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ABSTRACT. Let ¢ be a scalar that is not a root of unity. We show that
any nonzero polynomial in the Casimir element of the Fairlie-Odesskii algebra
Ué (s03) cannot be expressed in terms of only Lie algebra operations performed
on the generators I, Is, I3 in the usual presentation of Ué(503). Hence, the
vector space sum of the center of U, (so3) and the Lie subalgebra of U, (so3)

generated by Iy, Is, I3 is direct.
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1. Introduction

Important quantum groups and associative algebras have presentations with de-
formed commutation relations, by which we mean defining relations that involve
expressions of the form c¢;UV — VU where U,V are elements of the associa-
tive algebra, and the scalar parameters ci,co are not necessarily both 1. These
expressions resemble the usual Lie bracket in the associative algebra, which is
[U, V] := UV — VU. Some specific examples are the quantum group Uy (slz) in
its “equitable presentation” [16], the Fairlie-Odesskii algebra U, (s03) in its usual
presentation [10,11,12,15], the parametric family of Askey-Wilson algebras [18,19],
and the parametric family of g-deformed Heisenberg algebras [13,14] whose defining
relations are g-deformations of the Heisenberg-Weyl relation.

However, the existence of an associative algebra structure in some vector space
implies the existence of a Lie algebra structure in the same vector space. Thus,
even if the defining relations of an associative algebra involve deformed commu-
tation relations, it is still possible to compute Lie polynomials in the generators
of the algebra. This notion first appeared in [18, Problem 12.14] for the universal
Askey-Wilson algebra. It was found that the defining relations in this algebra and
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the related family of Askey-Wilson algebras are not Lie polynomials in the gener-
ators [2], and so the usual algebraic machinery for finitely generated and finitely
presented Lie algebras is not directly applicable, but it was further shown that the
Lie subalgebra generated by the generators of the algebra is not free [2]. Simi-
lar studies were done for ¢-deformed Heisenberg algebras [3,4]. In all such studies
[2,3,4] the focus was on the consequences of the non-Lie polynomial, deformed com-
mutation relations on the Lie polynomials in the same algebra. The studies [2,3,4]
have motivated further progress as reported in [5,6], in which central extensions
and torsion-type deformation parameters were considered, respectively. A survey
of the particular type of Lie structure, in associative algebras being described here,
can be found in [7].

For this paper, we study the Fairlie-Odesskii algebra Uy (s03), and the conse-
quences of its deformed commutation relation on the Lie polynomials in relation
to the Casimir element, an element which is significant in studying representations
and central elements of the algebra [10,11,12]. More specifically, we show that any
nonzero polynomial in the Casimir element of the Fairlie-Odesskii algebra is not a

Lie polynomial in the generators of the algebra.

2. Preliminaries

Denote the set of all nonnegative integers by N, and the set of all positive integers
by ZT. Let F denote a fixed but arbitrary field. Throughout, by an algebra we mean
a unital associative algebra A over F with unity element I 4. We use the convention
that U® = I4 for any U € A, and we denote I4 simply by I if no confusion
shall arise. Any subalgebra is assumed to contain the unity element. We also note
that every algebra A has a Lie algebra structure induced by [U,V] := UV — VU
for all U,V € A. Throughout, whenever we refer to a Lie algebra structure on an
algebra A, we shall always mean that which is induced by the Lie bracket operation
[,:] just mentioned. Let X, Xs,...,X,, € A. If K is the Lie subalgebra of A
generated by X1, Xo, ..., X,,, then we call the elements of I the Lie polynomials in
X1, X5,...,X,. Given U € A, the linear map ad U : A — A is defined by the rule
V — [U,V]. Also, for any linear map ¢ whose domain and codomain are equal,
and for any n € N, by ¢" we mean composition of ¢ with itself n times, where "

is interpreted as the identity linear map.

2.1. The Fairlie-Odeskii algebra. Fix a nonzero ¢ € F. The Fuirlie-Odeskii
algebra is the algebra Ué (so03) that has a presentation by generators I7, I, I3 and
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relations
G*LI,—q LI = Iy,
G*Lly—q LD, = I,
¢*LL —q LIy = D

By Bergman’s Diamond Lemma [1, Theorem 1.2], a basis for Uy (s03) consists of
the vectors IMIZ*I% for all h,m,n € N. If ¢ # 1, then the element

Ci=—q4(q— g YV Ialy +qI? + ¢\ 12 + 2 1)

of Uy (s03) is called the Casimir element of Uy (s03). If ¢ is not a root of unity, it
is known that C' generates the center of U, (s03) [12, Theorem II]. Denote by £ the
Lie subalgebra of U, (s03) generated by Iy, Io, I3.

2.2. A torus algebra related to U, (s03). The algebra U, (s03) can be interpreted
as an algebra of quantum geodesics or an algebra of quantized geodesic functions
on a coordinate algebra of a torus, which is related to quantum gravity [8,9,15,17].
More precisely, Ué (s03) is a subalgebra of some other algebra related to a torus,
which we describe in the following. Denote by A, the algebra with a presentation

given by six generators zfl, 22117 23il that satisfy the relations

—1 —1
2122 = (qz2%71, Z2Z3 = (qz3%9, 2321 = (42123, zkzk =1= Zk Zk (2)

for all k& € {1,2,3}. An immediate consequence of A, having the above presenta-
tion is that there exists an algebra isomorphism ® : A, — A, that performs the

assignments

o 21 > 29 > 23 > 21,

-1 -1 -1 -1
2] 2y by 2.

Also by [1, Theorem 1.2], a basis for A, consists of

h._ m_n
Z3%9 21, (h7m7n € Z) (3)
The elements
1 1 1 P | _1
Gi1 = q %25 2] +q%25 21 +q %2321,
~1 1 1 19 _1
Gy = @ %z 23 +q%zy 23+ q 22223,
-1 —-1_-1 11 -1
Gs = q %z 2y +q%z 2+q 22129,

of A, are of significance as shall be evident in the results that follow. Initially, we

have the following.
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Proposition 2.1 ([15, Proposition 3.1]). If ¢ # 1, then there exists an injective
algebra homomorphism U, (s03) — A, such that
Gy,

Ik'—> 1
q—dq

for all k € {1,2,3}.

Assumption 2.2. From this point onward, we assume q # 1, and thus, we identify

U, (s03) as the subalgebra of A, as described by Proposition 2.1 above.

3. Reordering formula in A,

Since the fact that the vectors (3) form a basis for A4, can be shown using the
Diamond Lemma, this means that in a finite number of steps, any element of A,
can be written uniquely as a linear combination of (3). As an example, by simple

use of the relations (2), the elements G, G2, G5 can be rewritten as

1 1 1

G = q 2z lzl 1 +q22 L 4+ q 22321, (4)
1 1 1

Gy = q2231221+q 223122+q22322, (5)

Gy = q%zglzfl + q7%z2_121 + q%zgzl, (6)

in terms of the basis (3) of A,;. In the theorems that follow, we show explicitly

some reordering formula for A,.

Proposition 3.1. The relations

2z = "z, (7)
22y = "Ry, (8)
2tz = q "y, 9)

hold in Ay for any m,n € Z.

Proof. We first prove (7). For the case m,n € Z*, using the first relation in (2)

and double induction on m,n it is routine to show that
22y =gy, (myn e Z7T)) (10)

Multiply the left-hand side of (10) by z; ™ both from the left and the right. Do

similarly for the right-hand side of (10), and then solve for z; ™z%. The result is

—m _n —mn_mn

1 %22 =4 ™, (myneZt.) (11)

Similarly, multiply the left-hand side of (11) by z5 ™ both from the left and the

right, and do similarly for the right-hand side of (11), and then solve for z; "z
This results to

2yt =gy ™", (myn € Z7T)) (12)
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Thus, (7) holds for the cases covered in (10), (11), (12). We now consider arbitrary
m,n € Z. If one of m,n is zero, then we are left with the trivial equation u = ¢%u
where w is either I or a power of one generator. In this case, (7) still holds. Consider
the case that both m,n are nonzero. Given h € {m,n} such that h is negative,
there exists k € ZT such that h = —k. This implies that one of the three cases
(10), (11), (12) is applicable, and so (7) holds for any m,n € Z. Apply ® to both
sides of (7) to get (8). To get (9), observe that since m,n are arbitrary, (8) can

be written as z5'z5* = ¢"" 2525, Apply ® to both sides of this equation, and then

solve for z]"z%. From this, we get (9). O

The reordering formula from Proposition 3.1 may be easily used to rewrite the
product or Lie bracket of any two basis elements from (3) into a linear combination
of (3).

Corollary 3.2. Given any integers h,m,n,u,v,w, the relations

AL = e, (13)
[Zgzgnz?y Zgzgzﬂiv] — (qm,u{»nufnu7qh177h,w+mw)Zg'i’uzgn“l‘?)z{?«"rﬂl7 (14>

hold in A,.

Proof. Reorder 22521 - 24252 using (7), (8), (9). From this, we get (13). The
relation (14) is a routine application of (13). O

Corollary 3.3. Given any integers h,m,n,u,v,w, the relation

(2525727, 25 2521 ] = (1 — q™) 252520 - 252527, (15)
where H = h(v —w) + m(w — u) + n(u —v), holds in A,.
Proof. Use (13) and (14). O

Remark 3.4. With reference to Corollaries 3.2 and 3.3, we have the following

observations.

(i) Denote by A(j m.n) the span of the basis element z§z5"z]" of A;. The
relation (13) implies that the collection {A, mn) : (h,m,n) € Z3} of
one-dimensional vector subspaces of A, is a Z3-gradation of A,.

(ii) If g is not a root of unity and if H # 0, then the identity (15) implies that
scalar multiplication can be used to “convert” the product of two basis

vectors from (3) into the Lie bracket of the same two vectors.
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4. The Lie subalgebra of A, generated by 27, 25, 23

Denote by L, the Lie subalgebra of A, generated by zlil, zgﬂ, z?,il. Our initial

goal in this section is to identify basis vectors of A, from (3) that are elements of
Ly. In accordance with what has been discussed in Remark 3.43.4, we assert the

following.
Assumption 4.1. From this point onward, we assume that q is not a root of unity.

As an initial example, observe that by some routine computations involving the

use of the reordering formula (7),(8),(9), we have

237z = (1= q) 77 23, [22, [22, 21]], (16)

3 exists in the

which proves that 23z3z; € L, since the nonzero scalar (1 — ¢)~
field F because of the assumption that ¢ is not a root of unity. We proceed in a
rather constructive fashion until we get more basis elements from (3) that are also

elements of £,. Our next step is the following.

Proposition 4.2. For any T € 7Z, the relation
o127 — a"(1=)7"7? (ad =) ([[z525 22 1])s TeN,
e (~DTA-)T72 (ad 271) 7" ([[23 125 )25 Y]),  Tez\N,

holds in Aq.

Proof. We first consider the case T' € N, and we use induction on 7. By routine

calculations using the reordering formula (7), (8), (9), we have
[tz ] 2] = =)z

which proves that (17) holds for 7" = 0. Suppose (17) holds for some T € N. That

is,
(ad 21)T (Hz§17 2271} ,z;l]) = q_T(l - q)T+2z§1z5221T. (18)

Applying the map ad z; on both sides of (18) and using the reordering formula (7),
(8), (9), we get

(ad 21)T+1 ([[23—1722—1} ,2:2_1]) — q_T(l _ q)T+2(q—1 _ 1)2’3_122_2Z1F+1,

_ qf(T+1)(1 _ —221T+1

T4+1)4+2 1
)( ) 23 29

q

)

which completes the induction for T € N. For the case T € Z\N, we perform
induction with decreasing values of T": we prove that (17) holds for T' = —1, and

prove its validity at T'— 1 given that it holds for some T' € Z\N. Proceeding as
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such, by routine calculations involving evaluation of Lie brackets and the reordering
formula (7), (8), (9), we find that

(ad 2 ") ([[5 2] 22 ') = Q-0 ¢® =Dyl s,
which implies that
7zt = (-9 (ad ) ([ 2222 1))

which proves (17) for the case T = —1. Suppose that (17) holds for some T € Z\N.
That is,

(ad zfl) ([[z;l,zgl] 7251]) = (—1)_T(1 — q)2_Tz§1252ziF. (19)

We emphasize here that in (19), the exponent of ad zfl is =T > 0, and so
(ad zl_l)fT is a valid composition of mappings. We then apply the map ad 21_1 on
both sides of (19) and use the reordering formula (7), (8), (9). From this, we get

(ad zl_l)fT+1 ([[s35 25" .22 ') = (DT> T 1) 23 2522 1,

_ o -1 —2 T—1
= (DT 23 2Ty,

which further implies that
25 ley 22T = ()T (1 — g)T-D-2 (ad Z1—1)*(T*1) ([[251,Z2—1] 722—1}) .
By induction (17) holds for all T € Z\N, and this completes the proof. O
The relevance of (16) and (17) will now be apparent in the proof of the following.
Lemma 4.3. For any h € Z\{0}, we have
zg, 2p b € Ly.

Proof. By (16) and (17), both 23232, and 23 ' 25220~ are elements of £,. But by
(14), we have

Z{L = q3(1 — qh)_1 [z;;z%zl, 23712272,2?71] , (20)

where the existence of (1 — ¢)~! follows from the assumption that ¢ is not a root
of unity. Thus, 2 € £,. We now show 24 € £,. Apply ® on both sides of (20),

and we obtain
zg = q3(1 - th1 [<I> (232’%21) , P (zgle_ZZ{L_l)] , (21)

where the left-hand side was obtained by using the fact that ® is an algebra homo-
morphism, while the right-hand side was obtained using the fact that ®, being an
algebra homomorphism, is necessarily a Lie algebra homomorphism. To evaluate

P (232321) and ® (23—122—22?—1)’ we use (16) and (17), and we use the property of
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® that it is a Lie algebra homomorphism to evaluate the resulting right-hand sides.

This gives us
®(232321) = (1-9) 7% [21,[23,[23,22]]], (22)

{ up (ad 22)}“1([[zfl,z:;l],zgl]), hezZ™t,

& ‘71 —2_h—1
(23 2y 21 ) ’Uh(a.d 2271)17h([[Zfl,zgl],zgl])7 hEZ\Z+,

(23)
where uj, = ¢"71(1 —¢)7"~ and v, = (—1)"71(1 — ¢)"~3. We note that the scalar
coefficients in (21), (22), (23) are all defined in the field because ¢ is assumed to be
nonzero and not a root of unity. By inspecting the right-hand sides in (22), (23),
we find that both ® (232321) and @ (23_122_22'?_1) are in £,, and so by (21), we
have 2% € L,. A similar argument can be made to prove that 2h e L,, and this
should start by applying ®2 on both sides of (20). O

We now look for more basis elements from (3) that are in £,. But first, we need

the following.

Proposition 4.4. For any h,m,n € Z, the relations

[25,25"] = (1—q"™) 2323, (24)
e ] = (1-qm) ey, (25)
(2] = (1"t ey, (26)
hold in A,.
Proof. Use (14). O

Lemma 4.5. For any h,m,n € Z\{0}, basis vectors of A, from (3) of the form

2y, e, A, (27)
252y, (h#m), (28)
z?zefz{‘, (h #n), (29)

are elements of Lg.
Proof. By Lemma 4.3 and (24), we find that 2725" € £,. Rewrite (24) as
gz = (1—q") " [, 2] (30)

Apply ® to both sides of (30). Reorder the resulting left-hand side, and by making

some adjustments in the scalar coefficients, we get
h_m _ _hm hmy—=1T[_m _h
252" =¢"(1—q"™) [21a23]>

where 27", 2% € £, by Lemma 4.3, and so we deduce that 222" € £,. By a similar

argument, we also have 2527 € £,. Since it has now been established that 2527
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and z" are both in L4, by (25), we find that the vectors (28) are in £,. The
significance of the restriction h # m is evident from the appearance of the scalar

coefficient in (25). By a similar argument, we find that the vectors (29) are also in
Ly O

Lemma 4.6. If h,m,n,u,v,w € Z such that h+uv = m +v = n + w, then

[zgzgnz?,z}{zgz}”] =0.
Proof. Set u=—h, v =—m, w = —nin (14). O
Lemma 4.7. A basis for the Lie algebra L, consists of the vectors

2p 22T, (31)
where at least one of the conditions h # m, h # n, or m # n is true.

Proof. Denote the span of the vectors in the statement by K. Since such vectors
are taken from the basis (3) of Ay, these vectors are linearly independent, and so
they form a basis for their span, which is K. Thus, we are done if we show K = L.
We first prove that K is a Lie subalgebra of A,. What would suffice is to show
that the Lie bracket of any two of the basis elements of K from the statement,
say 202020 and z¥282V) is a linear combination of the same basis elements in
the statement. In view of Remark 3.43.4, [ngzé"zf, zé‘zé’zqf’] is in the Z3-gradation
subspace A(j4u,m+v,n+w), and is hence a scalar multiple of z§+“z;”+”zf+“’. But
by considering the property of the basis elements of I in the statement, the only
possibility for [z520"27, 242821 ] = caltugmtvntw
K is when ¢ # 0 and h+u = m +v = n+ w. But this is impossible by Lemma 4.6.

Hence, [zgzgnz{‘, z};zé’z}”] € K, and so K is a Lie subalgebra of A4,. Observe that

(for some scalar ¢) to be not in

the basis vectors of K in the statement include all the generators of A,. Since the
smallest Lie subalgebra of A, that contains all the generators of A, is £4, we have
Ly € K. To get the other set inclusion, we simply make use of Lemmas 4.3 and
4.5, which imply that all the basis vectors of K are in £;. Therefore, K = £,. U

By Lemma 4.7 we are able to identify which vector subspace of A, is precisely
L,. What remains of the vector space A, can be easily described by the conditions
on the exponents of the generators imposed on the basis elements of £, indicated

in Lemma 4.7, and so we have the following.

Corollary 4.8. A direct sum decomposition (of vector spaces) for A, is given by
.Aq = »Cq @ @A(h,h,h)~ (32)

heZ
Define 7 as the vector space projection of A, onto @, 5 A,n,n)- Equivalently, =

is the canonical map A, — A,/L, if Ay/L, is viewed as a quotient of vector spaces.
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Corollary 4.9. The Lie algebra £ is a Lie subalgebra of L.

Proof. For any k € {1,2,3}, the generator I, of the Lie algebra £ has the property

m(I) =7 (q _Gq_) — 0 in view of the equations (4), (5), (6). Thus, £ is a Lie

algebra contained in £,. O

5. Nonzero polynomials in C' are not Lie polynomials in Iy, I, I3

Define the family {Anx : N € Z} of vector subspaces of A, by the property that

for each NV € Z, a basis for Ay consists of the vectors
PP U (h+m+n=N.) (33)
We immediately find that {Ax : N € Z} is a Z-gradation of A,.

Proposition 5.1. The elements G1, Go, G3 satisfy the properties

2
PG+ G+ PG € P s, (34)
1=—2
2
3
—G1GoG3 +q2232527 € @ Ag;. (35)
1=—3

Proof. We first prove (34). Let H € {G1,G2,G3}. From (4), (5), (6), there exist
Ao €A, Ao € Ao, Ao € Ag, (36)

such that
H=X_+X+ A (37)

Consider the following elements of A,.

poa = A2y, (38)
B2 = A_adg+ AgA_g, (39)
o = Moo+ /\% + A2 _o, (40)
o = Aoz + A2, (41)
o= AL (42)

By (36) and (38) to (42), we find that p; € A, for any j € {—4,—2,0,2,4}, and so
2?272 o € @5272 As;. Also, it is routine to show that H? = 2?272 12;, and so

we have

2
H? € €P Ao (43)

i=—2
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But since H is arbitrary, (43) implies that any linear combination of G%, G%, G% is
an element of @?:72 As;. In particular, so is q%G% + q_%Gg + q%Gg. This proves
(34). We now prove (35). By (4), (5), (6), there exist

a_g,fB_2,7-2 € Ay, ag, Bo, Y0 € Ao, (44)
such that
Gi = ¢ Fzmz+as+ag, (45)
Gy = q*zz+B_a+fo, (46)
Gs = qFz21+7-2+ . (47)

Similar to the technique of using (38) to (42) in the proof of (34), we define the

following elements of A,.

voy = —a_afg, (48)
V_g = —agf_2— a_280, (49)
Vo = —q 223219 — aofo — q T a_o232s, (50)
va = —q Fz32180 — ¢ Fapzaza. (51)
It is routine to show that
1
_GlGQ = —2’32’12’32’2+ Z V25, (52)
i=—2
1
= —2:3%2’221 =+ Z Va;, (53)
i=—2

where (53) is obtained from (52) by using the reordering formula from Section 3 on
the first term of (52). Now, we use (47) and (53) to compute for —G1G2G3, and

we obtain

—-G1G2Gs = *q%?«’g(?«‘zzl)2 (54)
*Z%ZQZl"}/O - zngzl’y_g (55)
1
+q? (Z V2i> Zo21 (56)
i=—2

+

Z I/Qi) Yo (57)

(2
(

Z I/Qi) Y—2. (58)

i=—2

+
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By (44) and (48) to (51), we find that v; € A; for all j € {—4,—2,0,2}. Then
S L vei € @, Ag. This further implies that the terms (55) to (58) are

elements of
2 1 1 1
@Azi, @ AgiAs, EB Ao, @ AgiA s, (59)
i=1 i=—2 i=—2 i=—2

respectively. By the properties of the gradation subspaces, the second and fourth

vector spaces in (59) can be simplified as

1 1 2
P A2t = P Asiva = P Asi,

i=—2 i=—2 i=—1
1 1 0

P rairs = P Maia= P s,

i=—2 i=—2 i=—3

and so we deduce that the terms (55) to (58) are elements of

2 2 1 0
P A, P Aai, D Arsi, D Arsi, (60)
=1

i=—1 1=—2 i=—3

respectively. Denote by R the sum of (55) to (58). By inspection of the limits of
the indices of the direct sums in (60), we find that R € @.__, Ay;. We now rewrite
(54) to (58) as —G1G2Gs + q222(2221)% = R, in which we further rewrite the term

q%zg(ZQ,zl)Q using the reordering formula for A,, and by doing this we get

2
~G1G2Gs + 33 =R € (P Ao

i=—3
O
Lemma 5.2. For any n € Z%, the Casimir element C satisfies the property
, 3n—1
R Rl Ve L LS <> PR ()
i=—3n

Proof. We use induction on n. By (34), (35), there exists R € @?:73 Ag; such
that

—G1G2Gs + q%G% + quGg + q%Gg + q%zgzng =R. (62)

Since we are considering U,(s03) as the subalgebra of A, described in Proposi-

q_c’;’il for any k € {1,2,3}, and so we obtain from (1) the

tion 2.1, we have I, =

relation

q

(SIS

(> —1)°C = —G1G2G3 + ¢* G + 2 G2 + ¢ G2. (63)
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Substituting using (63) into (62) and by some adjustments in scalar coefficients

such that C has scalar coefficient 1, we obtain

2
Cta*(?-1)23848 =3 (¢~ 1)*Re P A, (64)
1=—3

which is precisely (61) when n = 1. Suppose (61) holds for some n € Z*. Thus, for
any i € {—3n,—3n+1,...,3n — 1} there exists vo; € Ag; such that

O — (=) TR (g2 )T 2 = N (65)

Also, observe that in (64), the expression q%(q2 —1)72R is equal to Z?ﬁ:én 12
for some elements po; of A, with the property uo; € Ag; for all i € {—3n,—3n +

1,...,3n — 1}. Thus, we can rewrite (64) and (65) as

C = —¢"(#-1) 22§Z§Zf+2u2u (66)
1=—3
, 3n—1
Cr = (F)nPUTTR (@ — )T Y v (67)
1=—3n

Use (66) and (67) to solve for C"*1. More precisely, one way is to multiply the
left-hand sides as C™ - C, and we describe in the following some characteristics of
the resulting right-hand side, which can be verified by some routine calculations.
First, there is one and only one term that is a scalar multiple of precisely the
vector 23"23"22" 222222, Tt is routine to show that all other terms are elements

of @ijgl;:l) Ay;. Use the reordering formula to get 23 2n+1) Q(n“)zf(nﬂ) from

23 22N 220222222, The resulting scalar coefficient is equal to

(71)(n+1)q2((n+1)27(n+1)+2)(q2 _ 1)72(n+1).
By these observations, (61) holds for n + 1. This completes the proof. O

Theorem 5.3. The sum of the vector spaces £ and Z (Ué(ﬁo;;)) is direct. i.e., Since
C generates Z (Ué (503)), any nonzero polynomial in C' is not a Lie polynomial in
Ila -[2; —[3'

Proof. Let U € Z (U}(s03)). We have already established in (32) that if U =1 €
A(0,0,0), then U ¢ L,, and hence by Corollary 4.9, we further have U ¢ £. Thus,
without loss of generality, suppose that U has polynomial degree n € Z™, and that
the coefficient of C™ in U is 1. By Lemma 5.2, there exists a nonzero L € A2, 25,2n)
and some R € @f’g:én Ag; such that U = L + R. The condition L € A2y 2n,2n)

implies that
m(U) = L+ w(R). (68)



14 RAFAEL RENO S. CANTUBA

In view of the properties of the defining bases of the Z3-gradation subspaces Ah,mon)
and those of the Z-gradation subspaces Ay of A,, we find that the conditions
L € Apponon and R € @fﬁ:én Ag; imply R ¢ A(2p,2n,20), and so in the right-
hand side of (68), no summand in the linear combination for 7(R) serves as the
additive inverse of L, which further implies that w(U) # 0. Thus, U ¢ L,, and

therefore U ¢ £. O
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