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ON THE DISTRIBUTIONS OF ORDER STATISTICS OF RANDOM VECTORS

ABSTRACT

In this study, the Jjoint ©probability function and Jjoint
probability density function of order statistics of i.n.n.i.d random
vectors which number of components are different are given
respectively for discrete and discontinuous <cases. Furthermore,
continuous cases are derived from the discrete and discontinuous
cases.
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TESADUFI VEKTORLERIN SIRALI ISTATISTIKLERININ DAGILIMLARI UZERINE

OZET
Bu c¢alismada, Dbilesenlerinin sayisi farkli olan i.n.n.i.d.
tesadiifi vektdrlerin sirali istatistiklerinin Dbilesik olasilik ve
bilesik olasilik yogunluk fonksiyonlari kesikli ve slireksiz durumlar
ig¢in sirasiyla verilmistir.Ayrica, kesikli wve slreksiz durumlardan
stirekli durumlar tiretilmistir.
Anahtar Kelimeler: Sirali Istatistikler, Siireksiz Tesadiifi
Vektdrler, Kesikli Tesadiifi Vektorler,
Strekli tesadiifi Vektdrler, Bilesik Olasilik
Fonksiyonu, Bilesik Olasilik Yogunluk
Fonksiyonu, Permanent
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1. INTRODUCTION (GIRIiS)

If a,, a,,. are defined as column vectors, then the matrix
obtained by taking i, copies of a;, 0, copies of a,,.. can be denoted as
[ a; a, ]

i; i,
and perA denotes the permanent of a square matrix A, which is defined
as similar to determinants except that all terms in the expansion have
a positive sign [1].

David [2] considered the fundamental distribution theory of
order statistics.

Guilbaud [3] expressed probability of the functions of
independent and not necessarily identically distributed (i.n.n.i.d.)
random vectors as a linear combination of probabilities of the
functions of i.i.d. random vectors and thus also for order statistics
of random variables.

Khatri [4] examined marginal probability function (p.f.) of a
single order statistic and the joint p.f. for any two order statistics
of i.i.d. random variables for discrete case.

Reiss [5] «considered the Jjoint probability density function
(p.d.f.) of any K order statistics of independent and identically

distributed (i.i.d.) random variables under a continuous distribution
function (d.f.) and discontinuous d.f.. He also considered p.d.f. of
bivariate order statistics by marginal ordering of bivariate i.i.d.
random vectors with a continuous d.f. Dby means of multinomial

probabilities of appropriate “cell frequency vectors”, defining
multivariate order statistics by marginal ordering of i.i.d. random
vectors with a continuous d.f..

Samuel and Thomas [6] and Vaughan and Venables [7] denoted the
joint p.d.f. of order statistics of i.n.n.i.d. random variables by
means of permanents.

In this study, the Jjoint p.f., and Jjoint p.d.f. of order
statistics by marginal ordering of i.n.n.i.d. random vectors which are
number of components under discontinuous distribution functions
(d.f.”"s) are given. Moreover, transitions from discontinuous and
discrete cases to continuous cases are discussed.

From now on, the subscripts and superscripts are defined in the
first place in which they are used and these definitions will be valid
unless they are redefined.

Consider x=(x'Y, x?,., x9) and y=(y®, y?,., y?@), then it can
be written as xSy if xW<yd  j=1,2,.,d.

Let &i=(&", &92,., &9, 1i=1,2,.,n be n i.n.n.i.d. random
vectors which components of §; are independent. Moreover, Nn(l) is the

number of components of &%, ﬂ(z) is the number of components of

£i®,...,n(d) is the number of components of & and n(1), n(2),., n(d)
may be different. The expression
(h  _ (i (i (i — -
X nti) —Zr:n(j)( 1o G20 e 5n(j)) r=1,2,.,nd) (1)
is stated as the rth order statistic of the Jjth components of &, &,

wr &n. Using (1.1), the rth order statistic of &;’s in component wise
can be expressed as

xwﬁ4xﬂwxﬁbvwxﬁa)_
where n=max{n(/): 1= j= d}r=n, [F:‘”]"l{l} = sup(x: F” (x) < 1} and
" | Ik
7] @, >0
Xr:n(j) = -
Konpr T S00)
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From (1), the ordered values of the jth components of §,, &,, ..,
expressed as
XD X< < x® (2)
n(j) 2n(J) n(j):n(j)

2. RESEARCH SIGNIFICANCE (CALISMANIN ONEMTI)

In this study, the Jjoint p.f. and Jjoint p.d.f. of order
statistics by marginal ordering of i.n.n.i.d. random vectors which are
number of components under discontinuous distribution functions
(d.f.”"s) are given. Moreover, transitions from discontinuous and
discrete cases to continuous cases are discussed.

3. ORDER STATISTICS OF I.N.N.I.D. RANDOM VECTORS FOR DISCRETE
CASE (KESIKLI I.N.N.I.D. TESADUFI VEKTORLERIN SIRALI
ISTATISTIKLERI)

If the random variables are i.n.n.i.d. and PfE::Jj = fTI] is

written for discrete case, the joint p.d.f. of XSQ’XEQ: Xéﬂ and

qu'xqm'mfxmm will be given in Theorem 1 and Theorem 2, respectively.

Theorem 1. LetF, be p.f. of random vector & and F” be p.f. of

). Then, the joint p.f. of Xﬁ’n),XfJg, Xfpj:r)] is

" R 0
frlﬂrwrp:n(j)(xl(”,xg”,...,xg’))—zﬂ.pem (3)

and =0, otherwise, where O=ry<n<..<r,<r,,=n+l, A=
FO 1) 60 (d?)  FOG? 1) = FO)e £7 () 1= FP 0N
r'i—licl—:l Jc1-+-m1u-1 r:—:'l—m—.ic-.—'l... nr:_f')—rp—mp

which consists of column vectors with HU} components such as

F(J’)(XI(J')>:(Fl(J)(XI(j))FZ(J')(XI(J')) Fn((lj))(x(l)) ) 1=04,.,p+1 and
c=[ (g =Ky =)' (ky+my+ 1) ... (n(j) -1 =m,)!1"" and under the
conditions such that m,+ k. 21, =r,=1 |, me=0, k,., =0 the
sum is

P-l*-r-il"!‘ m] ﬂl"_

IS ID N

k.50 m.=Q@ k=0 ”‘;-'}
Proof. Omitted.
Theorem 2. LetF, be p.f. of random vector §; and Fi(j) be p.f. of

F,Ej). Moreover, assume that the same conditions in Theorem 1 hold.

Then, the joint p.f. of x .., X .,., X ., Is

frl,rz,...,rp:n (%1, Hfrfjrz) oy (X(j)’xgj)i“'!xf)j)) (4)

and =0, otherwise, where x|=( 1 X(Z),....,X,(d)).
Proof. Omitted.
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4. ORDER STATISTICS OF I.N.N.I.D. RANDOM VECTORS FOR
DISCONTINUOUS CASE (SUREKSIZ I.N.N.I.D. TESADUFI VEKTORLERIN
SIRALI ISTATISTIKLERI)

Let Fﬁj) be d.f. of é”) and be discontinuous at any
Xp),|=:L2““,p,p==]“2“",n(j)which is a realization of &f”. Thus, the
random variable Ff“(xf”‘)+nf”(Fﬁ”(xp))—-Fﬁ”(xf”‘)) which is uniformly
distributed on the interval (Ff”(xp*),Fﬁ”(xP’» can be taken instead

of the realization Fﬁ”(xf”) where Fﬁ”(xf”’) denotes the left-hand
limit of Ffj), and Tﬁj)is uniformly distributed on (0,1). If yP) is a

realization of np), then f” is taken instead of np). Moreover, ap)

and np) are assumed to be independent. If
Hi(J)(yI(J),XI(J)) _ ,:iu)(XI(J)—)Jr yl(l)(Fi(J)(XI(J))_ Fi(n(xl(n—)), then Hi(')(m“)'ff”) is
uniformly distributed on (0,1) [5]. Furthermore, it can be written

|" 3 _1

[#2] @, r>n@

XFIHL_.'J" - ’ .

‘T‘:"r:::ﬁ:ll_r."'r r E n[.lrj
where

l H;(_.l.'

Now, the joint p.d.f. of X, X{1,..X{ and x

N rmote

1 (1,1)= mp{{x,_r,}:ﬁ;"” (% ¥) = 1}.

X, . ,.,X . will

N’ rpmn
be given in Theorem 3 and Theorem 4, respectively.
Theorem 3. LetF, be d.f. of random vector § and F!) be d.f. of

ig” and discontinuous at any X,(j), and Béj) denote the set of all

(X{j),yfj),Xéj),yg”,....,xg”,yg”) satisfying 0<y,(j)<l, and X,(_jl)<xl(j) or

X =x{" and y{) <y[?. Then, the joint p.d.f. of X}, X{1,.. X1 is

-1 rn N moe
f ) n(xl“),xé"),...,xg”):jc perady;dy}) .. dy(V (5)

[P

for Béj) and =0, otherwise, where O=r,<r <..<r,<r ,=n(j)+1, a=
[ H(J)(yl(l)’xl(l)) () Hm(ygn,xgn)_ H<J>(y£n,xlm) L 1_H(J)(yél)1x(pl))]
r, -1 1 r,—r-1 1 n-r,
H“)(y,‘”,x,‘”):(Hl(”(yl“),xf”)Hg”(yf”,xf”) Hﬁ”(yf”,xf”) ) 1=01...p+1,
' . '
and 1=(l 1 .. 1) , 1|“)=(1 1.. 1) , 1=12,..,p are column vectors with n
components and € = [I7_ [(roq =7, = 1)1]7*
(HE (557 167)=0, Myt x2) =1).
Proof. Omitted.
Theorem 4. LetF, be d.f. of random vector & and FY) be d.f. of

g, and F be discontinuous at x'!). Moreover, assume that the

same conditions in Theorem 2.1 hold. Then, the joint p.d.f. of x .,

1S

X s Xpon

N
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d
- (i) (i) y(i) (i)
frl'er"'!rp:n (®1, %2, xp)_Hfrl,rz,...,rp:n(Xl 1 X5 1"-1Xp ) (6)
=1
d .
for UBE)” and =0, otherwise, where x|=(X|(1),X|(2),....,X|(d)) and
j=1
1 2 d
yi= (Y72 y(®).
Proof. Omitted.

5. RESULTS (SONUCLAR)
Result 1. In (3) (or in (4) for d =1y, f:l""‘}(x;:""l—l}=fr'-’;' {:a:_;'i})-,

then the joint p.f. of order statistics of i.i.d. random variables
from discrete parent is obtained. This result gives an alternative
representation of (3) in [3], and the special cases of this result for

p=1landp =2 give (2) and (6) in [4], respectively.
Result 2. In (3) (or in (4) for d= 1), if discrete case

approaches to continuous case, i.e., k¢==Tﬁ;:=D and
53] Cid i (i)
F d [I‘; - 1) = F ? (-’rfr } for 1Z2LZ p, then the joint p.d.f. of order

statistics of i.n.n.i.d. random variables with continuous d.f.’s is
obtained. This result gives the opened form of the expression which
constructed by taking order statistics instead of T in (4) in [3], and
the general case in [7].

Result 3. In (3) (or 1in (4) for d = 1), if discrete case

approaches to continuous case, i.e., kgz'"h =8 and
§3) Cid R §3, ( i)
F~’ (xi" —1)=.F;} (xﬂ‘r }=F‘ﬂ'(xt‘1 } for 1=l =p, then the joint p.d.f.

of order statistics of i.i.d. random variables with continuous d.f.’s
is obtained. This result gives (2.2.3) in [2] and Theorem 1.4.5 in
[5].

Result 4. In (5) (or in (6) for d=1),

. NG o o
Hf-‘l (}’f; r-'x;ﬂ') =g (}’:U r-‘xi}}), then the Jjoint p.f. of order statistics
of 1i.i.d. random variables under discontinuous d.f.’s is obtained.

This result gives Corollary 1.5.7 in [5].
Result 5. In (5) ( or in (6) for d=1), if

Ciyg . Gy () A )
Hr} (‘kf WX )=F (xt } for 121l = p, then the joint p.d.f. of order

statistics of i.n.n.i.d. random variables with continuous d.f.’s is
obtained. In this case, the Joint p.d.f. 1is obtained by taking

P (v o) G () (i . w
[fl'}}(x}""}_,l‘_:l I:.I';“J}r_] ---f,.;”f-t'_r}}}}f instead of 1; in perA. This result
gives the opened form of the expression which constructed by taking
order statistics instead of T in (2.2) in [3], and the general case in
[5].

Result 6. In (3) (or  in (4) for d=1), if

() Y (D ) )

H}H[}{J,X{I) ==F‘H(IF.}, then the Jjoint p.d.f. of order statistics of

i.i.d. random variables with continuous d.f.’s 1is obtained. This
result gives (2.2.3) in [2] and Theorem 1.4.5 in [5].
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