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ABSTRACT. In this paper, we first introduce almost contraction mappings for a pair of two mappings in cone metric
spaces over Banach algebras (CMSBA). Then, we observe that the class of such mappings in this setting contains
those of many well known mappings. Finally, based on the fixed point theorem of the mappings belonging to this
class, we obtain (S, T)-stability results of Jungck iterations for some mappings in CMSBA.
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1. INTRODUCTION
In 1922, Banach showed that 7 has a unique fixed point if the conditions below hold: Given a complete metric space
(X, d) and a self mapping T satisfying
d(Tv,T9) < Ad(v,?) for all v, ¥ € X,
where A € (0, 1). In the literature, there are many studies aiming to improve this result known as Banach’s contrac-
tion principle. In 1973, one of them has been obtained by Hardy and Rogers [4], considering the following class of
mappings:
d(Tv,T9) < LhdWv,®) + Ld(v, Tv) + l3d9, TY) + l4d(v, TY) + Isd(F, Tv), 1.1
where [; (i : 1, ...,5) are non-negative constants satisfying Zle l; < 1Tand v,¥ € X. Moreover, in 1976, Jungck (see [10])
gave some results about common fixed points for given commuting mappings. In 2004, another kind of mapping known
as almost contraction was introduced by Berinde in [2] as follows: There exist 4 € (0, 1) and L > O such that
d(Tv,T9) < hd(v,9) + Ld(9,Tv) 1.2)

for all v, ¢ € X, which contains well known contractive mappings such as Banach, Kannan, Chatterjea, Zamfirescu. On

the other hand, Harder and Hicks in [5] initiated a great interest in the study of stability for procedures of fixed point

iterations in 1988. In 1995, Osilike extended the results of [5] by considering the following class of mappings:
d(Tv,T9) < ad(v,9) + Ld(v,Tv) (1.3)

for all v, € X, where a € [0, 1) and L > 0 [16]. Then, in 2005, Singh et al., in [18] introduced the concept of stability
of Jungck-type iteration procedures for a pair of mappings.
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In 2013, Liu and Xu in [14] extended Banach’s contraction principle by replacing the usual Lipschitz constant with
a vector in the setting of CMSBA with normal solid cones. To emphasize the merit of such an extension, they also
presented a mapping which is contraction in this new setting, but not in the usual sense. Furthermore, Xu and Radenovic
in [19] showed that the normality condition of cone can be removed to obtain the main results in [14]. Moreover, Huang
et al., in [8] presented the notion of T-stability of Picard iteration in CMSBA. In 2018, Ozavsar in [15] extended
the notion of almost contraction to the setting of CMSBA, and observed that Banach, Kannan and Chatterjea type
mappings are contained by the class of almost contraction mappings in such spaces. Also, the fixed point results for
almost contraction mappings have been studied recently in cone b-metric spaces over Banach algebras [3].

Now, in the sequel, we present some basic definitions and properties, which will be necessary to obtain our main
results.

2. PRELIMINARIES

Let A be a Banach algebra so that ¢ and 0 are unit and zero elements of this algebra, respectively. In order to
establish a partial ordered relation on (A, we need to the concept of cone: A nonempty closed subset P of A is said to
be a cone if

Pl1: {0,e} C P,

P2: P2 =PPCP,

P3: PN (-P) = {6},

P4: oP + P C P for all nonnegative real numbers « and S.
On this basis, we define a partial ordering < as follows:

v<?difandonlyif  —v e P.

Moreover, v < ¥ stands for I — v € intP, where intP denotes the interior of . A cone P is called a solid cone if
intP # @. Throughout the paper, we suppose that A stands for a Banach algebra with a unit e, # is a a solid cone in
A, and < is a partial ordering with respect to P.

Definition 2.1 ( [6, 14]). Let X be a nonempty set. A cone metric d over A is defined as a mapping given by d :
X X X — A satisfying

dl: 6 <d(v,¥) and d(v,?) = 0 if and only if v = ¢,

d2: d(v,9¥) = d(@,v);

d3: dv,?) <dv,w) +d(w,9)
forall v, 3, w € X.

The pair (X, d) is called the cone metric space on (A, and we assume this pair as such from now on.

Definition 2.2 ( [6, 14]). Let {v,} be sequence in X. Then,

(1) {v,} converges to v € X if for each ¢ € A with 6 < c there exists n. € N such that d(v,,v) < c for all n > n..
This is denoted by lim,, o, v, = vorv, — v,n — oo.

(2) {vu} is a Cauchy sequence if for each ¢ € A with 8 <« c there exists n. € N such that d(v,,v,,) < ¢ for all
n,m2 ne.

(3) (X, d) is called complete if every Cauchy sequence {v,} in X is convergent.

Definition 2.3 ([1,11]). LetS,T : X — X be mappings on X.

(1) If w = Sz = Tz for some z € X, then z is said to be a coincidence point of S and 7', and w is said a point of
coincidence of S and T

(2) The pair {S,T} is said to be weakly compatible if S and 7 commute at all of coincidence points, that is,
STz=TSzforallzef{ze X :5z="Tz}.

Proposition 2.4 ([1]). Suppose that S and T are weakly compatible self-mappings of a set X such that these mappings
have a unique point of coincidence w = Sz = Tz. Then, w is the unique common fixed point for S and T.

Definition 2.5 ([19]). A sequence {v,} in A is a c-sequence if for each 6 < c, there exists n. € N such that v, < ¢ for
alln > n,.

Note that by the above definition, if {v,} convergens to v € X, {d(v,, v)} is a c-sequence.
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Lemma 2.6 ( [19]). If a sequence {v,} in A is a c-sequence, then {av,} is a c-sequence, where @ € P.

Lemma 2.7 ( [13]). If two sequences {v,} and {9,} in A are c-sequences, then {av, + B3,} is a c-sequence, where
a,B > 0.

Lemma 2.8 ( [12]). The conditions listed below hold:

a: Ifv<dand ¥ < c,thenv < c.
b: If0 <v < c foreach 6 < c, then v = 6.

In the following, some definitions and properties, which are necessary to give our results, are introduced. The
spectral radius p(v) of v € A satisfies

. TR 1
p() = lim || = inf |/
If p(v) < |4], then de — v invertible in A, and also (le — vl = 2o /1"7, where A is a complex constant [17].

Lemma 2.9 ([17]). Let v, € A with v} = 9v. Then, the following inequalities hold:

a: p(vd) < p(v)p(),
b: p(v+3) < p(v) + p().

Lemma 2.10 ( [7]). If p(v) < |A] and A is a complex constant, then

1
-1
P = ey

Lemma 2.11 ( [7]). If p(v) < 1, then {v"} is a c-sequence.
Lemma 2.12 ( [8]). Let {v,} and {c,} be two sequences in A satisfying the following inequality:
Y+l = hVn + Cp,s

where h € P with p(h) < 1. If {c,} is a c-sequence, then {v,} is a c-sequence.

3. MAIN REsuLrs

We first consider the versions of (1.1), (1.2) and (1.3) for a pair of self-mappings in cone metric spaces over A,
respectively, as follows:

(HR): Thereexistl; e P (i:1,...,5) with p(l;) + p(ly + I3 + 4 + I5) < 1 such that
d(Tv, T9) < Ld(Sv,SP) + Ld(Sv,Tv) + Ld(S Y, TY) + L4d(Sv, T9) + Isd(SV, Tv),
(B): There exist h € P with p(h) < 1 and 6 < L such that
d(Tv, T9) < hd(Sv,S%) + Ld(S, Tv),
(0): There exist a € P with p(a) < 1 and 6 < L such that
d(Tv, T¥) < ad(Sv,S59) + Ld(Sv, Tv),
for all v, ¥ € X.
Proposition 3.1. If [, commutes with I, + I3 + l4 + Is, then (HR) = (B).
Proof. By the condition (HR) and triangle rule, we get
d(Tv, T9) Ld(Sv,80) + LA Sv,Tv) + 3d(S Y, TY) + LA S v, TH) + Isd(SI, Tv)
Ld(Sv,50) + Ld(Sv,ST) + Ld(SI, Tv) + d(SI, Tv) + Ld(Tv, TY)
+4d(Sv, SO) + L4 d(S O, Tv) + L4 d(Tv, TY) + I5d(S 9, Tv)
O+bL+1L)dSv,SH+ L+ L+ +15)dSE,Tv) + (Is + 1)d(Tv, TH),

IA

IA

which implies that
(el =1)d(Tv, T 2y + b + k)d(Sv,SP) + (I + I3 + 14 + I5)d(S I, Tv). 3.1)
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On the other hand, we have

d(Tv,T9) = d(T9,Tv) <L dSY,Sv)+LdASE, TP +LdSv,Tv)+ 14d(ST, Tv) + Isd(Sv, TH)
< Ld(S9,8v)+ LdSI,Tv)+ LA(Tv,T9) + d(Sv,ST) + d(SI, Tv) + L4d(S I, Tv)
+l5d(Sv,S ) + Isd(SP, Tv) + Isd(Tv, TH)
= (L+bL+)dSv,SH+ U+ 1+14+15)d S, Tv)+ (L +15)d(Ty, TY),
which means that
(e—bL —=I15)dTv,TY) (1 + 3+ 15)d(Sv,ST) + (I + [z + 14 + I5)d(S I, Tv). 3.2)
Adding up (3.1) and (3.2), we obtain

(e — DA(Tv, TY) < 21y + Dd(Sv,S9) + 21d(S 9, Tv), (3.3)

where [ = I, + I3 + I3 + Is. Since p(I) < p(l}) + p(I) < 1 < 2, (2e —]) is invertible. By multiplying in both sides of (3.3)
by (2¢ — I)™!, one can write

d(Tv,T9) < 2e - )" QL + Dd(S v, SO + (2e — Iy 21d(S 9, Tv).

Moreover, since /; commutes with /, we can obtain that
(D 5er)@h +1)
i=0
211(2 )t I(Z i)
i=0 i=0

@ +D(Y 5rp) = @ +D2e =D,
i=0

QRe-D7'Q2L +1)

that is, (2¢ — 1)~! commutes with (2/; + [). Letting & = (2¢ — [)"'(21; + [), by Lemma 2.9 and Lemma 2.10, we get
p(h) p(Re—D7'2hL + 1) < p((2e = D™ )p2ly +1)
[2p(1) + p(D] < 1.

2-p()
Considering h = (2e—1)~' (21, +k) with p(h) < 1 and L = (2e—1)"'2/, we can easily see that the condition (B) holds. O
Proposition 3.2. Ifl; commutes with I, + I3 + Iy + Is, then (HR) = (O).

Proof. Since the proof is very similar to Proposition 3.1, it is left to the reader. O
Now, we introduce the following theorem which will be necessary in our results.

Theorem 3.3 ( [3]). Let S and T be two self-mappings of X such that TX is a subset of SX, which is a complete
subspace of X. Assume that there exist h € P with p(h) < 1 and 6 < L such that

d(Tv,T9) < hd(Sv,S9) + Ld(S9,Tv)
forallv,9 € X. Then, S and T have a point of coincidence in X.

Proof. The proof can be easily seen by setting up s = 1 in Theorem 3.4 given in the paper [3]. O

If S = Ix is the identity map on X in Theorem 3.3, we have the following Corollary.

Corollary 3.4 ([15]). Let (X,d) be a complete cone metric space over ‘A. Assume that there exist h € P with p(h) < 1
and 0 < L such that

d(Tv, T9) L hd(v,) + Ld(¥, Tv)
forall v,% € X. Then, T has a fixed point in X.
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Theorem 3.5. Let S, T be two self-mappings of X and w be a point of coincidence of these mappings, thatisw = Sz =
Tz. Assume that there exist a € P with p(a) < 1 and 6 < L such that

d(Tv,TO) < ad(Sv,S9) + Ld(Sv, Tv) (3.4)

forall v, % € X. Then, the point of coincidence w is unique. Furthermore, if {S, T} is weakly compatible pair, then w is
a unique common fixed point of S and T.

Proof. Suppose that w* is a different point of coincidence for these mappings, that is w* = Sz* = Tz". Then, we get by
3.4)

d(Sz,87") =d(Tz,T7") < ad(Sz,S7"),
which implies that
dw,w") <adw,w*) <--- < d"d(w,w").

Using Lemma 2.6 and Lemma 2.11, a"d(w, w") is a c-sequence and by Lemma 2.8, it is clear that d(w, w*) = 6, that
is w = w*. Finally, if {S, T} is weakly compatible pair, w is a unique common fixed point of these two mappings by
Proposition 2.4. O

Corollary 3.6 ( [7]). Let S and T be two self-mappings of X such that TX is a subset of S X, which is a complete
subspace of X. Assume that there exist; € P (i : 1,...,5) with p(ly) + p(lr + I3 + I4 + I5) < 1 such that

d(Tv,T®) < Ld(Sv,SO) +LASy,Tv) + LdSO,TY) + Ld(Sy, TY) + 1sd(S 9, Tv)

forallv,9 € X, and l; commutes with , + I3 + Iy + Is. Then, there is a unique point of coincidence in X for given S and
T mappings. Furthermore, if {S, T} is weakly compatible pair, then S and T have a unique common fixed point.

Proof. By Proposition 3.1 and Theorem 3.3, T and S have a point of coincidence. Also, by Proposition 3.2 and
Theorem 3.5, the proof is completed. O

4. (S, T)-StaBiLiTy IN CONE METRIC SPACES OVER BANACH ALGEBRAS

Let (X, d) cone metric space over A, and T,S : X — X satisfy TX c SX. Assume that an iteration procedure is
given as follows:
Svus1 = f(T,vy), n=0,1,2,.., 4.1
holds. As an example, in the case of Jungck iteration we have Sv,,; = Tv,, which reduces to the Picard iteration when
S is the idendity mapping.

Definition 4.1. Let {S,} be any sequence in X and {Sv,} converges to a point of coincidence w of S and T, that
isw = Sz = Tz. Let define ¢, = d(SP41, f(T,9,)) for n = 0,1,2,.... The iteration procedure (4.1) is said to be
(S, T)-stable if

&, 1s a c-sequence = lim S, = w.

n—oo

If the conditions of Definition 4.1 hold for Sv,;; = Tv,, then we will say that Jungck’s iteration is (S, T)-stable.

Remark 4.2. The concept of stability given in Definition 4.1 is nothing else that one in obtained in [8] when we take
S =1 X-

Theorem 4.3. Let S, T be two self-mappings of X and w be a point of coincidence of these mappings, thatisw = Sz =
Tz. Assume that there exist a € P with p(a) < 1 and 6 < L such that
d(Tv, T9) < ad(Sv,S9) + Ld(Sv,Tv)
forall v, % € X. Then Jungck’s iteration is (S, T)-stable.
Proof. Let{S#,} C X, g, =d(§9,.1,T9,) and g, is a c-sequence. We shall show that S, — w. Since
dS i1, w) = d(S i1, TO,) +d(T Gy, w) =d(Tz, TY,) + &,

< ad(Sz,8%,) +Ld(Sz,Tz) + &, = ad(w,S9,) + &,
by taking v,, = d(SJ,,w) and ¢, = &, in Lemma 2.12, we get that d(S ¢, w) is a c-sequence and then S, — w. |
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Corollary 4.4. Let S and T be two self-mappings of X such that TX is a subset of S X, which is a complete subspace
of X. Assume that there exist [; € P (i : 1,...,5) with p(ly) + p(l + I35 + 4 + I5) < 1 such that

d(Tv,T®) =< LdSv,S®) + LAV, Tv)+ LdSY,TI) + Ld(Sv,T?) + I5d(SP, Tv)
forall v, € X, and || commutes with I, + I3 + 14 + Is. Then, Jungck’s iteration is (S, T)-stable.

Proof. By Corallary 3.6, it is seen that there is a point of coincidence for these mappings S and 7. By Proposition 3.2
and Theorem 4.3, the proof is completed. O

Taking S = Ix in Corallary 4.4, the following result is clear.

Corollary 4.5 ( [8]). Let (X,d) be a complete cone metric space over ‘A. Assume that there exist l; € P (i : 1,...,5)
with p(ly) + p(l, + I3 + Iy + Is) < 1 such that

d(Tv,T®) < 1LdW,®) + hLd(y,Tv) + d@, TY) + Lid(v, TY) + Isd(8, Tv)

forall v,% € X, and Iy commutes with I, + I3 + Iy + Is. Then, Picard’s iteration is T-stable.

5. CoNCLUSION

In this paper, we first give a relation between Hardy-Rogers type mappings (HR) and almost contraction type
mappings (B) (see Proposition 3.1). Then, we observe that the fixed point result of mappings in the class (B) improves
the result of those in (HR) as a consequence of this relation. Finally, we extend the notion of (S, T')-stability to the
setting of CMSBA. Notice that €, — 6 (n — o0), which is called 8-sequence, implies that {€,} is a c-sequence in solid
cone, but its converse is not true (see [9]). This fact says that there may be a pair of mappings 7,5 : X — X such that
some related iterations are not (S, T')-stable in usual sense but (S, T')-stable in the setting obtained in this extension.
For this reason, Definition 4.1 improves the notion of (S, 7)-stability in [18].
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