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DOUBLE-PERIODIC AND MULTIPLE SOLITON SOLUTIONS FOR SOME NONLINEAR
PARTIAL DIFFERENTIAL EQUATIONS

ABSTRACT
In this ©paper we 1implemented generalized Jacobi elliptic
function method with symbolic computation to construct new double-
periodic and multiple soliton solutions for KdV equation and (2+1)-
dimensional coupled KdV system.
Keywords: KdV Equation, (2+1)-Dimensional Coupled Kdv System,
Generalized Jacobi Elliptic Function Method,
Double-Periodic Solutions, Multiple Soliton Solutions

BAZI LINEER OLMAYAN KISMi DIFERENSIYEL DENKLEMLER ICIN YENI PERIYODIK
VE COK KATLI SOLITON COZUMLER

OZET
Bu calismada biz sembolik bilgisayar programi vyardimi ile
genellestirilmis Jjaccobi eliptik fonksiyon metodunu kullanarak Kdv
denklemi ve (2+1)- boyutlu ¢ift KdV sistemi ic¢in ¢ok katli soliton
¢ozlimler ve yeni periyodik ¢dzimler sunariz.
Anahtar Kelimeler: KdV Denklemi, (2+1)- Boyutlu Cift KdV
Sistemi, Genellestirilmis Jaccobi Eliptik
Fonksiyon Metot, Cift Periyodik Coéziumler,
Cok Katli Soliton Cozimler
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1. INTRODUCTION (GIRIiS)

The theory of nonlinear dispersive wave motion has recently
undergone much study. We do not attempt to characterize the general
form of nonlinear dispersive wave equations [1 and 2]. Nonlinear
phenomena play a crucial role in applied mathematics and physics.
Furthermore, when an original nonlinear equation is directly
calculated, the solution will preserve the actual physical characters
of solutions [3]. Explicit solutions to the nonlinear equations are of
fundamental importance. Various methods for obtaining explicit
solutions to nonlinear evolution equations have been proposed. Many
explicit exact methods have been introduced in literature [4, 5, 6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23 ve 24].
Among them are Generalized Miura Transformation, Darboux
Transformation, Cole-Hopf Transformation, Hirota’s dependent variable
Transformation, the inverse scattering Transform and the Backlund
Transformation, tanh method, sine-cosine method, Painleve method,
homogeneous balance method, similarity reduction method, improved tanh
method and so on. In fact, recently a direct algebraic approach has
been constructed an automated tanh-function method by Parkes and Duffy
[12]. The authors present a Mathematica package that deals with
complicated algebraic and outputs directly the required solutions for
particular nonlinear equations.

2. RESEARCH SIGNIFICANCE (CALISMANIN ONEMI)

In this study, we implemented a generalized Jacobi elliptic
function method [24] with symbolic computation to construct new
double-periodic solutions and multiple soliton solutions for Kdv
equation and (2+1)-dimensional coupled KdV system.

3. METHOD AND ITS APPLICATIONS (YONTEM VE UYGULAMALARI)

Before starting to give a generalized Jacobi elliptic function
method [24], we will give a simple description of the generalized
Jacobi-function method. For doing this, one can consider in a two
variables general form of nonlinear PDE

Q(u,Ug, Uy, Uyy,...)=0, (1)
and transform Eg. (1) with u(x,t):u(é),§:x+wt, and ¢=x+py+at, where
W,a,fis a constant. After transformation, we get a nonlinear ODE for
u(¢)

Q'(u’u"u",...)=0. (2)
The solution of the equation (2) we are looking for 1is expressed in
the form

ui(§)=ao+i[aiF‘(§)+biF-‘(fs)], (3)

where& =x+wt and &=Xx+pfy+at, n is a positive integer that can be
determined by Dbalancing the highest order derivate and with the
highest nonlinear terms 1in equation, aJiama“Qand & can be
determined. Substituting solution (3) into Eg. (2) yields a set of

) i
algebraic equations forF'(VA+BF2-+CF4j , (j:OJP_) and (i=012pu) then,

) i
all coefficients of F'(V/¥+BF2-+CF4J have to wvanish. After this

separated algebraic equation, we could found coefficients aJiamahQ
and¢ .
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In this work, we will consider to solve the KdV equation and
(2+1) -dimensional coupled KdV system by using the generalized Jacobi
elliptic function method which is introduced by Huai-Tang and Hong-
Qing [24]. The fundamental of their method is to take full advantage
of the elliptic equation and use its solutions F. The desired elliptic
equation is given as

F'?=A+BF%+CF*, (4)

_dF

where F’ and a,b,c are constants. Some of the solutions are

given the paper [24]. In this study we have given several extra cases
so that we have obtained double-periodic solutions and multiple
soliton solutions of Eg. (2) in the form of Jacobi elliptic functions

(4) .

4. EXAMPLE 1. (ORNEK 1)
Consider a KdV equation,

U; +U, +UUy + Uy, =0, (5)
For doing this example, we can use transformation with Eqg(l). then
Eg(5), become

wu'+u'+uu’+u"” =0, (6)

and integrating (6) yields, we yield following equation
2
u "
WU +U+—+U" =0, (7)

When balancing u? with wu

”

then gives n=2. Therefore, we may

choose
b b
u=ag+aF +a,F2+2+-2% . (8)
0 1 2 F E2
Substituting (8) into Eqg. (7) vyields a set of algebraic
equations for mhamahbi . These systems are finding as
a2
a, +7°+ 2Aa, +ajh, +a,b, +2b,C +a,w =0,
b2 b?
a’ a?
?1+a2+a0a2+4a28+a2w:0, a1a2+2alc:0,72+6a2C:0. (9)

From the solutions of the system, we can found
aO:—4(B+\/B2—3AC), a, =0, a, =-12C, b; =0, b, =0, W:—l+41/Bz—3AC. (10)

with the aid of Mathematica.
Substituting (10) into (8) we have obtained the following
double-periodic solutions of equation (5). These solutions are:

i)1f A=1,B=-{l+m?}C=m?. (11)

U = —4(8 +/B? —3ACj—12C5n2(§) .

uy = —4(8 + MJ —120((‘;:2‘:;02

ii) If A=1-m?,B=2m?-1,C=-m?. (12)

ug = —4(8 +MJ—12CCV12(§)
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i) If A=m?-1,B=2-m? C=-1.

Uy = —4(B+\/ 2 —3AC)—12Cdn2(§) i

iv) 16 A=-m2(l-m?) B=2m’-1,C=1.

B
Ug = —4(B+ B2 —3AC)—1ZC(32§§D2 .

v) If A=1-m? B=2-m? C=1.

Ug = —4(5 ¥ MJ —120[“(5))2 .

sn(¢)
vi) 1= A=l g -2 o _m
4 2 4
2
u, = —4(8 ++/B2 —3AC)—1ZC(1EZ(5()§)J .
vii) 1f A_m— Bzmz_Z,C:m—2
4 4
(B+\/BZ 3AC) 12C(sn(&)+icn(£))%.
2
4 B++/B? -3AC |-12C dn(e)
( ) iv1-m2sn(£)+cn(¢)
viii) 1f aclgotlzam’ o1
4 2 4

U = —4(8 ++B? —3AC) 12C dn(¢)
i

2
men(&)+ ivl-m? J .

Uy = _4(3 +vB2 - 3AC) —~12C(msn(¢) + idn(£))?.
N e ool se) Y
b =4{5-+B7-9AC )12 {2 |
2

Uj; =4 B++vB? —3AC |-12C onl¢)
e ( j [x/l—mzsn(f)idn(é)
iX) Tf aMilg misl o miol

4 2 4
b =4{5-+B7-38C )12 28]
X) If aclom? g m’+l o 1-m®

4 2 4
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Uy :—4(B+\/BZ —3AC)—1zc(ﬂJ .
1+sn(é)
22 2
xi) Tf A=—<1_m ) ="t 1 (21)
4 2 4
U = —4(5 +vB? -3AC ) —12C(men(&) + dn(&))?.
2 2@
xii) ¢ A=L, B=D +1,C=(1"m) . (22)
4 2 4
2
u =—4(B+\/BZ—3AC)—12C(L§)].
: dn($)+cn($)
2 4
xii) ¢ AL, =M -2 c_M (23)
4 2 4

Uy = -4 B++/B2 —3AC |-12C B
. ( j V1-m? +dn(¢)

where, .§=x+(—1+4 B2 —3AC)t i

Here mﬂfJﬂ)Cn@ﬂm),mﬂéJﬂ) are Jacobi elliptic functions and M
denotes the modulus of the Jacobi elliptic functions.
If m—>1then sné —»>tanh&, cné —>seché, dn&é —seché. We can obtain the
following some multiple soliton solutions of Eqg. (5).

U =4-12tanh?(¢)

Uy = —8+12sech?(¢)
where, &=x+3t.
If m — 0, then sn& —>sing&, cné —>cosé, dné —1l.wWe can obtain

triangular periodic solutions of Eqg.(5). The triangular periodic
solutions of Eg. (5) are omitted.

5. EXAMPLE 2. (ORNEK 2)
Consider a (2+1)-dimensional coupled KdV equation,

U; + Uy —3U,v—3v,u=0,
y =0,

For doing this example, we can use transformation with Eqg(l),
then Eqg(24), become

au'+u”-3u'v-3v'u=0,

U —v (24)
X

' (25)
u'—pv=0,
and integrating (25) yields, we yield following equation
au+u"—-3uv=0,
(26)

u-—pv=0,
When balancing uv with U
Therefore, we may choose

”

and u with v then gives N;=2 andn,=2.

b, b
U=ag+aF+a,F?+2+—2 .
F F?
d, d
V:C°+CIF+C2F2+F1+|:_22 (27)
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Substituting (27) into Eg. (26) vyields a set of algebraic
equations for «,f,34,Cy,8;,b;,C;,d; . These systems are finding as

apa + 2Aa, + 2b,C —3a,c, — 3c;b; —3c,b, —3a,d; —3a,d, =0,

a,B +a,a —3a,C, —3a,¢; —3c,b; —3a,d; =0,

a,a +4a,B -3a,c, —3a,c; —3a,c, =0, —3a,c; —3a,c, +28,C =0,

-3a,c, +6a,C =0, by + Bb, —3cyb; —3c;b, —3a,d; —3a,d, =0,

b,a —3cyb, —3b,d; —3a,d, +4Bb, =0, —3b,d, —3b,d, + 2Ab; =0, 6Ab, —3b,d, =0,

-Cyf=0,-¢f+a, =0,a,-¢c,=0,b;-d;f=0,b, —-d, 5 =0. (28)

From the solutions of the system, we can found

2
_ B+, VB HI2AC o o %C p o b, b, co:%(B+\/BZ+12AC)

0~ 3A R A

(29)

¢,=0, ¢c,=2C, d;=0, d,=2A, a=4yB*+12AC, ﬂ::—ZA, b, #0.

with the aid of Mathematica.
Substituting (29) into (27) we have obtained the following

double-periodic solutions of equation (24). These solutions are:

i) 1f A=1,B=-fl+m?)C=m?. (30)

Bb, +b,VB%+12AC b,C , 1
sn®(¢)

vy :%(BH/BZ +l2AC)+2Csn2(§)+ oN 1 J

sn”(¢)
Bb2+b2\/Bz+12AC L b,C ( (5} (dn((f)jz'
2 dn(¢) en(¢)
2( o [T ioae n(€)) o dne))’
3(B+ B +12AC)+2C(dn(§)j +2A(cn(§) .
i) 1f A=1-m?,B=2m?-1C=-m? (31)
_ Bb, +h,VB? +12AC b,C , 1
g = A +—=en (§)+b2[—cn2(§)}
2 1
A =§(B+\/BZ +12AC)+ZCcn2(§)+ ZA{an—((:)J
i) If A=m?-1,B=2-m? C=-L1 (32)
y Bb, +b,vB? +12AC , bC dn?(£)+b 1
‘ 3A A an*(@))
_2 2 2 1
_§(B+\/B +12ch+2(:dn (§)+2A[m}
iv) 16 A=-m2(-m?), B=2m>-1,C=1. (33)
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N )]
5 3A A lon@) 2lan))
s Rt

v) If A=1-m?, B=2-m? C=1..

Bb2+b2\/82+12AC L bC [cn(zf b sn(
©)

6~ sn cn(é)

o) i) oh ]
vi) ¢ A=L gM =2 M
4’ 2 4

7=

d
v, = §(B+\/BZ +12AC)+2C( sn(¢)

Bb2+b2\/82+12AC b ( sn(¢ jz+b (udn(f,ﬁ)jz
n(g)) '

1+dn(¢) sn(&)
vii)  If A gomi=2 o mt
2 4
B, +b,WB? +12AC  b,C o 1 2
Ug = A = (sn(&)xicn(&)) +b2(—sn(§)iicn(§)J :

° A

=§(B +MJ+ ZC(iJl_—m;jsr;((g;)i Cn(se)]

1 —2m?
viii) 1f A==, p_172m
4 2

Bb, +b,vB2 +12AC L bC dn(&)

V10=§(B+\/BZ+12AC)+2C{ dn() J2+2A{

men(¢)+ivl-m?

Bb, +b,VB? +12AC _b,C :
uy = e T VBZHI2AC b (msn(.f)irldn(é))2+b2[

Vig = %(B ++B? +12AC)+ 2C(msn(&) +idn(&))* + ZA(

88

_ Bb, +0,B? +12AC  b,C [ dn(g) JZ .
3A ©)

iv1-m2sn(£)+cn(¢)

dn(¢)

, c:%,§:x+ay—(4b BZ—BAC)t :

L 2+b men(£) +
1 3A A | men()+iv1-m? i dn(§)

msn(£)
1

1

Tn(ﬁ)r'

mf

Jz_

. ZA{Nl_ m2sn(&)+ cn(f)Jz_

(35)
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Bb, +b, \/BZ +12AC_b,C(_sn(¢) |, (1en(@))’
U, = +b, .
A licn( ) sn(¢)
2 2
vy, = §(B+«/BZ +12AC)+2C( J_rcnf()f)J +2A(1J_;:(2:()§)) .
..  Bb +h,vB2 +12AC L bC cn(é) i b V1-m?sn(£)+dn(&) i
13 — 2
3A A Wsn(g)i dn(é) en(¢)
2 2
Vyg = (B+\/Bz+12AC)+ZC on(¢) + gp) YLzmZsn(E) - dn(é)
V1-m?sn(&)+dn(é) en(¢)
X) 1t A:m2 -1 B:m22+1’C:m24—1
Bb2+b2\/82+12AC L0 dn(@) ), (1zmen())’
Uy = +b,
A \1+£msn(&) dn(&)
2 7 o an(¢) ) 1 msn(&))’
Vig _§(B+ B +12ACJ+ZC(1imsn(§)] +2A{ dn(f) .
N Tt A:1—m2 B:m22+1’C:1—4m2
L _Bb +b2\/BZ +12AC_b,C( _on(¢ 12 sn(¢))
e A 1+sn(§) en(¢)
2 [~ cn(é) ? 1+sn(é) 2
Vi = 3(B+ B +12ch+zc(lisn(§)J +2A{ @) )
2
xi) 1f A:—(l_mz) gl L
4 2 4
_ Bb, +b,VBZ +12AC  b,C ) 1 2
b = S PEPEAC OO e s an(e) bt
2
2 1
Vig = 5(5 +4/B? +12AC)+ 2C(men(&) £ dn(&))* + Z{WJ :
2 2 )?
Xii)Tf A=%B—m +1,C=(1_T )
L _Bb, +b2\/BZ +12AC b2 sn€) ), [dn@)zen(@))’
v dn(&)+en(é) 2 sn(& '
2y T iiaac s() ), dn()en())’
Vi7 = 3(B+ B +12ACJ+2C(dn(§)icn(§)] +2A{ sn(§ :
xiii) T A:%, B = m22—2, c =mT4 .
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2 2
_ Bb, +b,/B? +12AC , baC cn(¢) V1-m? +dn(&)

+Db,

Uig =
18 3A AlJi—m +dn() cn(é)
V18=§(B+\/BZ+12AC)+2CL +2A{“1 m’ £ dn(¢

vl-m +dn
where, §=x+%y+4\/82+1ZACt.

Here sn(&m),cn(&,m), dn(é,m) are Jacobi elliptic functions and M
denotes the modulus of the Jacobi elliptic functions.
If m—>1then sné —>tanh&, cné —>seché, dn&é —seché. We can obtain the
following some multiple soliton solutions of Eqg. (24).

g :%+b2 tanh2(§)+b2[ J, Vig :%+2tanh2(§)+2(;2}

1
tanh? (&) tanh? (&)

b
where, &= x+?2 y +16t.

2 2 2 2
Uy =2b, +b, tanh(¢) +b, 1+sech(&) vy =isl tanh(¢) )", 1(1zsech(¢))”

3 1+sech(é) tanh(¢) 3 2(1+sech(¢)) 2 tanh(¢)
where, &=X+2b,y+4t.
If m-—0,then sné—-siné, cné—>cosé, dné —>1.We can obtain triangular

periodic solutions of Eqg. (24). The triangular periodic solutions of
Eg. (24) are omitted.

6. CONCLUSION AND SUGGESTIONS (SONUC VE ONERILER)

In this paper, we present the Generalized Jacobi elliptic
function method by wusing ansatz (3) and, with aid of Mathematica,
implement it in a computer algebraic system. An implementation of the
method is given by applying it to KdV equation and (2+1)-dimensional
coupled KdV system, we also obtain some new double-periodic solutions
and multiple soliton solutions at same time. We can obtain not only
the double periodic solutions, but also triangular periodic solutions
as well as the multiple soliton solutions of the KdV equation and
(2+1) -dimensional coupled KdV system. The method can be used to many
other nonlinear equations or coupled ones. In addition, this method is
also computerizable, which allows us to perform complicated and
tedious algebraic calculation on a computer.
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