly, we have

‖va′ − va‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

≤ V 1(a1, a2, ε, θ, l, T )
[
(a′ − a)ε + (a′ − a)

]
+ V 2(a1, a2, ε, θ, l, T )‖wa′ − wa‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

. (54)

From (53)-(54), we can deduce

‖wa′ − wa‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))
≤
(
U1(a1, a2, ε, θ, k, T ) + V 1(a1, a2, ε, θ, l, T )

)[
(a′ − a)ε + (a′ − a)

]
+
(
V 1(a1, a2, ε, θ, k, T ) + V 2(a1, a2, ε, θ, l, T )

)
‖wa′ − wa‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))

.

Finally, we get the following evaluation:

‖wa′ − wa‖Ca2(1−θ)+εγ (0,T ;Hp(Ω))
≤

(
U1(a1, a2, ε, θ, k, T ) + V 1(a1, a2, ε, θ, l, T )

)[
(a′ − a)ε + (a′ − a)

]
1−

(
V 1(a1, a2, ε, θ, k, T ) + V 2(a1, a2, ε, θ, l, T )

) .

The theorem (3.2) has been proved.
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