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Abstract

In this study, some estimations of convolution type operators defined with the help of
Steklov operator in weighted Lorentz space LP(T) are obtained. Also, some basic
properties of convolution type operators in these spaces are investigated.
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Agirliklt lorentz uzaylarinda steklov ortalamasi yardimiyla
konvoliisyonlar {izerine bir ¢calisma

Oz

Bu ¢alismada, agwrlikly Lorentz uzaylarinda Steklov operatérii yardimiyla tammlanan
konvoliisyon tipli operatorlerin bazi degerlendirmeleri elde edildi. Ayrica, bu
uzaylarda, konvoliisyon tipli operatorlerin bazi temel ozellikleri incelendi.

Anahtar kelimeler: Konvoliisyon, agwlikli lorentz uzaylari, fourier serisi, steklov
ortalamasi, yaklagim.

1. Introduction

Lorentz space was firstly introduced by G. G. Lorentz in [1]. By means of the weight
functions satisfying Muckenhoupt condition, the weighted Lorentz spaces were defined
in [2,3]. We start with the definition and some properties of the weighted Lorentz space.
As a first motivation for this, we define the weight function.
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Let T:= [— m, ] and the function w:T — [0, o] be a measurable and nonnegative
function. If the preimage set w~1({0, «}) has the Lebesgue measure zero then we say
that w is called a weight function. If  is a measurable set, then we write

w(m) = f w(x)dx. (1)
n

The decreasing rearrangement function f,;(z) of f: T — R with respect to the Borel
measure (1) is defined as
fa@)=infla=0: w(xeT:|f(x)>al) <1}
The average function f**(t) is defined as follow
T

1
frw =1 [ @

Let f: T = R be a measurable function. Assume that 1 < p,q < co. The weighted
Lorentz space L2 (T) consists of measurable functions defined [2, p. 219], [3, p. 20] as
the set of all measurable functions f for which

1

q
ad
llgo = | [ (@) Z) <co
T

The weighted Lorentz space L2;7(T) is an extension of weighted Lebesgue space LY, (T)
[3, p. 20] since LEP (T) = L (T). In this paper, we will use L?;? instead of LZ;7(T).

The weights w belongs to the Muckenhoupt class A, (T) [4] which is defined by the

condition

1 1 oi? P f_ P
sup IJIIJ w(x)dx (Ulfl w (x)dx) <o, p'=-7
where J is any subintervals on [0,2] and |/ | represents the lenght of J.

For f € L', the Hardy Littlewood maximal function is defined as

1
M(x; f) = supmj f(t)dr, x€][0,2m]

x€l

where the supremum is taken over all subintervals I of [0,2r] and |I| represents the
lenght of 1. [5, p. 80].
When w € A,(T), 1 <p,q <o, the Hardy Littlewood maximal function of f €
LP9(T) is bounded in L2(T) [6].
Let f, g € L. Then the convolution type operator is defined as

21

(f*g)(xh) = f onf (x, W) g(w)du (2)
where ’
1 h
onf (x,u) ==Eff(x+ut)dt, 0<h<m x€]0,2m], —0 < U<
0

is the Steklov means constructed by means of f.

The basic properties of this type of convolution operator used in the structure of the
approximation polynomials and modulus of smoothness were investigated in variable
exponent Lebesgue space by Israfilov and Yirtici in [7] and weighted Lorentz spaces in
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[6,8-11]. In addition, properties of convolution type transforms were also examined in
[12-15]. The properties of above type convolution may be established and investigated
in weighted Lorentz spaces. In this study, we investigate the properties of the
convolution type operators, and the approximation identities in weighted Lorentz
spaces. Further information about this convolution can be found in [16].

2. Main results

We have the following two relations taking into account the definition given by (2) for
vV K,L,M € 27 and for Va € R.

. ((aK) * L)(x, h) = a(K = L)(x, h),

e ((KFL)*«M)(x,h) = (K*M)(x,h) F (L*M)(x,h).

Note: We note that this convolution type operator defined in terms of Steklov operator
is not commutative. Example: Let a,b € R, K be a constant function and L be a linear
function (K(x) = aand L(x) = ax + b). Then, we get
21 h
1
(K *L)(x,h) = j 7 jf(x + tu)dt | g(u)du
0

0
21 h

=f %jadt (au + b)du

0 0
21

=f a(au + b)du

0
= 2an(am + b).
At the same time,

21 1 h
(L*K)(x,h) = ] Ejg(x + tu)dt | f(w)du
0 0

21 h

_ 1
= J E](a(x + tu) + b)dt |adu
0

0
27

uh
=J (a(x+7>+b)adu
0
ahm
=qal2m (ax +b +T)

We shall use following auxiliary result for proving the our main theorems.

Theorem 1 [10] Let w € A,(T), 1 < p,q < o and ¢ be a measurable function of two
variables. Then

j &(x,")dx <c f 18Cx,) | g, dx , € is a positive constant.
T T

pq,w

283



AVSAR A.H.

Our main results are followings.

Theorem 2 Let w € 4,(T), 1 <p,q < oo, f € L2(T) and g € L. Then, there is a
positive constant ¢ such that
If * 9llpgw < cllfllpgwllgll

Theorem 3 Let w € 4,(T), 1<p,q<oo, feLL(T) and geL'. Then the
convolution type transform f * g can be approached in LY,%(T) by the finite linear

combinations of means f, that is, for V € > 0, there are the sets of numbers {1} c R
and {u, }T < [0,27] such that
n
(f * D) = D Aonf ()
k=1

<eE.

pq,w

Now we consider the identities of convergence in weighted Lorentz space L2;7(T). By
the identity of convergence we understand a sequence {K,},cy € L* satisfying the
following conditions:
a supllKyll, < oo
n
. 1 @
b. Tllll?o;rf—n K,(x)dx = 1;
o1 _
C. ,lll_l,goﬂfas|x|5n|Kn(x)|dx =0, V6 € (0, m).
Under given conditions the following theorem is true.

Theorem 4 Let w € A,(T), {K;,}nen be an identity of convergence and 1 < p,q < oo.
Then for every f € LP(T), the relation

K
lim ||f | I
noe |l 21 Pq,w
holds.

3. Proof of main results

Proof of Theorem 2 Let f € L2(T). Using Theorem 1 and the boundedness of Hardy

Littlewood maximal function we get
21

1 * Dllpqo = ||| 007 C 090

0 Pa,w

21
< ¢ [ ot Cllpgollg@llpgodu
< cllfllgullgl,s
|
Proof of Theorem 3 Let S, be the set of simple functions defined on [0,27]. Since S,

is dense subset of L', it is sufficient to prove the Theorem 3 in the event of g € S,,.
Every function g € S,,, can be expressed as a linear conjugation of the characteristic
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function of subintervals on [0,2rr]. Therefore it is sufficient to proof the Theorem 3 in
the event of
1, ueg

g@) = x.(u) = {0’ wE

where ¢:[a, b],0 < a < b < 2m, is a random interval.
For an arbitrary number § > 0, we divide ¢ into a finite subintervals I, with length
|Ix| < & and satisfying the conditions I; N [; = @, i # j and ¢ =Uy I.. Then

(f * ) = f onf (o, 1) g (w)du
2T 0
- f onf (W) o (W) du

= J. onf (x,u)du

0

= | @nEwd.
k Lk

Taking u; € I, we have

(f * G = ) el (o)t 0)
k
=D | @pHewde =) | ©@pEwdu
x Ik . 1k

- Z f [(0n.) Ct,w) = (o f) (x, wpe) ] du
k

Considering the triangle property in LP:(T) norm and Theorem 1 together, we have

(f * G0 h) = ) el (o) 06 1)
k

pq,w

> [ 1@ - @6 ulde
k Ik

pq,w

<) | M@ = @G u g odu ®
kK

By the continuity of o, f, for V € > 0 there is a § > 0 such that for every finite

subintervals I, c ¢such that |I,| < & and u € I, the inequality

1) (6, 1) = @) ) g < 5 @

c
holds. Hence by (3) and (4) we get

(f * 900D = ) el (00 w)
k

€
< d:Zz—
CZ feu Ck|k|27rc

Pq.w koo I
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=) Il <
— L=
k

where |g| is the Lebesgue measure of ¢.

Proof of Theorem 4 Let f be a continuous function on [—m, ], SO we write f €
C([—m, m]). Using the triangle inequality we get

f*K,
= <\ f FOKy @)
21 pae
1
| oK~ 1 ®)
0 Pq,w
By rearranging the right side of (5), we get
f * K,
= % %ff(x + ut)dt | K,(u)du —%f f()K,(w)du
0 0 0
= b= [ (3 [ G+ w = poona | yan
1 o 1 h
< o Ej[f(x + ut) — f(x)]dt | |K,(w)|du.
0 0

Let e > 0. Due to 0 < t < h, by the continuity of f for a given € there isa § > 0 such
that for h < &, the inequality |f(x + ut) — f(x)| < € holds. Therefore, considering (a)
we get

f * Ky,

1
< e—f 1K, (W)|du < ce. (6)
21
0
Also, considering (b) we get
27T
1
lim %f fO)K,(wdu = f(x), x € [0,2m]

0
and therefore for a given € > 0 there is a n, € N such that for every n > n,

<e (7

1 s
o | FOKGodu - £
0

Pq,w
Using (6) and (7) in (5) we have
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K,
| [ K —f < Ce€. (8)
2T P

Let 1 < p,q < oo, f € L2(T). Since C([—m,m]) is dense in LE;? [1]. For every € > 0
there is a function g € C([—m, ]) such that

”f - g”pq,w < e (9)
If we consider (a) and Theorem 1 together, we get
|f*Kn_g*Kn — (f_g)*Kn
21 21 My 0 21 paw
(o
< I = Dllpg.ollKnlly
< Mye (10)

where M, is a positive constant idependent of n.

Now, if we consider (10), (8) and (9) for every n > n,, the we get
’f*Kn ’f*Kn g * Ky g * Ky
21 f pgw I 2T 21

< Mye+ce+e=€eMy+c+1).

+ ”(f - g)”pq,a)

rq,w

-4

Pq,w | 2T
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