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ABSTRACT. Let K be a field and S = K|z1,...,zy] be a polynomial ring over
K. We discuss the behaviour of the extremal Betti numbers of the class of
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1. Introduction

Let K be a field and S = K|z1,...,z,] be the polynomial ring in n variables
with coefficients in K. A squarefree monomial ideal of S is a monomial ideal
generated by squarefree monomials. Such ideals are also known as Stanley—Reisner
ideals, and quotients by them are called Stanley—Reisner rings. The combinatorial
nature of these algebraic objects comes from their close connections to simplicial
topology. Many authors have studied the class of squarefree monomial ideals from
the viewpoint of commutative algebra and combinatorics (see, for example [2,3,6,
18], and the references therein).

Let I be a graded ideal of S. A graded Betti number S p+¢(I) # 0 is called
extremal if B; ;4;(I) = 0 for all ¢ > k, j > ¢, (i,5) # (k,£) [4]. The pair (k,¥)
is called a corner of I. If By, k,+0,(I) (i = 1,...,7) are extremal Betti numbers
of a graded ideal I, then the set Corn(I) = {(k1, 1), (k2,%2),..., (kr, €r)} will be
called the corner sequence of I [7, Definition 4.1]. In the Macaulay or CoCoA
Betti diagram of I, the graded Betti number 3; ;(I) is plotted in column ¢ and
row j — i. Using such a notation, a graded Betti number [y p1¢(I) is extremal if
it is the only entry in the quadrant where it is the northwest corner. Projective
dimension measures the column index of the easternmost extremal Betti number,

whereas regularity measures the row index of the southernmost extremal Betti
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number. Indeed, the extremal Betti numbers are a generalization of such meaningful
algebraic invariants.

For a monomial ideal I of S, let as denote by G(I) the unique minimal set of
monomial generators of I and for a monomial 1 # u € S, let us define supp(u) =
{i : x; divides u}. A monomial ideal I of S is strongly stable if for all u € G(I)
one has (zju)/x; € I for all ¢ € supp(u) and all j < ¢ [14,16]; whereas a squarefree
monomial ideal I of S is squarefree strongly stable if for all u € G(I) one has
(xju)/z; € I for all i € supp(u) and all j < ¢, j ¢ supp(u) [2,16].

Assume that the characteristic of the base field K is zero. If I is a graded ideal of
S, then the generic initial ideal Gin([I), with respect to the reverse lexicographical
order on S induced by zy > -+ > z,, is a strongly stable ideal of S (see, for
instance, [13,16]). If T is squarefree, then Gin(I) is not in general squarefree. In
[3], the authors have introduced a certain operator o which transforms Gin(I) to
a squarefree monomial ideal of S. Such an ideal, denoted by Gin(I)?, is squarefree
strongly stable [3, Lemma 1.2.]. On the other hand, [3, Theorem 2.4.] assures that
if I is a squarefree ideal then the extremal Betti numbers are preserved when we
pass from T to Gin(7)?. Hence, if one wants to study the extremal Betti numbers of
squarefree monomial ideals in a polynomial ring S = K{z1,...,z,] with char(K) =
0, it is not restrictive to consider the behavior of such extremal Betti numbers for
the class of squarefree strongly stable ideals.

In this paper, we are interested to the study of the extremal Betti numbers of
the class of squarefree strongly stable ideals of S.

The first result on the behavior of the extremal Betti numbers of such a class
of squarefree monomial ideals can be found in [12, Propostion 4.1]. More precisely,
the authors in [12] gave a criterion to determine whether a graded Betti number is
extremal: let I be a squarefree strongly stable ideal of S. By k+e(I) is an extremal
Betti number if and only if k + ¢ = max{max(u) : v € G(I)¢} and max(u) <
k+j, for all j > ¢ and for all u € G(I); (Characterization 2.6); G(I), is the set
of monomials u of G(I) such that degu = ¢. They did not give any numerical
charaterization of the possible extremal Betti numbers of such a class of ideals.
Later, such a criterion was generalized to the class of squarefree strongly stable
submodules of a finitely generated graded free S—module with a homogeneous basis
in [10, Theorem 4.3]. Moreover, a criterion for determining their positions and their
number was also given in [10, Section 5]. Such a criterion will be an important tool

for the development of this article.
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Differently from the non—squarefree case, not much is known about the numerical
characterization of the possible extremal Betti numbers (values and positions) of
the class of squarefree strongly stable ideals. Indeed, many authors have faced and
solved such a question for the class of strongly stable ideals in S ([1,7,8,9,11,12,17]).
More precisely, the authors of the previous papers have examined the following

problem:

Problem 1.1. Given two positive integers n,r, 1 < r <n — 1, r pairs of positive
integers (k1,01), ..., (krylr) such that n —1 > ki > ko > -+ > k. > 1 and
1<l <ty <--- <L, and r positive integers ai,...,a,, under which conditions
does there exist a graded ideal I of S = Klx1,...,xy] such that Bi, k,+e,(I) = a1,

eovs B krre. (I) = a, are its extremal Betti numbers?

Positive answers to Problem 1.1 can be found in [7, Propositions 2.5, 3.5, Theo-
rem 3.7, [11, Theorem 3.1] and [17, Theorem 3.7] when K is a field of characteristic
0 (see also [1, Proposition 3.1, Theorem 3.2]). More specifically, in all the previous
cited papers, numerical characterizations of the possible extremal Betti numbers of
a graded ideal I of initial degree > 2 of a standard graded polynomial ring over
a field of characteristic 0 have been given. As we have just underlined, in such
a case the generic initial ideal of a graded ideal in S (with respect to the reverse
lexicographical order on S) is strongly stable and since the extremal Betti numbers
are preserved by passing from the graded ideal to its generic ideal [4], the prob-
lem is equivalent to the characterization of the possible extremal Betti numbers
of a strongly stable ideal of S. Moreover, in [1] a CoCoA package for computing
the smallest strongly stable ideal of S to face Problem 1.1 has been developed. In
particular, the package is able to determine all the possible r-tuples of positive in-
tegers (ay,...,a,) for which such an ideal does exist. Finally, a complete answer to
such a problem reformulated in terms of graded submodules of a finitely generated
graded free S—module has been stated in [7, Theorem 4.6], [8, Theorem 4.6] and |9,
Theorem 1].

The purpose of this paper is to numerically characterize the possible extremal
Betti numbers of squarefree monomial ideals of a standard graded polynomial ring .S
over a field of characteristic 0. Our techniques involve overall tools from enumerative
combinatorics.

The plan of the paper is as follows. In Section 2, some notions that will be used
throughout the paper are recalled. In Section 3, firstly we identify the admissible
corner sequences of a squarefree strongly stable ideal for n = 2, 3,4. Then, we deter-

mine the maximal number of corners allowed for a squarefree strongly stable ideal
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I of S with a corner in its initial degree (Propositions 3.7, 3.9). Moreover, given
n — £ (n > 5) pairs of positive integers (k1,%1), (k2,%2),. .., (kn—g,,fn—s,), With
1<kpp <kppy-1 <<k <n—-3and3 </l <ly<---<lp_py <n-—1,
we determine the conditions under which there exists a squarefree lex ideal (Def-
inition 2.3) I of K[z1,...,x,] of initial degree ¢1 having By, k,+¢,(I), i =1,...,7,
as extremal Betti numbers (Theorem 3.13). A complete description of the minimal
system of monomial generators of [ is given. Squarefree lex ideals are a subclass of
the class of squarefree strongly stable ideals [2]. Finally, in Section 4, we face the
squarefree version of Problem 1.1, i.e., the following problem: Given three positive
integers n >4, 41 > 2 and 1 <r <n— ¥y, r pairs of positive integers (k1,¢1), ..

*

(kpyly) such thatn —3 > ky > ko > - >k, >2and 2 <l < ly < -+ < 4,

ki+4; <n (i=1,...,r), and r positive integers ay,...,a,, under which condi-
tions does there exist a squarefree monomial ideal I of S = K|x1,...,2,] such that
By ki+e: (L) = av, ..., Br, ko+e.(I) = a, are its extremal Betti numbers? We solve

such a problem when char(K) = 0 (Theorem 4.14). In such a case, the question
is equivalent to the characterization of the possible extremal Betti numbers of a
squarefree strongly stable ideal of S as we have pointed out. The idea behind The-
orem 4.14 is to establish the bounds for the integers a; (i =1,...,r), starting with
a, and then arriving to a;, by computing the cardinality of suitable sets of mono-
mials. The key result in this Section is Theorem 4.4. Let (k, £) be a pair of positive
integers and let A®(k, ) be the set of all squarefree monomials « of S of degree £
and such that max(u) = k+¢, with max(u) = max{i : ; divides u}, ordered by the
squarefree lex order >y defined in Section 2. If u € A®(k, ), Theorem 4.4 shows
a method for determining the cardinality of the set of all squarefree monomials
w € A®(k,{) such that w >gex u. We provide some examples illustrating the main
obstructions to the issue. All the examples are constructed by means of Macaulay?2

packages [15], some of which were developed by the authors of this article.

2. Preliminaries and notation

Let us consider the polynomial ring S = KJ[zy,...,2,] as an N-graded ring
where degx; = 1,4 =1,...,n. A monomial ideal I of S is an ideal generated by
monomials. If I is a monomial ideal of S, we denote by G(I) the unique minimal
set of monomial generators of I, by G(I), the set of monomials u of G(I) such that
degu = ¢, and by G(I)>, the set of monomials u of G(I) such that degu > ¢. If
I = @©;>0l; is a graded ideal of the polynomial ring S, we denote by indeg/ the

initial degree of I, i.e., the minimum j such that I; # 0.
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For a monomial 1 # u € S, we set
supp(u) = {i : z; divides u},
and we write
max(u) = max{i : i € supp(u)}, min(u) = min{i : 7 € supp(u)}.

Moreover, we set max(1) = min(1) = 0.

A monomial m € S is called a squarefree monomial if m = x;, x;, - - - x;, with
1<iy <ig<-+-<ig<n. IfTisasubset of S, we denote by Mony(7T) the set of
monomials of degree d in T' and by MonJ(T) the set of all squarefree monomials of
degree d in T.

A monomial ideal I is a squarefree monomial ideal if I is a monomial ideal of S

generated by squarefree monomials.

Definition 2.1. Let I be a squarefree monomial ideal of S. I is called a squarefree
stable ideal if for all u € G(I) one has (zju)/Tmax(u) € I for all j < max(u),j ¢
supp(u).

I is called a squarefree strongly stable ideal if for all u € G(I) one has (zju)/x; € I
for all ¢ € supp(u) and all j < i, j ¢ supp(u).

Remark 2.2. Let T be a set of squarefree monomials in S of degree d. T will
be called a squarefree stable set if for all u € T one has (2ju)/Tmax(u) € T for all
Jj < max(u),j ¢ supp(u). T will be called a squarefree strongly stable set if for all
u € T one has (zju)/x; € T for all i € supp(u) and all j < 4, j & supp(u).

Hence, a squarefree monomial ideal I of S' is squarefree (strongly) stable if Mong (1)

is a squarefree (strongly) stable set, for all d.

For every 1 < d < n, we can order Monj(S) with the squarefree lexicographic

order >gex [2]. More precisely, let
U= Tjy Ty *** Tiy, V=TjTjy Ljg»

with 1 <4 <ig < - <ig<n, 1< j <jo<- < jg < n, be squarefree

monomials of degree d in 5, then
U >glex V if il :jlv"wisfl :jsfl and is <jsv (1)

for some 1 < s <d.
A nonempty set L C Monj(S) is called a squarefree lexsegment set of degree d
if for u € L, v € Monj(.S) such that v >gex u, then v € L.
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Definition 2.3. Let I be a squarefree monomial ideal of S. I is a squarefree
lexsegment ideal of S if for all squarefree monomials v € I and all squarefree

monomials v of the same degree with v >y u, it follows that v € I.

Example 2.4. Let S = K[z, 22,23, 24,25]. The ideal I = (r12913, 12224,

XT1ToT5, T1T3L4, TaX3T4Ts) 1S a squarefree lexsegment ideal of S.
For any graded ideal I of S, there is a minimal graded free S-resolution [5]
F:0=Fs—= - —=F—=F—=1-=0,

where F; = ®;jez5(—j)%. The integers B3, ; = B ,;(I) = dimg Tor;(K,I); are
called the graded Betti numbers of I.

Definition 2.5. [4] A graded Betti number Sy p1¢(I) # 0 is called extremal if
ﬂi,iJrj(I) =0 for all 4 Z k? ] Z Ea (Za]) 7é (kvg)

The pair (k, ) is called a corner of I.
If I is a squarefree stable ideal, there exists a formula to compute the graded
Betti numbers of I ([2]):

Brkre(D) = > <maX(Z) - €>~ (2)
weEG(I),

Because of relation (2), next characterization holds true [10,12].

Characterization 2.6. Let I be a squarefree stable ideal of S. B r+e(I) is an
extremal Betti number if and only if k + £ = max{max(u) : v € G(I);} and
max(u) < k + 7, for all j > ¢ and for all u € G(I);.

As a consequence of such a characterization, one has that if I is a squarefree

stable ideal of S and S, k+¢(I) is an extremal Betti number of I, then
Br,kre(I) = {u € G(I)e : max(u) =k + £}]. 3)
Moreover, setting ¢ = max{j : G(I); # 0}, m = max{max(u) : v € G(I)}, then
Bm—¢,m is the unique extremal Betti number of I if and only if
m = max{max(u) : u € G(I)¢},
and max(w) < m, for all w € G(I); with j < ¢.

Remark 2.7. If [ is a squarefree stable monomial ideal of S and S j+¢(I) is an
extremal Betti number of I, then from Characterization 2.6, we have the following
bound:

(4)

1 < Brpse(l) < (k+£ 1)-

-1
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k+£—1

In fact, there exist exactly ("7

max(u) =k + L.

) squarefree monomials of degree ¢ in S with

Now, let (k‘l,€1>,...7<k‘r,gr) (n— 1>k >ko>-->k.>21,1< 0 <ty <
-++ < {,) be corners of a graded ideal I, according to [7], the following notions can

be introduced:

Corn(I) = {(kh br)seees (kT’ ET)}’ CL(I) = (ﬁkl,lier (I)a e 7ﬁk,,~,k,,.+2,,,(l))-

Corn(I) is called the corner sequence of I, and a(I) the corner values sequence of
I
If I is a squarefree ideal of S, then k; +¢; < n, foralli=1,...,r.

Example 2.8. Let S = Klz1, 22, 23,24, 25, z¢] and let
1= (3713327331$37$1$4,$1$5,l‘2$3$4733233396‘5,1329533?67332334%,1529643367903334335906)

be a squarefree strongly stable ideal of S. The extremal Betti numbers of I are
Bs.6(I) =2, Bas(I) =1, as the Betti table of I shows:

0 1 2 3
4 6 4 1
5 11 8 2
1 2 1 -

Hence, the corner sequence and the corner values sequence of I are
COI‘H(I) - {(3,3)7 (234)}3 and CL(I) - (2a 1)7
respectively.

We close this Section with some notations from [10, Section 5] that will be useful
in the sequel.

Let I be a squarefree stable ideal of S. If I is generated in one degree ¢, then I has
a unique extremal Betti number S,,,—¢, 1, (I), where m = max{max(u) : v € G(I)}.

Assume I to be generated in degrees 1 < £ < £y < --- < {; < n, and denote by
[t] the set {1,...,t}.

Setting

me, = max{max(u) : u € G(I)g,},

for j = 1,...,t, let us consider the following sequence of non negative integers

associated to I:
ds(I) = (mg, —l1,me, — Lo,y ..., my, — L). (5)

Such a sequence is called the degree-sequence of I.
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One can observe that, if
mgl7£1>m[27€2>"'>m£t*£t, (6)

then, from Characterization 2.6, B, —¢,,m,, (I) is an extremal Betti number of 7,
for i =1,...,t. If (6) does not hold, one can construct a suitable subsequence of

the degree-sequence ds(I), say

—

ds(l) = (me,, — by, ey, — ligs ooy, — L), (7)

with £; < 0, < /t;, <--- <{;, =¥y and such that, for j =1,...,q, ﬁmh.*%’mzi,. (I
is an extremal Betti number of I. ' '
The integer ¢ < t, denoted by d1(I), and called the degree-length of I, gives the
number of the extremal Betti numbers of the squarefree stable ideal I.

For more details on this subject see [10].

3. Extremal Betti numbers of squarefree strongly stable ideals

In this Section, we examine the extremal Betti numbers of squarefree strongly
stable ideals in S = K|[x1,...,x,]. More precisely, we identify the admissible corner
sequence of a squarefree strongly stable ideal in S.

From now on, we assume Mon,®(S) to be endowed with the squarefree lex order
>dex induced by x1 > x9 > - > x,.

At first, we analyze the simple cases occurring when n = 2, 3.

Case 1. Let n = 2 and S = K[z1,23]. A squarefree strongly stable ideal I of S
can have at most one corner. More precisely, Corn(I) = {(1,1)} with a(I) = (1),
i.e., I = (x1,x2).

Case 2. Let n =3 and S = K|z, 22, z3]. Also in such a case, a squarefree strongly
stable ideal I of S can have at most one corner (k,¢), k + ¢ < 3. Indeed, the only

situations that may occur are listed in Table 1.

Corners Corner values | Squarefree strongly stable ideal
Corn(I) ={(2,1D)} | a(1) = (1) I = (x1,22,23)

Com(I) = {(1, 1)} | a(l) = (1) 1= (v1,72)

Corn(I) = {(1,2)} | a() = (1) I = (2122, 1173)

Corn(f) ={(1,2)} | a({) = (2) I = (z122, 2123, T273)

TABLE 1. Corner sequences for n = 3.

Such easy cases allow us to yield the next result.
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Proposition 3.1. Let S = Klx1,...,z,], n > 2. If I is a squarefree strongly
stable ideal of S with (k,1) € Corn(I), then |Corn(I)] = 1. More precisely, I =

(151,1}2, e ,.’EkJrl).

Proof. First of all one can observe that G(I); = {z1,..., 2541} H G(I)>2 # 0

then there exists a monomial u € G(I) of degree ¢ > 2 such that max(u) > k + 2.

A contradiction, since (k, 1) is a corner of I. O
Now, let us consider the case n = 4.

Case 3. Let n =4 and S = K|z, 2, 23, 24]. Assume I to be a squarefree strongly

stable ideal S of initial degree > 2 (Proposition 3.1). Since a pair (k,¢) € Corn(I)

must satisfy the inequality k& + ¢ < 4, the situations that can occur in such a case

are described in Table 2

Corners Corner values | Squarefree strongly stable ideal
Corn(l) ={(2,2),(1,3)} | a(I) =(1,1) I = (z122, 2123, 124, T2T3T4)

Corn(J) = {(1,2)} a(l) = (1) I = (z129,2123)

Corn(I) = {(1,2)} a(l) = (2) I = (z129, 2123, T23)

Corn(l) = {(2,2)} a(l) = (1) I = (z122, 2123, 2124)

Corn(I) = {(2,2)} a(l) = (2) I = (z122, 2123, 124, T2T3, TaTg)
Corn(I) ={(2,2)} a(I) = (3) I = (212, 2123, T124, ToT3, TaTy, T3Ty)
Corn(I) = {(1,3)} a(l) = (1) I = (212223, 21274)

Corn(f) ={(1,3)} a(l) = (2) I = (z12923, 217274, 1737 4)

Corn(I) = {(1,3)} a(l) = (3) I = (z122w3, T1T2Ty, T1T3Ty, T2L3T4)

TABLE 2. Corner sequences for n = 4.

Remark 3.2. All the squarefree strongly stable ideals described in Tables 1 and
2 are the smallest strongly stable ideals with the given data, with respect to the

inclusion relation.
Let T be a subset of Monj(S), d < n. The set of squarefree monomials of degree
d+1ofS
Shad(T) = {zju: veT, i ¢supp(u), i=1,...,n}
is called the squarefree shadow of T. Moreover, we define the i-th squarefree shadow

recursively by Shad’(T) = Shad(Shad*~*(T)), i > 1, with Shad’(T") = T

Next notion will be crucial for the further developments in this paper.
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Definition 3.3. Let u = x;, - - z;, be a squarefree monomial of S of degree g < n.
We say that u has a j-gap if 7;41 —4; > 1 for some 1 < j < q. The positive integer
ij41 — ¢; — 1 will be called the width of the j-gap.

The j-gap of a squarefree monomial u = x;, ---x;, € S will be denoted by

j-gap(u), whereas its width will be denoted by wd(j-gap(u)). Moreover, we define
Gap(u) := {j € [q] : there exists a j-gap(u)}.

Definition 3.4. A squarefree monomial u = x;, ---x;, of S will be said gap—free

if Gap(u) = 0.

Example 3.5. Let S = KJz1,...,211]. The monomial v = z1z3x4z6210 € S
has three gaps. Indeed, Gap(u) = {1,3,4}, 1-gap(u), 3-gap(u) have both width
equal to 1 and 4-gap(u) has width equal to 3; on the contrary, the monomial

V= ToT3T4T5Te € S is gap—free.

Lemma 3.6. Let u = x;, -+~ x;, be a squarefree monomial of degree ¢ < n —1 of
S. Assume u has a gap whose width is > 2, or u has at least two gaps.
Then there exist at least two squarefree monomials v,w € S of degree g+ 1 with
¥ >glex W, max(v) = max(w) =n and such that
(i) v is a multiple of u;

(il) w is not a multiple of u.

Proof. If max(u) < n, we can choose v = ur, = x; ---2;,T,. Setting t =
max Gap(v), the greatest squarefree monomial following v in the squarefree lex
order is

U=1Tj - Tiy  Tiy41 - Tipghq—t+2-
If i, + ¢ —t + 2 = n, we choose w = v, otherwise, if i; + ¢ — t + 2 < n, we choose
W=T4 - Tiy_ Tipt1** Tiy4g—t+1Ln. Finally, v >gex w, u | v and u t w. Note that
t<gq.

Now, assume max(u) = n. If t = max Gap(u), let

v = xil e xitxit+1*1xit+1 e xiq_lm = xil e x’itxitﬁ—l*ll'it-;-l e xiq_lxn'

iq
Furthermore, if p = max Gap(v), then the greatest squarefree monomial following
v in the squarefree lex order is

D= Ty v ‘rip—lxip-‘rl .o .xip+q_p+2.

Hence, if i, + ¢ — p 4+ 2 = n, we choose w = ¥, otherwise, if i, + ¢ —p + 2 < n, we

choose w = T, *+ Ty, | Ti,41° " Ti,4qpt1Tn-
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Note that the assumption on the gaps of the squarefree monomial u assures us

that we can construct both the monomials v and w. O

Next results easily follow.

Proposition 3.7. Let I be a squarefree strongly stable ideal of S = K[x1,...,xx),

n > 4, with initial degree 2 and with a corner in degree 2. Then

(1) I has at most n — 2 corners for n = 4;

(2) I has at most n — 3 corners forn > 5.

Proof. (1) It follows from Case 3.

(2) Let n > 5. An admissible degree—sequence of I is the following one:

ds(I)=(n—2,n—3,--- ,n—(n—2)=2).

Indeed, setting wy = x12,, since 1-gap(w;) has width n — 2, then Lemma 3.6

assures that there exist at least n — 4 squarefree monomials ws, ..., w,_3 in S of
degrees 3, ..., n—2, respectively, with max(w;) = n, and n—4 squarefree monomials
Vo, ...,Un—3 of degrees 3,...,n — 2, respectively, with max(v;) = n and such that
Vi >slex Wi, Wi—1 | U5, v; fw;, for i = 2,...,n — 3. Using the same techniques as in
Lemma 3.6, one can easily verify that w; fw;y1; (i=1,...,n—4).
wl .......... > ’[)2 ’]_U3 .......... > U4 ’U_)5 EEEREERETES ’UG
W wenrnenens > Us Wy omereennd > Us WG «wvmrneeeed VT

The monomials w; (i = 1,...,n — 3) will be called basic monomials.
Next tables list the basic monomials for n = 5,...,9. For n > 10, the construc-

tion of such elements proceeds smoothly.
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n=>5 n==~6
Vg W; Vg Wy
X1Xs X1Xe
T1T4%T5 X2X3Xs5 T1T5T6 X2X3Xe
ToX3T4T5 — ToX3T5Lg X2X4X5Xg
ToX3T4T5T6 —
n==_8
n==7 Vi w;
Vi w; X1X8
X1X7 T1T7T8 X2X3X8
T1TeX7 X2X3X7 L2T3L7LY X2X4X5X8
LoT3TeT7 X2XygX5X7 L2TAX5L7LY X2X4XeX7X8
ToT4T5TeT7 X3gXyX5XeX7 ToT4T5Tel7ly X3XyXp5XeX7X8
n=9
(O Wj
X1X9
T1T8T9 X2X3Xg
T2T3T8TY X2X4X5X9
T2X4XT5T8TY XoX4XgX7X9
L2T4L6L7LLY X2X5XgX7X8X9
L2TAX5TEL7LLY X3Xg4X5XeX7X8X9

Note that the construction of the basic elements ends up as soon as one gets a

gap—free monomial. O
Example 3.8. Let S = K[x1, 22,23, T4, Ts5, Tg, L7, Xg], and let

I = (2172, 2173, 2174, 2125, T1T6, T1T7, T1T8, T2T3T4, TaT3T5, T2U3T6, T2T3T7,

TT3Tg, T2T4T5T6, T2T4T5T7, TaT4T5T8, TaTaTeTTL, T3T4T5TELTTS)
be a squarefree strongly stable ideal of S. The degree-sequence of I is

ds(I) = (mgo —2,mg — 3,m4 —4,ms — 5,mg — 6) = (6,5,4,3,2).
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I has initial degree 2 and dI(I) = 5. The extremal Betti numbers of I are

Bs—2,8(1) = Ps—38(1) = Ps—as(l) = Ps—58(I) = Ps—6,s(/) = 1, as the Betti table
of I shows:

01 2 3 4 5 6
2 7 21 35 35 21 7
3 5 15 20 15 6 1 -—
4 39 10 5 1 — -
) 13 3 1 - - -
6 12 1 - - - -

Proposition 3.9. Let n > 5 and let I be a squarefree strongly stable ideal of
S =Klxy,..., x,] with initial degree £ > 3 and with a corner in degree £. Then I

has at most n — £ corners.

Proof. Using the same reasoning as in Proposition 3.7, an admissible degree—
sequence of [ is the following one:
dS(I) :(n*€7n7(€+1)7"' 7n*(n71) :1)7

with dI(I) =n — ¢.
Next tables show the basic monomials for n = 5,...,8 and £ = 3. Forn > 8

(¢ = 3), the construction of such elements proceeds smoothly.

n=>35 n==~6
(% W; Vi Wi
X1X2X5 X1X2Xg
T1T2X475 X1X3X4X5 T1T2T5L6 X1X3X4Xe
L1T2X3T4T5 - T1T3T4T5T6 X2X3X4X5X6
T1X2X3T4X5T6 —

Also in this case, the construction of the basic elements ends up as soon as one

gets a gap—free monomial. (Il
Example 3.10. Let S = K[x1,x9,x3, x4, T5, Tg, T7, Ts] and let
I= ($1$2m3a5513721'4,$1332m5a5513721'6,=T1332x7a1'1372$8»$1333x4$5a3711'35543767
L1T3L4L7, L1X3LALE, L1XLILELELT, L1XLIL5LELEY, L1LAL5LELTLS,

TX3L4L5LELTLS)
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n=7 n=_,8
Vi w; U; Wi
X1X2X7 X1X2X8g
H T1T2TeX7 X1X3XgX7 L1T2X7TY X1X3XqX8g
T1X3T4TeL7 X1X3X5XeX7 T1X3L4T7T8 X1X3X5X6X8
T1T3T4T5TeL7 X2X3XyX5XeX7 T1T3T5TeL7IS X1X4X5XgX7X8
T1T3TAT5TT7LS X2X3Xy4X5XeX7X8

be a squarefree strongly stable ideal of S initial degree 3. The degree-sequence of I

is
ds(I) = (ma—3,m3 —4,mqg —5,ms —6,mg —7) = (5,4, 3,2,1).

The extremal Betti numbers of I are ﬁg,g)g([) = 6874,8(1) = 5875,8(1) = 687678(1)
= Ps—_7,s(I) =1, as the Betti table of I shows

01 2 3 4 5
3 6 15 20 15 6 1
4 4 10 10 5 1 -—
5 2 4 —
6 12 1 - - -
7 1

The next example considers a squarefree monomial ideal I of S without a corner
in its initial degree, and shows the construction of a squarefree monomial ideal J
of S with a corner in its initial degree and with the same extremal Betti numbers

(positions and values) of I.
Example 3.11. Consider the following monomial ideal I of S = KJz1,...,xs5):
I = (2122, 1734, T123T5, TaT3T4Ts5).

1 is squarefree strongly stable of initial degree 2 and with Corn(I) = {(2,3), (1,4)}.

From the Betti table of I, one can note that there is no corner in its initial degree:
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FIGURE 1. Betti Table of I

Furthermore, we can construct a squarefree strongly stable ideal J in S with
initial degree 3 and Corn(J) = {(2,3),(1,4)}. It is

J = (212223, T1T2%4, T1X2T5, T1T3T4L5).

Note that J is the smallest squarefree strongly stable ideal of S with corner
sequence {(2,3),(1,4)}:

=W O
Y
=N

FIGURE 2. Betti Table of J

Remark 3.12. It is worthy to point out that a squarefree strongly stable ideal I
of S = K[z1,...,2,] (n > 5) of initial degree £ > 2 with a corner in degree ¢ and
such that

ds(I)=(n—2,n—3,...,2), for { =2,

ds(I)=(n—¢n—(—1,...,1), for £ >3

is a squarefree lex ideal of S.

Hence, one can observe that a squarefree lex ideal of the polynomial ring S of
initial degree £ > 2 and with a corner in degree ¢ can have at most n — ¢ corners
unlike the non—squarefree case. Indeed, a lex ideal I of a polynomial ring can have

at most 2 corners [11, Theorem 3.2] (see also [12, Proposition 2.1]).

For u,v € Monj(S), u >gex v, let us define the following set of squarefree

monomials:
E(U,'U) = {Z S MOHZ(S) U Zslcx z ZSICX U}'
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Theorem 3.13. Let n > 5 and {1 > 3 two integers. Given n — {1 pairs of positive

integers
(kla£1)7(k27£2)7"'7(kn—€17gn—€1)a (8)

withl <kp_p, <knp_p—1<--- <k <n=-3and3 </l <ly<---<lp_py <n—1,
then there exists a squarefree lex ideal I of S of initial degree 1 and with the pairs

in (8) as corners if and only if k; +¢; =n, fori=1,...,n—{;.

Proof. Set S = K|[z1,...,x,]. If there exists a squarefree lex ideal I of S of initial
degree ¢; and with the pairs in (8) as corners, then Proposition 3.9 forces that
ki+tl;=n,fori=1,...,n—{q.

Conversely, assume there exist n — £1 pairs of positive integers

(k1,01), (k2,€2), ..., (kn—ty, ln—s,), 9)

with 1 < ko, <kpp,-1 <<k <n—-3,3<l1<le< - <lpp <n-—1
and k; +¢; =n,fori=1,...,n—{;.
We prove that there exists a squarefree lex ideal I of S generated in degrees
01, Lo, .. g, with Corn(T) = {(k1,01), ..., (kn—ty, bn_t,)}.

Setting s = max{i : £1 + 2i — 3 < n — 2}, the required monomial ideal I can be
constructed as follows.
Step 1. Fort=1,...,s, let

- G(I)e, = L(ug,v1), with ug = 129z, and v1 = 122 -+ - Ty, —1Tp;
- G(I)gl = G(I)gﬁ_i_l = E(ui,vi), with

i—2
Ui = T1X2 " Tpy—2 H Loy +25L014+2(i—2)+1L8; +2(1—2)+2
Jj=0
i—2
= X172 ./11'4172 H x€1+2g$£1+2173$41+2272
Jj=0
and
i—2 =2
Vi =1 Tpy -2 H Loy +4+25T0) 42(i—2)+1Ln = L1 -~ Ty -2 H Loy +25L01+2i—3Tn-
Jj=0 j=0

Step 2. Let us consider the squarefree monomial

s—2

Vs = T1T2 " Ty —2 H Tpy4+25L014+25—3Tn-
Jj=0
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Since, {1 + 25 — 3 < n — 2, the smallest monomial belonging to the Shad(G(I),,) is
5—2
Ws41 = T1T2 "+~ Tp; -2 H Ll +25T44+25—3Tn—1Tn-
j=0
We distinguish two cases: /1 +2s—3=n—2,and /1 +2s—3<n—2.
Claim 1. If /{ +2s—3<n—2, then {1 +2s—3 =n—3.
Indeed, by the meaning of s, {1 +2(s+1) —3 >n — 1. Hence, ¢; +2s—3>n—3

and

n—3</{;1+2s—3<n—2

and consequently ¢1 + 2s — 3 = n — 3. The claim follows.

Let us consider ¢; +2s —3=/¢; +2(s —2) + 1 =n — 2. In such a case,
s—2
Ws41 = L1 " Ty -2 H Loy 4220y +2(s—2)+1Tn—1Tn
§=0
s—3
=1 Ty -2 H L0 42§Ln—-3TLpn—2Tn—-1Tn.
j=0
Hence, the greatest squarefree monomial of S following w41 is
s—4
Us1 = T1X2 - Ty —2 H L1420 42(s—3)+1L0+2(s—3)+2 "~ " Lt 42(s—3)+5-
j=0
Note that max(ugt1) = €1+2(s—3)+5 = €1 +25s—3+2 = n—2+2 = n, whereupon

we choose
G(I)ls+1 = {uSJrl}'

The smallest squarefree monomial belonging to Shad(G(I),,,) is
s—4

Ws42 = T1T2 " Tgy—2 H Loy +25L014+2(5—3) Ll +2(5—3)+1T0y +2(s—3)+2 * " Ty +2(s—3)+5
j=0
s—4
=T1X2 Ty -2 H L1425 Tn—5Tn—4Tn—3Ln—2Tn—1Tn-
=0
Therefore, the greatest squarefree monomial of S following wso is
5—5
Us+2 = T1T2 " Ty -2 H L1425 L042(s—4)+1L0 +2(s—4)+2 "~ " Ly 42(s—4)+7-
Jj=0
Note that max(usyo) =01 +2(s—4)+7=414+2s—3+2=n—2+2=n. Thus,

we choose

G,y = {uss2},
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and so on. In general,

G(I)Zsﬂ = {us+q}v

with

s—2—(q+1)
Ustq = T1T2 " Ty —2 H L1425 L0y 42(s—2—q)+1Ll +2(s—2—q)+2 * " L1 4+2(s—2—q)+2¢+3>

7=0

for ¢ = 1,...,t, where ¢ is the positive integer such that s — 2 — (t +1) = 0. It is
easy to verify that max(ustq) = n.
Claim 2. s+t=n—/{; — 2.
Since, max(ugyt) =n, and t +1=s—2 (t = s — 3), then

n=0+2(s—2—1t)+2t+3=01+2(t+1—t)+2t+3 =101 +2t+5.

Hence,
Tl—gl—2251+2t+5—€1—2:2t+3:28—328+t

The claim follows.

Finally, we choose
Gy, = G ste41 = {tssrr} = {122 2g, 220,41+ 0},

G)e,_r, = GU)swtr2 = {usqrr2} = {z122 - T, 30,170, - T}

Now, let us consider the case ¢1 +2s —3 = n — 3. In such a case, the smallest

monomial belonging to Shad(G(I)e,) is

s—2
Ws41 = T1X2 "+ Ty —2 H Loy +2j2014+2(5—2)+1Tn—1Tn
j=0
s—2
=T1X2 Ty —2 H Lp142jLn—-3Tn—1Tn-
j=0
Therefore, the greatest squarefree monomial of S following wsy1 is

s—2

Us41 = T1X2 " Tp; -2 H L1 42jCn—2Tn—1Tn-
j=0

Since max(us41) = n, we choose

G,y = {usyr}-
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By hypothesis, ¢; + 2(s — 2) = n — 4, so that the smallest squarefree monomial

belonging to Shad(G(I)y,,,) is
s—2
Ws42 = T1 "~ Tgy; -2 H LYy +4+2jTn—-3Tn—2Tn—1Tn
§=0
s—3
=1 Tp—-2 H L1427 Tn—4Tn—-3Tn—2Tn—1Tn-
§=0

Consequently, the greatest squarefree monomial of S following wgo is
s—4

Us+2 = T1T2 " Ty -2 H L142jL042(s—3)+1L0+2(s—3)+2 "~ " Lt 42(s—3)+6-
J=0

Note that max(usy2) = €1 4+ 2(s — 3) + 6 = £1 + 2s = n, whence we choose

G(I)Zs+2 = {U‘SJrQ}'
In general,

G(I)Zsﬂ = {us+q}7
with
s—2—q

Ustq = T1T2 " Tg;—2 H Loy 425201 +2(s—2—(q—1))+1 """ Ll +2(s—2—(q—1))+2q+2>
Jj=0

for g =1,...,t, where t is the positive integer such that s —2 —¢t =0 (t = s — 2).

It is easy to verify that max(usys) = n.

Also in such a case we can verify that s+t = n—¢; —2. Indeed, since max(usy¢) =

n, and t = s — 2, then
n=0+2(s—2—(t—1))+2t+2 =101 + 2t +4,
and
n—»V0 —2=0+2t+4—0; —2=2t+2=2(s—2)+2=s+t.
Finally, as in the previous case, we can choose

Gty s, 1 = G)stt+1 = {122 Ty —2Tp, 41+ T},
and

G)e,_,, = GU)s+t+2 = {T1T2 -+ Tp, —3T0, 174, = Tn }.

It is worthy observing that I is the smallest squarefree lex ideal of S with Corn(I)
= {(kl,gl), (kg, gg), ey (kmfr)} and such that /Bki,kzz-‘r@i (I) = 1, for all i, i.e., a([) =
(1,...,1). O
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4. A numerical characterization of extremal Betti numbers
In this Section, we face the following problem.

Problem 4.1. Given three positive integers n > 4, {1 > 2 and 1 <r <n—1¥{y, r
pairs of positive integers (ki,41), ..., (kr,£€.) such that n —3 > k1 > kg > -+ >
kr>2and 2 <l <ly < -+ <UL, ki+4; <n (i=1,...,7r), and r positive
integers ay, ..., a,, under which conditions does there exist a squarefree monomial
ideal I of S = K[x1,..., 2] such that By ky+e,(I) = a1, ..., Bi, kpte,(I) = a, are

its extremal Betti numbers?

For a pair of positive integers (k, £) such that k 4+ ¢ < n, we define the following

set:
A®(k,£) = {u € Mon;(S) : max(u) = k + £}.

Setting A®(k, £) = {u1,...,uq}, we can suppose, possibly after a permutation of

the indices, that
U1 >glex U2 >slex *** slex Ug- (10)

For the i-th monomial u of degree ¢ with max(u) = k + ¢, we mean the monomial
of A®(k,¢) that appears in the i-th position of (10), for 1 < ¢ < ¢. Note that
Ul = T1Xg -+ Tp—1Tht0; Ug = Tht1 - - Thte, and g = |A°(k, 0)| = (kﬁ;l).

Furthermore, if u;,u;, ¢ < j, are two monomials in (10), we define the following
subsets of A®(k,):

[uiauj] = {w S As(kvg) DU Zslex W Zglex Uj}a
[uivuj) = {w S Ag(k7£) 07 Zslex W >glex u]}y
[u;, u;] will be called the segment of A®(k, () of initial element u; and final element

uj, whereas [u;, u;) will be called the left segment of A®(k,¢) of initial element u;

and final element ;. If i = j, we set [u;, u;] = {u;}.

Remark 4.2. From (3), if (k,¢) is a corner of a squarefree stable ideal I and

Bk k+e(I) = a, then there exists a segment [v1,v,] of A®(k, £) such that a = |[v1,v,]|.

Next lemma will be crucial in the sequel. It can be easily proved by induction

on n.
Lemma 4.3. Let n and ¢ > 1 be two positive integers such that n > q. Then
()= GG+ ()
q q—1 q—1 q-1)
Given a monomial u € A%(k, ), the next proposition shows a method, involving

Lemma 4.3, to count the number of monomials v € A%(k, ¢) such that v > u.
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Theorem 4.4. Let (k,f) be a pair of positive integers with £ > 2 and let u =

Ty Tiy - Tiy_ i, be a monomial of A®(k,l). Setting U = x;, iy x4,_,, then

|[z122 - - - Tp_1TR1e, u]| 15 a sum of t suitable binomial coefficients, where

ilv Zf Gap(ﬁ’) = wv
t =
i1+ >0, wd(gs-gap(w)), if Gap(a)={g1,...,9p} #0.
Proof. Set m = |[x122 - Ty—1Zk+e,ul|. m is the number of all monomials w €
A*(k,£) such that w >4, u. By Lemma 4.3, the binomial coefficient (kﬁzl) =

|A%(k, £)| can be decomposed as a sum of k + 1 binomial coefficients, as follows:
E+0—1\ <2 /k+0—1—j k+¢—2 k+0—3 -2
((—1>;xi£—2 )*(5—2)+(£—2)+W+Q—J'OU

k4-£—2
£—2

= 1, the binomial coefficient (

) counts the monomials w € A*(k, /) such that min(w)

k+£-3
£—2

min(w) = 2. In general, the binomial coefficient (

One can observe that (

) counts the monomials w € A*(k, £) such that

k4+L—i
-2

A®(k, £) such that min(w) = i—1, fori = 4,...,k+2. Note that (ﬁ:g) = (k+g[_£§+2))

counts the monomials w € A*(k, £) with min(w) = k + 1. Indeed, there exists only

) counts the monomials w €

a monomial w of such a type. It is w = xp12k12 - - Thpe = min A%(k, £). It is clear
that all monomials w € A®(k,¢) with min(w) < 4y = min(@) = min(u) are greater
than u. Hence, the first i, — 1 binomial coefficients in (11) give a contribute for the
computation of m.

We need to distinguish two cases: Gap(@) = 0, Gap(a) # 0.

Note that Gap(a) = Gap(u), or Gap(@) = Gap(u) — 1.

Case 1. Let Gap(a) = 0. In such a case, u is the greatest monomial of A®(k,£)
with min(u) = i;. More precisely, the following sum of binomial coefficients

Sk l—1—]

; ( iy ) (12)
gives the number of all monomials w € A®(k,{) greater than u. Since iy, s, ...,
are consecutive integers, then other monomials greater than v which are different

from the w’s counted by (12) do not exist. Hence,
11—1 .
E+¢—-1—
m = |[z122 - Xp_1Tk1e, u)| = < ]) + 1.

On the other hand, 1 = (J)), and consequently m is the sum of t = i; —1+1 = i; =

min(@) = min(u) binomial coefficients.
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Case 2. Let Gap(a) = {g1,...,9p}, p > 1. It is worthy to point out that the
existence of the gaps g; (j = 1,...,p) implies that iy, 11 —iy, —1 > 0, i.e., supp(@) N
{g iy, <q<ig41} =0, for all j € [p]. Thus, all monomials w € A°(k,£) of the
type @, T4, - - - i, 2, where z is a monomial of degree ¢ — g; and max(z) = k + ¢
such that supp(z) N {q : iy, < q <ig, 41} # 0, are greater than w.

It is clear that all these monomials make up the left segment [z1x2 - - - Zp_1Tk1e, u).

Let us consider the i;—th binomial in (11):

k+e—1—i\ 2 /k+0-1—i1—j
_ . 1
(s w

In order to compute all monomials w of the type z;, z;, - - - x5, z, we need to evaluate

g9

g1 successive binomial decompositions until the next one:

ktl—ig —1\ " hl—igy —1—j
o = > o : (14)
C+idp —ig, — 2 = C+i1 —ig, — 3
The sum of the first wd (g1 -gap(@)) = tg,4+1 — g, — 1 binomial coefficients in (14)
gives the number of all monomials w € A%(k,£) we are looking for.

In order to compute all monomials w € A°(k,£) of the type x; i, -~ x;,, 2, We
consider the (wd(g; -gap(@)) — 1)—th binomial in (14):

k+£—igl_1_Wd(gl'gap(ﬂ))_1 _ k+£—ig1+1_l o
O+iy —ig — 3 N\ L+ =iy, -3 )
k—i1tigy —ig;+1+2 . .
e uz:z 1+ <k+é—zg1+1 -1 —J>
= £+i1—ig1—4
Hence, evaluating the ig4, — 44,41 successive binomial decompositions until

( k=i, —1 ) _ k’*i” ( kot l—ig, =1 ) (15)
Uiy —ig, —ig, +ig,41 — 3 = C+iy —ig, —ig, +ig41 —4)]
the number of all required monomials w € A*(k, ¢) will be given by the sum of the
first wd(g2-gap(@)) = 4g,+1 — 49, — 1 binomial coefficients in (15).
The procedure can be iterated for all g; € Gap(a), j > 3.

Finally, |[z122 - @o—1@pe,u)| = i1 — 1+ > 5_ wd(gs-gap(@)). Hence, in order
to get |[x129 - Xp_1Xk+e, u]|, we must take into account the binomial (8) which

counts the monomial u:

t=i1— 14y wd(g,-gap(@)) + 1 = i1 + Y _ wd(gs-gap(a)).

s=1 s=1

The assertion follows. O
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Remark 4.5. Our choice to focus on the monomial @ = x;, x;, - - - ©;,_, , instead of
u, in Theorem 4.4 is due to the fact that if ip_; < k+—1, i.e., Gap(a) = Gap(u)—1,
then all monomials z € A®(k, £) such that k 4+ ¢ — 1 € supp(z) are smaller than u,

with respect to >gcq-
Next example illustrates Theorem 4.4.

Example 4.6. Let S = K|[zy,...,29] and consider the monomial v = zyz5z728.
Set & = xowsxy. From Remark 2.7, |A%(4,4)| = (;) = 35. In order to compute

m = |[x1z2x328, u)|, we consider the following binomial decomposition:

(6) = () () () )+ C)

Since, min(u) = 2, then all monomials w € A®(4,4) with min(w) = 1 are greater

than u, so we must take into account the binomial coefficient (g) = 15| for the

computation of m.

Now, let us consider the following binomial decomposition:

5\ (4 n 3 4 2 . 1

2)  \1 1 1 1)
Since Gap(it) = {1,2} and wd(1-gap(@)) = 2, the sum | ({) + (%) = 7| gives the
number of all monomials of the type oz € A°(4,4), with z squarefree monomial of
degree 3 and max(z) = 8 such that supp(z) N {g:2 < ¢ < 5} # 0.

At this stage, we have | 15 + 7 = 22 | monomials.

The next decomposition we need to consider is

() -()+ )

Since 2 € Gap(a), and wd(2-gap(@)) = 1, we must take into account | () =1|.
Finally, we have obtained |22 4+ 1 = 23 | monomials of A*(4,4) greater than w,

and so m = |[z1@ex3ws, ul| = 23 + 1 = 24.

The following scheme summarizes the previous calculations.
6 =@ FE+E)+E)+6)
G =0+Q|+D+0)
D) =0 |+ ©):

Now, consider the monomial v = x3x4x7xs and let v = x3x427. Proceeding as

before, since Gap(0) = {1}, then |[z1z2x328, u]| = 27 4+ 1, where 27 is given by the

sum of the highlighted binomial coefficients in the next scheme:
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() =16 + ) |+ ()

Here is the list of all monomials which come into play for v and v:

T1X2T3X8, L1X2T4Xg, L1X2L5X8, L1X2LeL8, L1L2L 7Ly,
T1X304X8, T1T3T5L8, L1X3TELS, T1L3T7LS,
T1T4T5L8, T1TL4LELY, L1 TALTLE,

T1T526X8, L1T5T 7L,

T1TX7XS,

ToX3X4X8, L2T3T5L8, L2X3XELS, L2LILTLS,
T2XT4T5L8, L2LALELY, L2LALTLY,
T2X5T6Tg, X2X5X7X8g,

T2XeT7Iy,

T3T4T5X8, L3T4TELS, X3XgX7X]g,
T3T5L6L8, LIL5L7LY,

L3TLeT7LS,

TyT5TeT8, To4L5T7LY,

L4TeT7I8,

T5LeL7L

Now, let uy,...u, be squarefree monomials of degree ¢ of S. We denote by
B(uz,...,u,) the smallest squarefree strongly stable set of Mon; (S) containing the
monomials wuy, ..., U..

It is well known that if ¢ < n, Shad(B(u1,...,u,)) is a squarefree strongly stable
set of monomials of degree g + 1 of S, and consequently Shad’(B(uy,...,u,)) is a

squarefree strongly stable set of degree g+, for 1 <1i <n —gq.

Now, let (ki1,¢1) and (ks, £2) be two pairs of positive integers such that ky > ko,

b < lo, ki +4; <n (i=1,2). Ifuy,...,u, € Mony, (S5) are squarefree monomials
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of S such that max(u;) = ki +4¢1, j =1,...,7, we define the following set:
BShad(ui, ..., Ur)(ky,00) = {V € Shad®>™* (B(uy,...,u,)) : max(v) < ko + £5}.

One can quickly observe that BShad(u,...,u)(k,e) is a squarefree strongly
stable set of degree ¢5 of S.

Remark 4.7. It is worthy to underline that if one wants to compute the minimum
of BShad(u1, ..., ur)(k,,e,), it is sufficient to determine min BShad(u, ), ¢,). Fur-
thermore, in order to obtain such a monomial, one can suitably manage the integers

in supp(u,.), as we will see in a while.

Definition 4.8. Let u be a squarefree monomial of degree g of S, ¢ < n. Let p <n
a positive integer such that [p]\supp(u) # 0 and {j1, ..., j: } asubset of [p]\supp(u),
with j1 < j2 <--+ <ji, ¢+t <n. The monomial x, ---x;,u € Mon,(5) is called

the joint of v with the variables x;,, ..., z;,.

Example 4.9. Let u = 1232628 € K[z1,...,29]. Let p =7 and consider the set
{2,4,7} C [T\ {1, 3,6,8}. The joint of u with xo, x4, z7 is the squarefree monomial

T122T3T4Tex72s € Mon3(S).

With the same notations as before, we give the construction of the monomial

min BShad(u)x, ¢, for a given squarefree monomial u € A®(ky, £1).

Construction 4.10. Let (k1,¢1) and (ka,¢2) be two pairs of positive integers such
that k1 > ko, 2 < 4y < Vly and ki +4; <mn, fori=1,2. Let u = x;, STy, be a
squarefree monomial of A%(ky,01). Assume iy to be the greatest integer belonging

to supp(u) such that iy < ko + €2, and write
u:le ...xit ...xill.

Let us consider the monomial & = x;, ---x;, and let ji,...,50,—1+ be the greatest

t

integers belonging to [ka + €3] \ supp(w). Then,

min BShad(u)(k27gz) =Ty, * lez—tﬂ S As(k%fg).

Construction 4.10 assures the correctness of the next algorithm.
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Algorithm 1: Computation of min BShad(u),e)

Input: Polynomial ring S, monomial u, positive integer k, positive integer ¢
Output: monomial v
begin
j—k+4
t«|{i €esupp(u) : i<j}|;
v 4 the first ¢ variables of u;
g {—t;
while ¢ > 0 do
if j ¢ supp(v) then

if j > 0 then

‘ v v Sy
else

‘ error no monomial;
end

gq—1;

end

J<i— 1L

end

return v;

end

Lemma 4.11. Take two pairs of positive integers (k1,€1) and (ko,l2) such that
k1> ko, 2 <ty <ty with k; +0; <n, fori=1,2. Let u be a squarefree monomial
of degree {1 with max(u) = k1 + £y and let v = min BShad(u) x,,¢,). If Gap(v) # 0,
then there exists a monomial w € A®(ka, f2) \ BShad(u), ¢,) -

Proof. Let
v = min BShad(u)k,,0,) = Try = Ty, -

One has max(v) = ko + fo. Assume p = max Gap(v), then the greatest squarefree
monomial following v in the squarefree lex order is @y, «++ Ty, _, Ty 41 Trptty—p+1,

with rp, + 02 —p +1 < ky + {5. Hence, if r, + 05 — p+ 1 = kg + {3, we choose

W =Ty Ty, 1 Lr,+1" " Trp4lo—p+1-

Otherwise, if rp, + 0o —p+1 < ko + g, let

W= Tpy " Tyr, 1 Trp41 " Lrply—pLhotLy -
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Next pseudocode describes the procedure in Lemma 4.11.

Algorithm 2: Computation of the next monomial smaller than a given w in
A (k,0)
Input: Polynomial ring S, monomial

Output: monomial w
begin
m < max supp(u);
0+ deg(u);
if Gap(u) # () then
t + max Gap(u);
w < the first t — 1 variables of u;
j 4+ index of variable of u at position ¢;
foreach i € {1../—t} do
Jei+1;
w — w * S;;
end

W 4w * Spy;

else
error no monomial;

end

return w;

end

The discussion below is significant for solving Problem 4.1.

Discussion 4.12. Let (k1,¢1) and (k2,¢2) be two pairs of positive integers such
that k1 > ko, 2 < £y < by with k; +¢; <n (i = 1,2) and let a1, as be two positive
integers.

Let T be a segment of A%(kq,{s) of cardinality as < (kQZ{"’;l). We want to
determine the admissible values for a; < (kIZ ejf 1) so that there exists a segment
[u1,uq,] of A*(ky,£1) of cardinality a; and such that BShad([u1,ua,])(ky,e0) 2 T-
It is clear that it should be a; < (klzg_ll_l).

Now, set T = [21,2a4,], and assume T ¢ BShad([u1, Ua,])(ky,e,)- Let v1 €
A?(k1, £1) be the smallest monomial such that z; ¢ BShad(v1)k,,e,)- Such a mono-
mial allows us to determine the bound on a; for which there exists the segment

T.
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Indeed, we can compute the following cardinalities (Theorem 4.4):
ny = |{u € A%(k1,01) : u > v} = |[z122 - - o, —1Tk 40,5 V1]
p1={ve A% (k1,01):v>ur}| = |[x122 Ty 1%k, 401, U1)]-

Hence, since [u1,uq,] C [z1Z2 - Te,—1Tk,+o,, V1], We get the following coarse

bound for a;:

a1 < ng;

then, we can refine such a bound via p; as follows:
ar <ng —p1.
One can notice, that if u; = max A%(ky, ¢1), then p; = 0.

Example 4.13. Given S = Klx1,...,Z10], let us consider the pairs of positive
integers (5,4) and (2, 6), the positive integers a; = 8 and as = 6, and the following
segment of A°(5,4) of cardinality a; = 8:

(1232429, T124T7T9| = {T123T4T9, T1T3X5T9,T1T3T6Lg, T1T3T7Lg, T1L3TITY,
T1T4T5L9, T1L4T6LY, I1$4~T7$9}~

We want to verify if there exists a segment of A%(2,6) of cardinality as = 6 not

contained in BShad([z1237479, T1242779])(2,6)-

First, from Remark 2.7, we know that a; < (g) =56 and ay < (g) = 21.
In order to determine p; = |[{v € A%(5,4) : v > 1232429 }| = |[T1T2X3T9, T1T3T4T9)|,
we need to consider a suitable sequence of binomial decompositions. The first

binomial decomposition that we have to examine is

()= )+ )+ () () () +G)

Then, applying the procedure described in Theorem 4.4 (see also Example 4.6), we

obtain the following sequence of binomial decompositions,

6=+ +E)+6)+6)+06)

G =@+ O+ +)+0+0),

whereupon p; = 6.
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In order to compute ny, we consider the set Ay consisting of the smallest as = 6

monomials of A%(2,6):
Ay = {22032425T628, ToT3T4T5T7T8,LoT3L4TLT LS, T2LIT5TELTLR,
T2TAT5T6T7TS, T3T4T5TETTTs }-
These monomials can be found using the “reversal” of Algorithm 2.
The smallest monomial z of A%(5,4) such that max Ay = xox3r4w5T678 ¢

BShad(z)(2,6) is 2 = 1272879. The number of all monomials w € A*(5,4) greater

than or equal to z is determined by the following binomial sequences:

6 =0 +E+C)+E+6)+0)
Q) =O+Q+@Q)+E+E)]+0)
Hence, we have n; = (6 +5+4 + 3+ 2) + 1 = 21 monomials. Finally, we have

algnl—p1=21—6:15.
For a; = 15, then a segment of A*(2,6) of length as = 6 is

Ag = [273747576 T8, T3T4T5TETTTs)-
Discussion 4.12 yields the following result.

Theorem 4.14. Consider three positive integersn > 5,1 > 3 and 1 <r < n—/{q,
r pairs of positive integers (k1,01), ..., (kq,£.) such that n —3 > k1 > kg > -+ >
kr>2and2 <l <ly < - <UL, ki+ 4 <n (i=1,...,7), and r positive
integers ay, ..., a,. Let K be a field of characteristic zero. The following conditions

are equivalent:

(1) There exists a squarefree graded ideal J of S = K|x1,...,x,] with
By kit (J) = a1, .., Bi, ko+e.(J) = ar as extremal Betti numbers.
(2) There exists a squarefree strongly stable ideal I of S = Klx1,...,x,] with
By i+, (L) = a1, - .., B kpte.(I) = ar as extremal Betti numbers.
(3) Setting
(D) vr = Tk,41 - Thope,s
A, = [wy, v, with w, € A%(k,,£,) and such that |A,| = a,;
(ii) fori=1,...,7r—1,
vp—; = min{u € A*(k, 4, £, ;) : max A, ;41 ¢ BShad(uw)k,_,,.0,_,1) )
Ap—i = [wp—i, vp—y], with w,—_; € A%(kr—;, €.—;) and such that |A,_;| =

Ap—i5
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(iii) fori=1,...,r, n; = {u € A%(k;, £;) : u > v;}|, then the integers a;

satisfy the following conditions:
a; < ng.

If a; = |[uin, uig,]l, wiy € A%(kiyti) (5 =1,...,a;) and p; = [{v €
A (ki 0;) cv > w1}, then a; <n;—p;, fori=1,...,r.

Proof. (1) & (2) See [3] and the introduction in this paper.
(2) = (3) It follows applying iteratively Discussion 4.12, for i = 1,...,r. Note that
vy = min A*(k,, £,.), and consequently n, = (k’zejfl); whereas p; = 0.

(3) = (2) We construct a squarefree strongly stable ideal I of S generated in degrees

by, ..., ¢, as follows:
- G(I)gl = B ul’l,...7ul’a1>;
- GI), =B

(

(2,1, -+, Uz,a;) \ BShad® ™ (G(1)e,) (ks 00);

- G(I)e, = B(uip,- -+, i q,)\BShad" "= (Mon® Iy, ,))(k;.er), fori =3,....r,

where Mon®(Iy, ,) is the set of all squarefree monomials of degree ¢; 1
belonging to I, ,.

The monomials ;. 1,...,Usq,, for ¢ =1,...,7, are the basic monomials of I. (Il

Remark 4.15. A similar statement can be formulated in the case ¢; = 2 and
n > 5.

Next example illustrates Theorem 4.14.

Example 4.16. Let n = 11, r = 4, C = {(8,3),(4,5),(3,6),(2,9)} and a =
(a1,a2,as3,a4) = (7,5,2,2). We want to construct a squarefree strongly stable ideal
I of S = Klzy,...,x11] generated in degrees 3,5,6,9 and such that Corn(I) = C,
a(l) = a.

With the same notations as in Theorem 4.14, before starting the construction of
the ideal, we verify if the coarse bounds are satisfied for each a;, i1 =1,...,4.

First of all, vy = x32405260728T9210211 and ny = |[X12203L4T5T62728211, V4|
= (180) = 45. Hence, a4 = 2 < ny.

Moreover, Ay = {To2425262728T9T10T11, L3T4T5LELTTILILI0L11 |,

U3 = ToT3TeT7T8T9, and from the binomial decompositions
5) = @@+ @+
@ =06+ +6)
3= +G |+




198 LUCA AMATA AND MARILENA CRUPI

we obtain az = 2 < n3 = |[x1T203T425%9, v3]| = 35+ (6 +3) + 1 = 45.
Furthermore, A3 = {352(1333355071383']9,$2$3$6£177’I'85E9} and Vg = X2X3T5T6X9. From

the binomial decompositions

@) =G G +6)

() =@ +O+E+Q)

one has a; =5 < ng = |[z122232429, v2]| = (35 +4) + 1 = 40.

Finally, Ay = [2203240529, 2032506 T9] = {T223T425T9, ToT32L4T6Ty,
ToT3TATTTg, ToX3T4TyTy, ToX3TsLeLy} and vy = x1x10x11. The binomial decom-

positions
) =O+O+O+D+O+E+E+0+0)

() =16+ )+ )+ +6)+6)+ 6+ G+

imply a1 =7 < n; = |[z122211,11]] =84+ 1=0.

_|_

Now, we proceed with the construction of the ideal I we are looking for, and so
doing we refine the previous bounds for the a;’s.

- The greatest monomial of A*(8,3) is x122211. Since p; must be equal to 0

and a; =7 <mny —p; =9, one can consider the greatest a; = 7 monomials

of A%(8,3). Such monomials can be obtained by Algorithm 2. Hence, we

set
G(I)B = B(Cﬂlfﬂzxu, T1X3211, 104211, T1T5211,L1TL6L11, L1L7T11, $1$8$11)~

- Let us consider the corner (4,5). By Algorithm 1, we compute the smallest
monomial of BShad? (G(I)3)(4,5), i-e., the monomial x1z6272329; Whereas,
by Algorithm 2, we determine the greatest monomial of A°(4,5)\ BShad?

(G(I)3) (4,5, i-€., T2324T529. Finally, from the binomial decomposition

@ =1E]+E+E+E+6)

it follows that py = |[z12223T429, T2x3T4x52T9)| = 35. Hence, no — py =

40 — 35 = 5 monomials are available. Therefore, since as = 5, we set
G(I)5 = B(xaw3x4T5Tg, ToX3T4TeTg, ToaL3LATTTY, TaLIT4TSTY, LoL3T5LGLY)
\BShad®(G(I)3) (4 5)-
- Let us consider the corner (3,6). One has

min BShad(G(1)s5)(3,6) = 2237526289
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and
max(A*(3,6) \ BShad(G(1)s5))s,6) = Z2r3T527T8%9,

and from

()

+()

|[z122w32 4059, ToxsTsT7x8T9)| = 43. Hence, ng — ps =

we have p3
45 — 43 = 2.

Since a3z = 2, we set
G(I)6 = B(z2w3257728T9, T2aT3T627T8T9) \ BShad(Mon®(I5))(3,6)-
- If one considers the corner (2,9), since
min BShad?® (G(I)6)(2,9) = T2X3T5T6T7T8TOT10T11

max(A*(2,9) \ BShad3(G(I)6))(2,9) = T2T4T5L6L7LLIT10T11,

from
&) =@ G+
3 =@+
it follows py = |[212223T4T5T6X7TT11, T2 T5TeL7T8TT10211)| = 43.

Song —py = (180

) — py = 45 — 43 = 2. Hence, since a4 = 2, we can set
G(I)g = B($2I4I51‘6I7I8$9$10$11, x3x4x5x6x7x8x9x10x11)\BShadS (MODS (16))(2,9)~

The Betti table of the squarefree strongly stable I just constructed is the follow-

ing one:

0 1 2 3 4 ) 6 7 8
3 42 217 553 861 875 587 252 63 7
4 - _ _ _ — — - - _
5 13 39 45 24 5 - - - =
6 2 6 6 2 — - - = =
7 - _ _ _ _ _ - - _
8 - _ _ _ — — - - _
9 2 4 2 — — — - - -
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One can observe that Theorem 4.14 assures the correctness of the next Algo-
rithm 3.

Algorithm 3: Computation of the basic monomials for the given data

Input: Polynomial ring S, list of corners {(k;, £;)}, list of values (a;)
Output: list of monomials mons
begin
hyp « logical conditions required as hypotheses of the Theorem4.14;
if hyp then
m < ko + {o;
w 4= S k.. xS % Sy // first corner
mons  {w};
foreach j € {2..a¢} do
w 4—next monomial of w; // calling Algorithm 2
if no monomial then
‘ error no ideal;
else
‘ mons < mons U {w};

end

end
r <— number of corners; // successive corners
foreach i € {2..r} do

w < min BShad(mons) // calling Algorithm 1

io1,lio1) 3
foreach j € {1..a;} do
w < next monomial of w; // calling Algorithm 2
if no monomial then

‘ error no ideal;
else

‘ mons < mons U {w};

end

end

end

end

return mons;

end

We close the Section with an example that illustrates a situation where the

construction of a squarefree strongly stable ideal is not possible.
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Example 4.17. Let n =10, r =3, C = {(6,2),(5,4),(3,7)} and a = (a1, az,a3) =
(2,1,4). We have |A°(3,7)| = (2) = 84, so it is possible to manage az = 4 < 84
monomials.

Let us consider the set Ag consisting of the smallest four monomials in A*(3,7):
As = {2324752728T9% 10, T3TATETTTETYT10, T3T5TETTTTIT10, TaT5T6TTTSTIT10 }

and let us try to get the smallest monomial z € A%(5,4) such that z3x4x52628T9%10
¢ BShad(z)s,7). It is 2 = zaw72879. Now, we compute |[z1722379, 2]| as bound for

ag:

5 =[G FE+C)+G) +6) +6)
G =0+ +E+E) |+ 0

We have no = 21 + (5+4+ 3+ 2)+ 1 = 36 monomials greater than z and so
a9 = 1 S 36.

Note that if z does not exist, then it is clear that we can not go on.

Now, we try to verify the bound for a; taking into account the previous results.
Consider the monomial z € A%(5,4), and take the greatest monomial w of A%(6,2)
such that z ¢ BShad(w)s,7). It is w = z125. We can note that w is the smallest
monomial of A%(6,2), i.e., |[z1zs,w]| = 1.

Hence, we have that a; < 1. For this reason the requested value for a; =
2 is not admissible and there does not exist any squarefree monomial ideal I of
Klx1,...,210] such that Corn(I) = C and a(I) = a.

Nevertheless, there exists a squarefree monomial ideal J of S such that Corn(.J) =
C and a(J) = (1,1,4).
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