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Abstract

In this article, homotopy perturbation method and variational iteration method are implemented to give
approximate and analytical solutions of nonlinear ordinary differential equation systems such as a three-
species food chain model. Homotopy perturbation is compared the variational iteration method for a three-
species food chain model. The variational iteration method is predominant than the other non-linear methods,
such as perturbation method. In this method, in general Lagrange multipliers are constructed by correction
functionals for the systems. Multipliers can be identified by the variational theory. Some plots are presented
to show the reliability and simplicity of the methods.
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U¢ Canli Tiiriiniin olusturdugu besin zinciri modelinin varyasyonel
iterasyon ve homotopy perturbation yontemi ile ¢oziimii

Ozet

Bu makalede, ii¢ canli tiiriiniin olusturdugu besin zincri modeli gibi lineer olmayan adi diferensiyel
denklem sistemlerinin yaklagik analitik ¢oziimlerini elde edebilmek i¢in homotopy perturbation ve
varyasyonel iterasyon yontemleri uygulandi. Homotopy perturbation yontemi varyasyonel iterasyon yontemi
ile mukayese edildi. Varyasyonel iterasyon yontemi perturbation yontemi olarak bilinen diger non lineer
yontemlerden daha iistiindiir. Bu yontemde genelde Lagrange ¢arpanlart sistemler i¢in diizeltme fonksiyoneli
ile elde edildi. Carpanlar varyasyonel teori ile belirlendi. Yontemlerin dogrulugunu géstermek icin birkag
tane grafik sunuldu.

Anahtar kelimeler: Varyasyonel iterasyon yontemi, Homotopy perturbation yontemi; ti¢ canli tiirliniin
olusturdugu besin zinciri modeli

1. Introduction population density of the lowest trophic
level species (prey), the middle trophic level

Dynamics of chaotic dynamical systems species (intermediate predator) and highest

as a three-species food chain model is trophic level species (top predator)is denoted
examined at the study [2]. The components respectively by  x(t), y(t) and z(t) .These

of the basic tree-component model are

uantities satis
proportional to the q y
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dx

— =X —DX—C

m (&, —bx-cy)

d

d_y = y(_az +CX— dlz) (1)
t

dz

a = Z(—3.3 + dzy)

with the initial conditions:

X(0)=N,;, y(@0)=N,, z(0)=Ns,.
Throughout this paper, we set
a =4,a,=03a,=0.15Db =0.01,
¢, =14,¢,=0.3,d, =0.1,d, =0.05.

The motivation of this paper is to extend the
application of the analytic homotopy-
perturbation method (HPM) and variational
iteration method[3,6-14,19,21] to solve the
Lorenz system (1). The homotopy perturbation
method (HPM) was first proposed by Chinese
mathematician He [16-22]. The variational
iteration method, which was proposed
originally by He [13] in 1999, has been
proved by many authors to be a powerful
mathematical tool for various kinds of
nonlinear problems.

2. Variational iteration method
According to the variational iteration method
[10], we consider the following differential

equation:

Lu + Nu = g(x), 2)

where L is a linear operator, N is a non-linear
operator, and g(X) is an inhomogeneous term.

Then, we can construct a
correct functional as follows:

= X/I LU, (8) ds, (3
() =M+ 0 o) @
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where A is a general Lagrangian multiplier [9—
11], which can be identified optimally via
variational theory. The second term on the right
is called the correction and U, is considered as a

restricted variation, i.e., oU, =0.

3. Homotopy perturbation method

To illustrate the homotopy perturbation method
(HPM) for solving non-linear differential
equations, He [21, 22] considered the following
non-linear differential equation:

Aw)=f(r), reQ 4)

subject to the boundary condition

B(u,a—ujzo, rel’ (5)

on
where A is a general differential operator, B is a
boundary operator, f(r) is a known analytic
function, I" is the boundary of the domain Q
and ai denotes differentiation along the normal
n

vector drawn outwards from €. The operator A
can generally be divided into two parts M and N.
Therefore, (3) can be rewritten as follows:

M@U)+N@u)=f(r), reQ2 (6)
He [22,23] constructed a  homotopy
v(r, p) : Qx[0, 1] — R which satisfies

H (v, p) = (1-p)[M(v) - M (u,)]

()
+p[A(V) - f(r)]=0,
which is equivalent to
H(v, p) =M (v) - M (u,)
(8)
+pM (V,) + p[N(v) - f(r)] =0,

where pe[0,1] is an embedding parameter,

and U, is an initial approximation of (4).
Obviously, we have
HV,0)=M()-M(u,) =0,

9)
H(v,1) = A(v)- f(r)=0.
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The changing process of p from zero to unity
is just that of  H(v,p) from
M(v) —M(v,) to A(v)— f(r). In topology,
this is  called deformation and
M(v)—M(v,) and A(v)— f(r) are called
homotopic. According to the homotopy
perturbation method, the parameter p is used
as a small parameter, and the solution of Eq.
(7) can be expressed as a series in p in the
Form

V=V, + pv, + P2V, + PV, +... (10)

When p—1, Eq. (7) corresponds to the

original one, Egs. (6) and (10) become the
approximate solution of Eg. (6), i.e.,

u=limv=v,+v, +V, +V, +... (11)
p—1

The convergence of the series in Eq. (11) is
discussed by He in [21, 22].

4. Applications

In this section, we will apply the homotopy
perturbation method to nonlinear ordinary
differential systems (1).

4.1. Homotopy Perturbation Method to a
Three-Species Food Chain Model

According to homotopy  perturbation
method, we derive a correct functional as
follows:

(1-p)(v, =% )+ p(V, +V, (-8, +byv, +¢v,)) =0,

(1-p) (v, =¥ )+ p(V, +V, (8, —C,v, +4,,)) =0, (12)

(l_ p)(V3 —Z0)+ p(\‘/3 +V3(a3 _dzvz)) =0,

where “dot” denotes differentiation with
respect to t, and the initial approximations
are as follows:

Vi (t) =% (1) =x(0) =N,,
Vao (t) =Y (t) = y(O) = N21 (13)
Vo (t) =1, (t) = Z(O) = N3-

and

Vi =Vig+ PV, + POV, + PV +e

Vo =Voo + PV, + p2V2,2 + p3V2,3 +...,(14)
V3 =V + PVy, + p2V3,2 + p3V3,3 T
where v; i
be determined. Substituting Egs.(13) and
(14) into Eg. (12) and arranging the
coefficients of “p” powers, we have

I, j=1,2,3,...are functions yet to

(v, +N, (-3, +bN, +N, )| p+

(\'/1’2 —a + 2N, +6, (N, + NZVM)) p’

+[\‘/13 -3, +h (2N, +v“2)+} R
6 (N, +4V,, N, |

(v, +,N, ¢, NN, +d,N,N ) p

Vy, + gV, =€, (N, +UN, )J 2

+d1 (N3V2,1 V3 Nz )

. VZ,S + aZVZ‘Z _CZ (N1V2‘z +V1,2 N2 +V1‘1V2,1) 3 . _0
+d1 (N3V2,2 +V3,2 NZ +V3‘1V2‘1)

(V3,1 3N, _d2N2N3) P+

(V3,2 TagVy, - dz (N3Vz‘1 * N2V3,1 )) pz

+ (V3,3 TagV;, - d, (Navz,z + N2V3‘z V3V )) p3 +..=0,

In order to obtain the unknowns
v,;(®),1,j=12,3, we must construct and

solve the following system which includes
nine equations with nine unknowns,
considering the initial conditions
v,;(0)=0,i,j=123,
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Vi, + N, (-a, +b N, +¢,N, ) =0,
\71,2 —aVv; 2N, +¢ (vaz,l + N2V1‘1 ) =0,
Vig —&Vp, +b1 (2N1V1,2 +V1,12)
+6; (N, +V, Yy, + N, ) =0,
Vo, +3,N, —C,N; N, +d,N,N, =0,
\72,2 T,V —C, (N1V2,1 +V1,1Nz)
(16)
+d, (N3v,, +v5;N, ) =0,
Vos +8,V5, —C, (vaz,z +V;, N, +V1,1Vz,1)
+0, (NgV, +V3,N, +V,,V,,) =0,
\73,1 +a;N; —d,N,N, =0,
Vs, +85V5 — d, (N3V2,1 + N2V3,1) =0,
Vyg +85V5, -d, (Navz,z +N,vy, +V3,1V2,1)= 0.

From Eq. (11), if the three terms approximations
are sufficient, we will obtain:

() = im0 = D v, ),
YO = limv, ) = 3, 0, @)
2(0) = im0 = 3 v, 0),

therefore

30

X(t)=N; +N,(a, -b N, -¢,N, -2b, N, )t
'Cl(Nl('azNz +G N1N2 'lest

+E +N2N1(a1'b1N1'C1N2)) t?
alNl(ai-blNl 'ClNz)

y(t) =N, +(-a,N, +c,N,;N, -d,N,N, )t
[—a, (-a,N, +¢,N;N, -d,N,N,)
1 Cz(N1('a2N2 +CzN1N2 'd1N2N3
5 +N,N, (a, -B N, -¢,N,))
N, (-a;N,+d,N,N,)
l[+N3 (-a,N, +¢,N;N, -lezNg)J

—
N

z(t) =N, + (-a;N;+d,N, N, )t
1 _aa('ast'l'dzNst)
+= N, (-a;N,+d,N,N,) t’
2 (+N3 (-a,N, +C,N; N, -lest)j (18)

Here

N, =0.05, N, =0.1and N, = 0.5 for the
three-component model.

A few first approximations for
X(t), y(t) and z(t) are calculated and presented
below:

Three terms approximations:

X(t) = 0.05+.128975t+.179393t° +.1749542617t%,

y(t) = 0.1-.335t +.007908375000t° +.0003896485417t*,

2(t) = 0.5-0.0725t +.0048375t-.0001273052083t°,

(19)
Four terms approximations:
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x(t) = 0.05+.128975t+.179393t+.1749542617t>
+.1310726688t",

y(t) = 0.1-.335t +.007908375000t* +.0003896485417t*

+.0009215028272t*,

z(t) = 0.5-0.0725t +.0048375t*-.0001273052083t*

-.000002156144535t*,
(20)
Five terms approximations:

x(t) = 0.05+.128975t+.179393t+.1749542617t>
+.1310726688t* +.1170764399t°,

y(t) = 0.1-.335t +.007908375000t* +.0003896485417t*

+.0009215028272t*-.0003176445010t°,

z(t) = 0.5-0.0725t +.0048375t*-.0001273052083t*

-.000002156144535t* +.0000002081296537t°,
(21)
Six terms approximations:

X(t) = 0.05+.128975t+.179393t° +.1749542617t°
+.1310726688t* +.1170764399t° +.07454676901t°,

y(t) =0.1-.335t +.007908375000t* +.000389648541 7t

+.0009215028272t"*-,0003176445010t°
+.00008868254926t°,

2(t) = 0.5-0.0725t +.0048375t*-,0001273052083t*
-,000002156144535t* +.0000002081296537t°

+.00000001050446549t°,
(22)

Three terms approximations
0.8
X
0.6} Y
z
0.4 E/
////
0.2 -
ol
(o} 0.1 0.2 0.3 0.4
t time
Five terms approximations
1.5
X
y -
1 z 7
7
,,/
_,,//
05—
///
- ——
O B b
o 0.1 0.2 0.3 0.4
t time

Four terms approximations

0.1 0.2 0.3 0.4
t time
Six terms approximations

0.1 0.2 0.3 0.4
t time

Figure. 1. Plots of three, four five and six terms approximations for a three-species food chain model
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In this section, we will apply the variational
iteration method to nonlinear ordinary
differential systems (1).

4.2. Variational Iteration Method to a Three-
Species Food Chain Model

According to the variational iteration method,
we derive a correct functional as follows:

C[x©
KO =X+ [ 41 (5)[a1—c1yn(§)j £,
° " _bl)N(n(g)
C @)
Your©=Ya O+ [ A1 [az -d,2, (é)) d¢,
0 _yn(g) ~
+CZXn(§)
G
2,0 =2,0)+[ 41 [—ag ]dg,
0 _Zn(é) ~
+d2yn((§)

(23)

where 4,4, and A, are general Lagrange
%, (), % ()9, ($),
X,(£)2,(5). %, ($)and 2, (¢)

denote restricted variations, i.e.

multipliers,

Making the above correction functionals
stationary, we can obtain following stationary
conditions:

)
(
)(= . (24)
)
(

32

The Lagrange multipliers, therefore, can be
identified as

h=h=4=-1 (25)
Substituting Eq. (25) into the correction

functional Eqg. (23) results in the following
iteration formula:

) =%, 0) - j{xé & 5)(@ ~ay, (5)}}(j .

t —d
Yo () = ¥, () = j{y; (&) =¥, (&) (izc ) é”)(g)]}df,
_ (). 8,
Zn+1 (t) - Zn (t) - I{Zn (g) - Zn (5) [-I—d y (é)}}d é:’
(26)

We start with initial  approximations
X, ) =N, y,t)=N,and z,(t)=N, . By
the above iteration formula, we can obtain a few
first terms being calculated:

X (8) =N, +|:Nla1 —N;Ny¢, - N12b1]t’
Y, (t) =N, +[N,a, = N,N,d, + N;N,c, ]t, (27)
z,(t) = Ny +[N,N,d, — N;a,]t,
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X, (1) =N, +|:N1a1 —N;Ny¢, - lebl:lt
a, — ¢, [ N, +(N,a, — N,N;d, + N;N,c, )t |

" by [ Ny + (N = NN, = N/by )t

¥, (t) =N, +[N,a, —N,N,d, + N;N,c, |t

+[ N, +(N,a, = N,N,d, + N;N,c, )t |

[a, —d, (N,N,d, —N,a, )t ]

+¢, | N, +(Nga, = NyN¢ — N7b )t |t

z,(t) = Ny +[N,N,d, — N,a, ]t

+[N; +(N,N,d, - N,a,)t]

[—a;+d, [ N, +(N,a, - N,Nyd, + N,N,c, )t ] ]t
(28)

Continuing in this manner, we can find the rest
of components.

A five terms approximation to the solutions are
considered

X(t) = x,,
y(t) =y,
(t) = z,.
(29)

This was done with the standard parameter
values given above and initial values

N, =0.05, N, =0.1and N, = 0.5 for the

three-component model.
A few first approximations for
X(t), y(t) and z(t) are calculated and presented
below:
X, (t) = 0.05+.129975t,

y, (t) = 0.1+.0265t, (30)
z,(t) = 0.5-.0725t,

X, (t) = 0.05+.129975t +.319255025t-.4838966001t°,
y, (t) = 0.1+.053t +.01164675t* +.00122542625t°,

z,(t) = 0.5-.145t +.011175t* —.0000960625t°,
(31)

X, (t) = 0.05 +.389925t +.957765075t° +.5796427849t
-.4075555774t*-.02137819435t°
+.02721995825t° +.0008067558425t,

Y, (t) = 0.1+.0795t +.03494025t* +.01867942075t°
+.004968085852t* +.0004469168796t°
-.0000529651676t°-.00001777761613t’,

z,(t) = 0.05-.2175t+.033525t*-.00180951875t*

-.00001026046875t*-.000002631284375t°

+.0000006287661211t°-.5885875457¢-8t’
(32)
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X, (t) = 0.05+.5199t+1.91553015t*+2.6089091t°
-.1783383111t*-2.313402444t°-.1685959067t°

+.01504844683t" -.0752112378t° +.02741692556t°

+.003377382416t°-.000416217648t™
-.0001826910779t*-.8079245347¢-5t*
+.1231768053e-5t" +.1942821896e-6t*°,
y, (t) = 0.1+.106t+.0698805t* +.0673651255t*
+.05474885791t* +.01588933851t°
+.001779947402t°-.7581689025e-5t
-.1439143923e-2t°-.6191604829¢-3t°
-.7706325467e-4t°+.9092589199¢-5t"
+.4080603973e-5t"? +.1789294670e-6t"
-.2733507997e-7t*-.4302669168e-8t",
z,(t) = 0.5-.29t+.06705t*-.0066617t>
+.4723919250e-3t*-.2870431373¢-4t°
-.1373536750e-4t°-.1373536750e-4t
+.4203809187¢-6t° +.6018226760e-7t°
-.2531359036e-7t° +.1727511554e-8t™
+.28676887556-10t'2+.5422381735¢-12t"
-.5433108178e-12t" +.5231841723e-14t",

These results obtained by homotopy perturbation
method, three, four, five and six terms
approximations ~ for  Xx(t), y(t) and z(t) are

calculated and presented follow. These results
are plotted in Figure 2. The Homotopy
perturbation method was tested by comparing the
results with the results of the Variational
iteration method.

These results are plotted in Figure 2.

(33)
Three terms approximations
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Five terms approximations
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Figure. 2. Plots of three, four five and six terms approximations for a three-species

food chain model
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5. Conclusions

In this paper, homotopy perturbation method
was used for finding the solutions of nonlinear
ordinary differential equation systems such as a
three-species  food chain  model.  We
demonstrated the accuracy and efficiency of
these methods by solving some ordinary
differential equation systems. We apply He’s
homotopy perturbation method to calculate
certain integrals. It is easy and very beneficial
tool for calculating certain difficult integrals or in
deriving new integration formula.

The computations associated with the examples
in this paper were performed using Maple 7 and
Matlab 7
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