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KINEMATICS ON THE GENERALIZED 3-SPACE

ABSTRACT
A motion in 3-dimensional generalized space defined by using a
spatial curve, it 1is shown that, this motion is a homothetic motion.
We investigate some properties of this motion and show that it has
only one pole point at every instant t.
Keywords: Homothetic Motion, Hamilton Operator, Generalized
Quaternion, Pole Point, Kinematic

GENELLESTIRILMiS UIC BOYUTLU UZAYIN KINEMATIGI
0z
Genellestirilmis bir ¢ boyutlu uzayda, hareket uzay edrisi ile
tanimlanan harekete homototik hareket denir. Bu calismada, homototik
hareketin bazi 0zellikleri incelenmis ve bir pole noktasina sahip
oldugu yapilan calismada gorilmistir.
Anahtar Kelimeler: Homothetik Hareket, Hamilton Operatdri,
Genellestirilmis Quaternion, Pole Noktasi,
Kinematik
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1. INTRRODUCTION (GIRIS)

Kinematics is the study of classical mechanics to describe the
motion of points, bodies (objects) and systems of bodies (groups of
objects) without consideration of the causes of motion. It is used in
astrophysics to describe the motion of celestial bodies and systems,
in mechanical engineering, robotics and biomechanics to describe the
motion of systems composed of joined parts (multi-link systems) such
as an engine, a robotic arm or the skeleton of the human body [6].
One-parameter homothetic motion of a rigid body in N —dimensional
Euclidean space is investigated in [1] and some of its properties are
given by Hacisalihoglu [2], showing that the motion is regular and has

one pole point at every instant t. The homothetic motions in E* via
Hamilton operators 1is studied by Yayli [9]. In Lorentz 3-space, the
properties of the homothetic motions is considered in [8].

2. RESEARCH SIGNIFICANCE (CALISMANIN ONEMI)

In this paper, we introduce a generalized 3-space and
investigate the homothetic motions and some of its properties in this
space. Subsequently, with the aid of the Hamilton operators, we define
a Hamilton motion in three-dimensional space ELP We demonstrate that
this motion is a one-parameter homothetic motion. It is found that the
Hamilton motion defined by regular curve of order r has only one pole
point at every instant t. Finally, we give some examples for more
clarification.

3. EXPERIMENTAL METHOD-PROCESS (DENEYSEL YéNTEM—SﬁREC)
In this section, we define a generalized inner product on a real
3-dimensional vector space and give a generalized 3-space.

Definition 1: Let U=(U,Uy,U,), V=(V,v,,V,)eR’ 1f «, feR", the

generalized inner product of U and V is defined by
(U,V) = auy, + fu,V, + affu,V,.

It could be written
0 0
B 0 |v=u'Gv.
0 op
Also, ifa>0,p<0, <U,V> is called the generalized Lorentzian

inner product. The vector space on R® equipped with the generalized
inner product is called 3-dimensional generalized space and denoted by

E;r The vector product in Elgis defined by
pi aj k
UxV=|U U, U
ViV VY,

where ix]=k, Jxk=247, kxi =aJ .
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Special Cases:
e If a=pf=1 then Ezﬂis an Euclidean 3-space E’.
e If a=1 B=-1 then Ezﬁis a Minkowski 3-space Ef ;

Definition 2: A matrix A 1is called a quasi-orthogonal matrix if
A'¢A=¢gand detA=1 where

100 0
0« 0 0
&= ’
004 0
00 0 ap

and a,f€R. The set of all gquasi-orthogonal matrices, QO(3), with
the operation of matrix multiplication is called rotations group in 4-

spaces E;3[4].
Generalized Quaternions: A generalized quaternion ( is an

expression of form
A= +ai +a,j+ak
where 4d,,8,d, and a; are real numbers and T,T,kare quaternionic
units which satisfy the equalities

iP=—a, J?=-8, k?=—ap,

and
ki=aj=-ik, «a,feR.
Special Cases:
e a=p=1 is considered, then I{wyis the algebra of real

quaternions.

e =1 f=-1 is considered, then }Lw is the algebra of split
quaternions.

e «a=1 pB=0, is considered, then }Lw is the algebra of semi-

quaternions([7].
e a=-1 =0, is considered, then Ilwgis the algebra of split semi-

quaternions.
e a=0, =0, is considered, then Huﬁis the algebra of quasi-

quaternions([3].

The set of all generalized quaternions are denoted byfﬁwT A
generalized quaternion ( is a sum of a scalar and a vector, called
scalar part, quao, and vector part \7q=a17+a2]+a312eE3ﬂ. Therefore,
H

B is form a 4-dimensional real space which contains the real axis R

and a 3-dimensional real linear space Eiﬁ, so that, HaﬁZR@EZﬂ.

If q:(ao,\7q) and p=(b0,\7p) are two quaternions, their sum is defined as

q+p=(a,+by, V, +V,)

and their product (non-commutative) as
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dop = (ah,—(V, V), &V, +bV, +V, V),

here "<,>" and "x" are the 1inner and vector products 1in
Ezﬁ, respectively. The conjugate quaternion of ( is defined as
q:(ao,—\7q) and the length or norm as

_ = A~ a2 2 2 2 _
Nq =0oq =qeog=2a + aa _|-15'a2 +aﬂageR. Note that qu:Nqu_ Every non
zero quaternion has a multiplicative inverse given by its conjugate

divided by its norm: q‘lzq/Nq_ The generalized quaternion with a norm

of one, Nq =1, is a unit generalized quaternion.

If a generalized quaternion is looked at as a four-dimensional
vector, the generalized quaternion product can be described by a
matrix-vector product as

a, —aa, -—pa, -oafa,|b,

p=| 2 B TP B |h
a, oag & —aa, || b,
by

a, -4, a a

'
Let ( be a unit generalized quaternion, then thHaﬂ—>Haﬁ and

hq . Haﬂ - Haﬁ, are defined as follows:

" -
he(x)=gox, hg(X)=Xoq X eH,.

In both cases, considering Haﬂto be Eiﬁ. spanned by the usual

basic elements. We suspect that both these maps correspond to

rotation, since it easy to show that they are norm and angle

+
preserving. For example, considering the map hq, we have already seen

that if x,y,quaﬁ and N, =1 then
N,=NN =N

gx q' VX X"

.
The generalized Hamilton operators H and H, could be

represented as the matrices;

a, -aa -—fa, -affa,

PR -Pa,  pPa,
HO=10 o o e | ©
8 & & )
and
a, —aa —pa, -afa,
|:|(q): a ) :Bas _ﬂaz . (2)

a —aa; & aq
a & - &
A direct consequence of the above operators is the following
identities:
HQ=1, H(@)=E, H()=E, H{K=E,
and
HW=1, H@{)=F, H()=F, H{K) =F,
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where is a 4x4 identity matrix. Note, that the properties of

l,
the E_ and F  (n=12,3) are identical to those of generalized

n n
+

quaternionic unit il],R Since Hand H are linear, it follows that;
H(a) =a, H(1)+a, H(i)+a, H(j)+a, H(k)
=al, +aE +a,E, +a,E;,

and
H(a)=a, H®)+a, H(i)+a, H(j)+a, H (k)
=a,l,+aF +a,F, +a,F.

+ —
Using the definitions of H and H, the multiplication of the two
generalized quaternions ( and P is given by

qop=H(@)p=H(p).

Theorem 1: If (and Pare two generalized quaternions, A 1is a

+ -
real number and Hand H are operators as defined in equations (1) and
(2), respectively, then the following identities hold:

e q=poH(@=H(p) o H@=H(p).

e H(@@+p)=H(@+H(p), H(q+p)=H(@)+H(p).
e H(Aq)=AH(q), H(Aq)=2H(q).

e H@op)=H@H(p), H@ep)=H(p)H @)
. ﬁ<q1>=[ﬁ(q)} , H(q1)=[ﬁ(q>} - (N, 0.
. ﬁ(q*):[ﬁ(q)} , H(q){ﬁ(q)]

. det[ﬁl(q)}:(Nq)Z, det[ﬁ(q)}:(l\lq)z.

. tr[ﬁ(q)}=4ao, tr{ﬁ(q)}=4ao.

Proof: The proof can be found in [4].

4. HOMOTHETIC MOTIONS AT Ezﬁ (Ejﬂ 'DA HOMOTHETIC HAREKETLER)
In three-dimensional generalized spaceEzﬁ, l-parameter
homothetic motions of a body are generated by transformation
Y hA C| X
A
where A is a 3x3 quasi-orthogonal matrix and Nis homothetic
scalar. The matrix B=hA is called a homothetic matrix and Y,X and

C are 3xl real matrices. The homothetic scalar h and the elements of

A and C are continuously differentiable functions of a real parameter
. Y and X correspond to the position vectors of the same point with

respect to the rectangular coordinate systems of the moving space R,
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and the fixed space R, respectively. At the initial time t=t, we

consider the coordinate systems of R, and R are coincident.

To avoid the case of affine transformation we assume that
h(t) zcons.

and to avoid the case of a pure translation or a pure rotation,
we also assume that

d d
—((hA)#0, —(C)=0.
dt( ) OIt()
If we differentiate of Y =BX 4+C with respect to and t yields
Y =BX +C +BX
where Vr:B)<is the relative velocity, VszBX +C is the sliding

velocity and Va:Y.is called absolute velocity of point of X moving
system. So we can give the following Theorem.

Theorem 2. In three-dimensional generalized space, for one-
parameter homothetic motion, absolute velocity vector of moving system
of a point X at time t is the sum of the sliding velocity vector and
relative velocity vector of that point.

Theorem 3. The homothetic motions of generalized space E;3 are
regular motions.

Proof: Equation B=hAby differentiation with respect to t gives

B =hA + Ah
or

8 =nc A+ A).
We may write detB =f].d6KF;A-+A). It is obviously, for any

t, detB =0.

5. POLE POINTS AND POLE CURVES OF THE MOTION
(POLE NOKTALARI VE HAREKETIN POLE EGRILERI)
To find the pole points, we have to solve the equation

BX +C =0. (3)
Any solution of the equation (3)is a pole point of the motion at

that instant in R_. Since Bis regular, the equation (3)has only one

solution, i.e., XO=(—By4C::O at every instant t. This pole point in
the fixed system is
X =B(-B)'C+C.

Theorem 4. During the homothetic motion of generalized space of
3-dimensions, there is a unigque instantaneous pole point at every time
t.

6. HAMILTON MOTIONS IN GENERALIZED 3-SPACE (GENELLESTIRILMIS U¢

BOYUTLU UZAY ICINDEKI HAMILTON HAREKETLERTY)

Let us consider the curve y:lc:R-—)Eiﬂ defined by
7(t):(ao(t)!ai(t)!az(t)fas(t))! (4)
for every tel.We suppose that yﬁ)is a differentiable curve of

order I which does not pass through the origin.
Also, the mapF} acting on a pure quaternionw :
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F:K—>K, F (0)=yowoy, ®)
where y is conjugate of the Y. We put Fy@v)ztvﬂUsing the

. -
definition of H and H the equation (4) is written as

o'=H(H()o.
From (1) and (2), we obtain

a’ +qal + pa’ +apa’ 0 0 0
N oy 0 a; +aa - ffa; —affa; 2p(aa, —a,3,) 2B(caa; +aga,)
H()H( )= 2 2 2 2
0 2a(aa, +a,3;) ay —ag, + fpa; —afa, 2a(faa, —aQ,)
0 2(caa, -a52,) 2@, + faR,) & -oa - fa; +afa;

This simplifies to

+ - . Th" o0
H()/)H(7)=[ }

0 B
where h'=N y =a02 +06312 +ﬂ3.22 +aﬂa§ and
a; +aa — pa; —afa; 25(a,a, —aga;) 2p(aaa; +aga,)
=[by],.=| 20@a+aa) & -aal+pal-afal  2a(faz—aa)
2(aa, —aga,) 20052, + fa,a,)  a, —aa - fa; +afa;

For the matrix B, we have BT&B :h'zh and detB=h".

The l-parameter Hamilton motions of a body in generalized 3—space are
generated by transformation

X B C|[X,

Ny R
where B is the above matrix. X, X, and C are 3x1l real matrices.
B and C are continuously differentiable functions of a real parameter
t. X and X, correspond to the position vectors of the same point P.

Theorem 5. The Hamilton motion determined by the equation (6) is

a homothetic motion in E;T

Proof: The matrix B can be represented as

bll blZ b13
h h h
pon| 22 bu Balpy
h h h
b31 b32 b33
Lh h h

where h:lcR >R,

t >h(t)=a’(t) +ea; )+ fa; (t) +apa; ).
So, we find AeQO(3) and heR.. Thus B is a homothetic matrix and
the equation (6) determines a homothetic motion.

Special case: If a=f=1 then Theorem 5 holds for real
quaternions, see [5].
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Example 1. Let y:lc:R-—)Eiﬂbe a curve given by
t - y(t) =(cost ,t,sint,0),
for every tel.y(t) is a differentiable regular of order [I. Since,

yﬁ)does not pass though the origin, the matrix B can be represented

as
cos’t +at? — fBsin’t 2Bt sint 23(cost sint)
B = 2at sint cos’t —at’® + fsin’t 2a(—tcost)
—2(cost sint) 2(t cost) cos’t —at? — Bsin’t

=(cos’t +at’® + fBsin’t)A,
where h(t)=(cos’t +at’+ Bsin’t), Ae€QO(3). Thus, Bis a homothetic

matrix and it determines a homothetic motion in E?

7. CONCLUSION (SONUC)

In this paper, we introduce a generalized 3-space and
investigate the homothetic motions and some of its properties in this
space. Subsequently, with the aid of the Hamilton operators, we define

a Hamilton motion in three-dimensional space ELP We demonstrate that

this motion is a one-parameter homothetic motion. It is found that the
Hamilton motion defined by regular curve of order r has only one pole
point at every instant t. Finally, we give some examples for more
clarification. A motion in 3-dimensional generalized space defined by
using a spatial curve, it is shown that, this motion is a homothetic
motion. We investigate some properties of this motion and show that it
has only one pole point at every instant t.
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