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Abstract. In this paper, we give a criterion of the Gorenstein property of

the Ehrhart ring of the stable set polytope of an h-perfect graph: the Ehrhart

ring of the stable set polytope of an h-perfect graph G is Gorenstein if and

only if (1) sizes of maximal cliques are constant (say n) and (2) (a) n = 1,

(b) n = 2 and there is no odd cycle without chord and length at least 7 or (c)

n ≥ 3 and there is no odd cycle without chord and length at least 5.
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1. Introduction

Recently, Hibi and Tsuchiya [5] showed that the Ehrhart ring of the stable set

polytope of an odd cycle graph is Gorenstein if and only if the length of the cycle

is less than or equal to 5. They used the fact that a cycle graph is t-perfect. On

the other hand, Ohsugi and Hibi [8] showed that the Ehrhart ring of the stable set

polytope of a perfect graph is Gorenstein if and only if all maximal cliques have

the same size.

Meanwhile, Sbihi and Uhry [9] introduced the notion of h-perfect graphs as a

common generalization of perfect and t-perfect graphs: a graph is h-perfect if its

stable set polytope is defined by the constraints nonnegativity of vertices and the

constraints corresponding to cliques and odd cycles.

In this paper, we characterize Gorenstein property of the Ehrhart ring of the

stable set polytope of an h-perfect graph by using the trace of the canonical module

of a Cohen-Macaulay ring. This result is a generalization of both results of Ohsugi-

Hibi and Hibi-Tsuchiya.
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2. Preliminaries

In this section, we establish notation and terminology. In this paper, all rings

and algebras are assumed to be commutative with an identity element unless stated

otherwise. Further, all graphs are finite simple graphs without loop. We denote

the set of nonnegative integers, the set of integers, the set of rational numbers and

the set of real numbers by N, Z, Q and R respectively. For a set X, we denote by

#X the cardinality of X. For sets X and Y , we define X \ Y := {x ∈ X | x 6∈ Y }.
For nonempty sets X and Y , we denote the set of maps from X to Y by Y X . If X

is a finite set, we identify RX with the Euclidean space R#X . For f , f1, f2 ∈ RX

and a ∈ R, we define maps f1 ± f2 and af by (f1 ± f2)(x) = f1(x) ± f2(x) and

(af)(x) = a(f(x)) for x ∈ X. We denote the zero map X 3 x 7→ 0 ∈ R by 0. Let A

be a subset of X. We define the characteristic function χA ∈ RX by χA(x) = 1 for

x ∈ A and χA(x) = 0 for x ∈ X \ A. For a nonempty subset X of RX , we denote

by convX (resp. affX ) the convex hull (resp. affine span) of X .

Definition 2.1. Let X be a finite set and ξ ∈ RX . For B ⊂ X, we set ξ+(B) :=∑
b∈B ξ(b). We define the empty sum to be 0, i.e., if B = ∅, then ξ+(B) = 0.

A stable set of a graph G = (V,E) is a subset S of V with no two elements of S

are adjacent. We treat the empty set as a stable set.

Definition 2.2. The stable set polytope STAB(G) of a graph G = (V,E) is

conv{χS ∈ RV | S is a stable set of G.}

It is clear that for f ∈ STAB(G),

(1) f(x) ≥ 0 for any x ∈ V .

(2) f+(K) ≤ 1 for any clique K in G.

(3) f+(C) ≤ #C−1
2 for any odd cycle C.

Definition 2.3. We set

HSTAB(G) := {f ∈ RV | f satisfies (1), (2) and (3) above}.

If HSTAB(G) = STAB(G), then we say that G is an h-perfect graph.

It is immediately seen that STAB(G) ⊂ HSTAB(G) for a general graph G. Note

that HSTAB(G) is a convex polytope since it is bounded by (1) and (2).

We fix notation about Ehrhart rings. Let K be a field, X a finite set and P a

rational convex polytope in RX , i.e., a convex polytope whose vertices are contained

in QX . Let −∞ be a new element with −∞ 6∈ X and set X− := X ∪ {−∞}. Also
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let {Tx}x∈X− be a family of indeterminates indexed by X−. For f ∈ ZX− , we

denote the Laurent monomial
∏
x∈X− T

f(x)
x by T f . We set deg Tx = 0 for x ∈ X

and deg T−∞ = 1. Then the Ehrhart ring of P over a field K is the N-graded

subring

K[T f | f ∈ ZX
−
, f(−∞) > 0,

1

f(−∞)
f |X ∈P]

of the Laurent polynomial ring K[T±1x | x ∈ X][T−∞], where f |X is the restriction

of f to X. We denote the Ehrhart ring of P over K by EK[P].

It is known that EK[P] is Noetherian. Therefore normal and Cohen-Macaulay

by the criterion of Hochster [6]. Further, by the description of the canonical module

of a normal affine semigroup ring by Stanley [10, p. 82], we see the following.

Lemma 2.4. The ideal ⊕
f∈ZX− ,f(−∞)>0, 1

f(−∞)
f |X∈relintP

KT f

of EK[P] is the canonical module of EK[P], where relintP denotes the interior of

P in the topological space affP.

We denote the ideal of the above lemma by ωEK[P] and call the canonical ideal

of EK[P].

Let R be a Noetherian normal domain. Then the set of divisorial ideals Div(R)

form a group by the operation I · J := R :Q(R) (R :Q(R) IJ) for I, J ∈ Div(R),

where Q(R) is the quotient field of R. See e.g., [3, Chapter I] for details. We

denote the n-th power of I ∈ Div(R) in this group by I(n). Note that if R is a

Cohen-Macaulay local or graded ring over a field with canonical module ω, then ω

is isomorphic to a divisorial ideal. See e.g., [1, Chapter 3] for details.

3. The trace of the canonical module and Gorenstein property

In this section, we give a criterion of Gorenstein property of the Ehrhart ring

of HSTAB(G) of a graph G. As a consequence, we give a criterion of Gorenstein

property of the Ehrhart ring of the stable set polytope of an h-perfect graph. First

we recall the following.

Definition 3.1. Let R be a ring and M an R-module. We set

tr(M) :=
∑

ϕ∈Hom(M,R)

ϕ(M)

and call tr(M) the trace of M .

Next we recall the following basic fact on the trace of an ideal.
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Fact 3.2 ([4, Lemma 1.1]). Let R be a Noetherian ring and I an ideal of R with

gradeI > 0. Also let Q(R) be the total quotient ring of fractions of R and set

I−1 := {x ∈ Q(R) | xI ⊂ R}. Then

tr(I) = I−1I.

Note that if R is a domain and I is a divisorial ideal, then I−1 = I(−1). Moreover,

we recall the following.

Fact 3.3 ([4, Lemma 2.1]). Let R be a Cohen-Macaulay local or graded ring over

a field with canonical module ωR. Then for p ∈ Spec(R),

Rp is Gorenstein ⇐⇒ p 6⊃ tr(ωR).

In particular, R is Gorenstein if and only if tr(ωR) 3 1.

In the rest of this paper, we fix a graph G = (V,E). First we note the following.

Lemma 3.4. Let f ∈ RV . Then f ∈ HSTAB(G) if and only if

(1) f(x) ≥ 0 for any x ∈ V ,

(2) f+(K) ≤ 1 for any maximal clique K of G and

(3) f+(C) ≤ #C−1
2 for any odd cycle C without chord with length at least 5.

In order to make statements simple, we make the following.

Definition 3.5. Let n ∈ Z. We set U (n) := {µ ∈ ZV − | µ(z) ≥ n for any z ∈ V ,

µ+(K) ≤ µ(−∞)−n for any maximal clique K of G and µ+(C) ≤ µ(−∞)#C−1
2 −n

for any odd cycle C without chord and length at least 5}.

Note that if µ ∈ U (n) and µ′ ∈ U (m), then µ+µ′ ∈ U (n+m). By Lemmas 2.4, 3.4

and Definition 3.5, we see the following.

Corollary 3.6. Let µ ∈ ZV − . Then Tµ ∈ EK[HSTAB(G)] if and only if µ ∈ U (0).

Moreover, Tµ ∈ ωEK[HSTAB(G)] if and only if µ ∈ U (1).

Next we show the following.

Proposition 3.7. Let n ∈ Z and µ ∈ ZV − and set ω := ωEK[HSTAB(G)]. Then

Tµ ∈ ω(n) if and only if µ ∈ U (n).

Proof. The cases where n = 0 and n = 1 are stated in Corollary 3.6. Next, we

consider the case where n < 0. Set m = −n. First we show the “if” part of this case.

Let µ1, . . . , µm be arbitrary elements of U (1). Then, since µ ∈ U (n), we see that

µ+µ1 + · · ·+µm ∈ U (0). Therefore, by Corollary 3.6, we see that TµTµ1 · · ·Tµm ∈
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EK[HSTAB(G)]. Since Tµ1 , . . . , Tµm are arbitrary Laurent monomials in ω by

Corollary 3.6, we see that

Tµ ∈ EK[HSTAB(G)] : ωm = ω(n).

Next, we show the “only if” part of this case. Let N be a huge integer (N > #V ).

First let µ1 be an element of ZV − with

µ1(z) :=

{
1 z ∈ V,
N z = −∞.

Then it is easily seen that µ1 ∈ U (1). Thus, Tµ1 ∈ ω by Corollary 3.6. Since Tµ ∈
ω(n) = EK[HSTAB(G)] : ωm, we see that Tµ+mµ1 = Tµ(Tµ1)m ∈ EK[HSTAB(G)].

Thus, by Corollary 3.6, we see that (µ+mµ1)(z) ≥ 0 and therefore

µ(z) ≥ −m = n for any z ∈ V .

Next, let K be an arbitrary maximal clique of G. Set

µ2(z) :=


N z ∈ K,
1 z ∈ V \K,
(#K)N + 1 z = −∞.

We will show that µ2 ∈ U (1). First µ2(z) ≥ 1 for any z ∈ V by the definition

of µ2. Moreover, let K ′ be an arbitrary maximal clique of G. If K ′ = K, then

µ+
2 (K ′) = µ+

2 (K) = (#K)N = µ2(−∞) − 1. If K ′ 6= K, then since #(K ′ ∩K) ≤
#K − 1, µ+

2 (K ′) < (#K − 1)N + #V < (#K)N = µ2(−∞) − 1. Further, let C

be an arbitrary odd cycle without chord and length at least 5. If K ∩ C = ∅, then

µ+
2 (C) ≤ #V ≤ N #C−1

2 − 1 ≤ µ2(−∞)#C−1
2 − 1. Suppose that K ∩ C 6= ∅. Then

#(K ∩C) ≤ 2, since C does not have a chord, and #K ≥ 2, since K is a maximal

clique. Thus,

µ+
2 (C) ≤ 2N + #V

≤ 3N − 1

≤ 2N
#C − 1

2
− 1

≤ µ2(−∞)
#C − 1

2
− 1.

Therefore, µ2 ∈ U (1) and we see by Corollary 3.6 that Tµ2 ∈ ω. Since Tµ ∈
ω(n) = EK[HSTAB(G)] : ωm, we see that Tµ+mµ2 = Tµ(Tµ2)m ∈ EK[HSTAB(G)]

and therefore, µ + mµ2 ∈ U (0). Thus, (µ + mµ2)+(K) ≤ (µ + mµ2)(−∞). Since

µ+
2 (K) = (#K)N and µ2(−∞) = (#K)N + 1, we see that

µ+(K) ≤ µ(−∞) +m = µ(−∞)− n.
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Next, let C be an arbitrary odd cycle without chord and length at least 5. Take

c0 ∈ C and set

µ3(z) :=


N(#C − 1) z ∈ C \ {c0},
N(#C − 1)− 1 z = c0,

1 z ∈ V \ C,
2N(#C) z = −∞.

We will show that µ3 ∈ U (1). It is clear that µ3(z) ≥ 1 for any z ∈ V . Let K be an

arbitrary maximal clique of G. Then #(K ∩ C) ≤ 2 and therefore

µ+
3 (K) ≤ 2N(#C − 1) + #V ≤ 2N(#C)− 1 = µ3(−∞)− 1.

Let C ′ be an arbitrary odd cycle without chord and length at least 5. If C ′ = C,

then

µ+
3 (C ′) = µ+

3 (C)

= (#C)N(#C − 1)− 1

= 2N(#C)
#C − 1

2
− 1

= µ3(−∞)
#C ′ − 1

2
− 1. (3.1)

Suppose that C ′ 6= C. Then #(C ∩C ′) ≤ #C ′ − 1, since C does not have a chord.

Therefore,

µ+
3 (C ′) ≤ (#C ′ − 1)N(#C − 1) + #V

≤ N(#C)(#C ′ − 1)− 1

= 2N(#C)
#C ′ − 1

2
− 1

= µ3(−∞)
#C ′ − 1

2
− 1.

Thus, we see that µ3 ∈ U (1) and by Corollary 3.6 that Tµ3 ∈ ω. Since Tµ ∈ ω(n) =

EK[HSTAB(G)] : ωm, we see that Tµ+mµ3 = Tµ(Tµ3)m ∈ EK[HSTAB(G)] and

therefore µ+mµ3 ∈ U (0). Thus,

(µ+mµ3)+(C) ≤ (µ+mµ3)(−∞)
#C − 1

2
.

Since µ+
3 (C) = µ3(−∞)#C−1

2 − 1 by equation (3.1), we see that

µ+(C) ≤ µ(−∞)
#C − 1

2
+m = µ(−∞)

#C − 1

2
− n.

Thus, we see that µ ∈ U (n).



Gorenstein Ehrhart rings 275

Next we consider the case where n ≥ 2. If µ ∈ U (n), then for any µ′ ∈ U (−n),

µ + µ′ ∈ U (0) by the fact noted after Definition 3.5. Since ω(−n) is the K-vector

space with basis Tµ
′

with µ′ ∈ U (−n) by the case shown above, we see that Tµ ∈
EK[HSTAB(G)] : ω(−n) = ω(n).

Conversely, assume that Tµ ∈ ω(n). Set

µ4(z) :=

{
−1 z ∈ V,
0 z = −∞.

Then it is easily verified that µ4 ∈ U (−1) and therefore by the fact shown above,

we see that Tµ4 ∈ ω(−1). Therefore, Tµ+nµ4 = Tµ(Tµ4)n ∈ EK[HSTAB(G)] and

we see by Corollary 3.6 that µ+ nµ4 ∈ U (0). Thus, (µ+ nµ4)(z) ≥ 0 for any z ∈ V
and we see that

µ(z) ≥ n

for any z ∈ V . Next, let K be an arbitrary maximal clique of G. Take k0 ∈ K and

set

µ5(z) :=


0 z ∈ (K \ {k0}) ∪ {−∞},
1 z = k0,

−1 z ∈ V \K.

Then, it is easily verified that µ5 ∈ U (−1) and µ+
5 (K) = 1. In particular, Tµ5 ∈

ω(−1). Since µ+ nµ5 ∈ U (0) by the same reason as above, we see that

(µ+ nµ5)+(K) ≤ µ(−∞) + nµ5(−∞) = µ(−∞).

Therefore,

µ+(K) ≤ µ(−∞)− n,

since µ+
5 (K) = 1. Finally, let C be an arbitrary odd cycle without chord and length

at least 5. Take c0 ∈ C and set

µ6(z) :=


0 z ∈ (C \ {c0}) ∪ {−∞},
1 z = c0,

−1 z ∈ V \ C.

Then, it is easily verified that µ6 ∈ U (−1) and µ+
6 (C) = 1. In particular, Tµ6 ∈

ω(−1). Thus, µ+ nµ6 ∈ U (0) and since

(µ+ nµ6)+(C) ≤ (µ+ nµ6)(−∞)
#C − 1

2
= µ(−∞)

#C − 1

2
,

we see that

µ+(C) ≤ µ(−∞)
#C − 1

2
− n,

since µ+
6 (C) = 1. Therefore, µ ∈ U (n). �
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Now we show the following.

Theorem 3.8. EK[HSTAB(G)] is Gorenstein if and only if

(1) Sizes of maximal cliques are constant (say n) and

(2) (a) n = 1,

(b) n = 2 and there is no odd cycle without chord and length at least 7 or

(c) n ≥ 3 and there is no odd cycle without chord and length at least 5.

In particular, if G is an h-perfect graph, then EK[STAB(G)] is Gorenstein if and

only if (1) and (2) above are satisfied.

Proof. We denote ωEK[HSTAB(G)] by ω. We first prove the “if” part. Set η(v) = 1,

ζ(v) = −1 for v ∈ V , η(−∞) = n + 1 and ζ(−∞) = −n − 1. We will show that

η ∈ U (1) and ζ ∈ U (−1).

First, it is clear from the definition that η(v) ≥ 1 and ζ(v) ≥ −1 for any v ∈ V
and η+(K) ≤ η(−∞) − 1 and ζ+(K) ≤ ζ(−∞) + 1 for any maximal clique K of

G. If (2)(a) is satisfied, then E = ∅ and there is no odd cycle. Thus, we see that

η ∈ U (1) and ζ ∈ U (−1) by the trivial reason. We also see that if (2)(c) is satisfied,

then η ∈ U (1) and ζ ∈ U (−1) by the trivial reason. Now suppose that (2)(b) is

satisfied. If C is an odd cycle without chord and length at least 5, then the length

of C is 5 by the assumption. Since η(v) = 1 (resp. ζ(v) = −1) for any v ∈ V and

η(−∞) = 3 (resp. ζ(−∞) = −3), we see that

η+(C) = 5 = 3 · 5− 1

2
− 1 = η(−∞)

#C − 1

2
− 1

(resp. ζ+(C) = −5 = −3 · 5−12 + 1 = η(−∞)#C−1
2 + 1). Therefore, η ∈ U (1) and

ζ ∈ U (−1).

Since η + ζ = 0, we see by Proposition 3.7 and Fact 3.2 that

1 = T 0 ∈ ω−1ω = tr(ω).

Thus, we see by Fact 3.3 that EK[HSTAB(G)] is Gorenstein.

Now we prove the “only if” part. By Facts 3.2 and 3.3, we see that

1 ∈ ω−1ω = ω(−1)ω.

Therefore, by Proposition 3.7, we see that there are η ∈ U (1) and ζ ∈ U (−1) with

η+ ζ = 0. Let v be an arbitrary element of V . Then, since η(v) ≥ 1 and ζ(v) ≥ −1

and (η+ζ)(v) = 0, we see that η(v) = 1 and ζ(v) = −1. Let K and K ′ be arbitrary



Gorenstein Ehrhart rings 277

maximal cliques of G. If #K > #K ′, then

η(−∞) ≥ η+(K) + 1 = #K + 1,

ζ(−∞) ≥ ζ+(K ′)− 1 = −(#K ′)− 1

and therefore,

(η + ζ)(−∞) ≥ #K − (#K ′) > 0.

This contradicts to η+ ζ = 0. Therefore #K ≤ #K ′ and by symmetry, we see that

#K = #K ′. Since K and K ′ are arbitrary maximal cliques of G, we see that the

size of maximal cliques of G are constant.

Let n be this constant size. Then since

η(−∞) ≥ n+ 1, ζ(−∞) ≥ −n− 1 and (η + ζ)(−∞) = 0,

we see that

η(−∞) = n+ 1 and ζ(−∞) = −n− 1.

Suppose that there is an odd cycle C without chord and length at least 5. Then

n ≥ 2,

η+(C) ≤ η(−∞)
#C − 1

2
− 1 and ζ+(C) ≤ ζ(−∞)

#C − 1

2
+ 1.

Thus, since η+(C) = #C, ζ+(C) = −(#C), η(−∞) = n+ 1 and ζ(−∞) = −n− 1,

we see that
2(#C + 1)

#C − 1
=

2(η+(C) + 1)

#C − 1
≤ η(−∞) = n+ 1

and

−2(#C + 1)

#C − 1
=

2(ζ+(C)− 1)

#C − 1
≤ ζ(−∞) = −n− 1,

i.e.,

n+ 1 ≤ 2 +
4

#C − 1
≤ n+ 1.

Therefore, #C = 5 and n = 2, since n is an integer.

Thus, we see that if n ≥ 3, then there is no odd cycle without chord and length

at least 5. Moreover, we see that if n = 2, then there is no odd cycle without chord

and length at least 7. �

Set

TSTAB(G) :=

f ∈ RV

∣∣∣∣∣∣∣
0 ≤ f(x) ≤ 1 for any x ∈ V , f+(e) ≤ 1

for any e ∈ E and f+(C) ≤ #C−1
2 for any

odd cycle C


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and

QSTAB(G) :=

{
f ∈ RV

∣∣∣∣f(x) ≥ 0 for any x ∈ V and f+(K) ≤ 1

for any clique K in G

}
.

If STAB(G) = TSTAB(G), then G is called a t-perfect graph. It is easily verified

that HSTAB(G) ⊂ TSTAB(G). In particular, t-perfect graphs are h-perfect. Fur-

ther, by [2, Theorem 3.1], G is perfect if and only if STAB(G) = QSTAB(G). Since

HSTAB(G) ⊂ QSTAB(G) by the definition, perfect graphs are h-perfect.

Corollary 3.9. (1) Suppose that G is t-perfect. Then EK[STAB(G)] is Goren-

stein if and only if

(a) Sizes of maximal cliques are constant (say n) and

(b) (i) n = 1,

(ii) n = 2 and there is no odd cycle without chord and length at least

7 or

(iii) n = 3 and there is no odd cycle without chord and length at least

5.

(2) (Ohsugi-Hibi) Suppose that G is perfect. Then EK[STAB(G)] is Gorenstein

if and only if sizes of maximal cliques are constant.

Proof. (1) Since a t-perfect graph is h-perfect and has no clique with size more

than 3, the result follows from Theorem 3.8.

(2) Since a perfect graph is h-perfect and has no odd cycle without chord and

length at least 5, the result follows from Theorem 3.8. �

Remark 3.10. Set K := {K ⊂ V | K is a clique of G and size of K is less than

or equal to 3}. Then

TSTAB(G) =

f ∈ RV

∣∣∣∣∣∣∣∣∣
f(x) ≥ 0 for any x ∈ V , f+(K) ≤ 1

for any maximal element K of K and

f+(C) ≤ #C−1
2 for any odd cycle C with-

out chord and length at least 5

 .

By defining tU (n) := {µ ∈ ZV − | µ(z) ≥ n for any z ∈ V , µ+(K) ≤ µ(−∞) − n
for any maximal element K of K and µ+(C) ≤ µ(−∞)#C−1

2 − n for any odd

cycle C without chord and length at least 5} for n ∈ Z, one can verify that Tµ ∈
ω
(n)
EK[TSTAB(G)] if and only if µ ∈ tU (n) along the same line as the proof of Proposition

3.7. Further, it is verified along the same line as the proof of Theorem 3.8 that

EK[TSTAB(G)] is Gorenstein if and only if

(1) Sizes of maximal elements of K are constant (say n) and

(2) (a) n = 1,
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(b) n = 2 and there is no odd cycle without chord and length at least 7 or

(c) n = 3 and there is no odd cycle without chord and length at least 5,

i.e.,

(1) E = ∅,
(2) G has no isolated vertex nor triangle and there is no odd cycle without

chord and length at least 7 or

(3) all maximal cliques of G have size at least 3 and there is no odd cycle

without chord and length at least 5.

Similarly, by defining qU (n) := {µ ∈ ZV − | µ(z) ≥ n for any z ∈ V and µ+(K) ≤
µ(−∞) − n for any maximal clique of G} for n ∈ Z, one can verify that Tµ ∈
ω
(n)
EK[QSTAB(G)] if and only if µ ∈ qU (n) along the same line as the proof of Proposition

3.7. Further, it is verified along the same line as the proof of Theorem 3.8 that

EK[QSTAB(G)] is Gorenstein if and only if sizes of maximal cliques are constant.

A graph G = (V,E) is called a comparability graph if V is a partially ordered

set (poset for short) and E = {{a, b} | a < b or b < a in V }. If G is a comparability

graph, then G is perfect and STAB(G), QSTAB(G) and HSTAB(G) coincide with

the chain polytope of V (cf. [11]). We showed that the symbolic powers of the

canonical ideal of the Ehrhart ring of the chain polytope of a poset coincide with

the ordinary powers [7, Theorem 3.8].

Unlike the case of the chain polytope of a poset, the symbolic power of the

canonical ideal of the Ehrhart ring of HSTAB(G) is different from the ordinary

power in general, as the following example shows.

Example 3.11. Let X := {xi | 0 ≤ i ≤ 6}, Y := {yi | 0 ≤ i ≤ 6}, Z := {zi | 0 ≤
i ≤ 6}, V := X ∪ Y ∪ Z and

E := {{xi, xi+1}, {xi, yi}, {yi, zi}, {zi, yi+1}, {zi, zi+3} | 0 ≤ i ≤ 6},

where indices are considered modulo 7, and set G := (V,E).
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x0

x1

x2

x3 x4

x5

x6

y0

y1

y2

y3 y4

y5

y6

z0

z1

z2

z3

z4

z5

z6

Note that Y is a stable set, X and Z are 7-cycles without chord and no elements

of X and Z are adjacent.

We first show that G has no triangle. Assume the contrary and let T be a

triangle in G. Since no elements of X and Z are adjacent, we see that T ⊂ X ∪ Y
or T ⊂ Z ∪ Y . Since X and Z are 7-cycles without chord, T can not be contained

in X or Z. Further, since Y is a stable set, T can not contain 2 or more elements

of Y . Thus, T contains exactly 1 element of Y . By symmetry, we may assume that

T ∩Y = {y0}. If T ⊂ X∪Y , then T contains 2 elements of X which are adjacent to

y0. However, there is only 1 element of X which is adjacent to y0. Thus, T ⊂ Z∪Y .

Since elements of Z adjacent to y0 are z0 and z6, we see that T = {y0, z0, z6}. This

is a contradiction since z0 and z6 are not adjacent.

Next we show that for any 5-cycle C in G, C ∩ X 6= ∅ and C ∩ Z 6= ∅. In

particular, #(C ∩ Y ) ≥ 2, since no elements of X and Z are adjacent. Assume the

contrary. Then C ⊂ X ∪ Y or C ⊂ Z ∪ Y . Since X and Z are 7-cycles without

chord, we see that C 6⊂ X and C 6⊂ Z. Thus, C ∩ Y 6= ∅. By symmetry, we may

assume that C 3 y0. Since y0 is adjacent to only 1 element x0 in X ∪Y , C ⊂ X ∪Y
is impossible. Thus, C ⊂ Z ∪ Y . y0 is adjacent to exactly 2 elements z0 and z6 in

Z ∪ Y . Further, z0 is adjacent to z3, z4 and y1 and z6 is adjacent to z2, z3 and y6

in Z ∪ Y except y0. Since no elements of {z3, z4, y1} and {z2, z3, y6} are adjacent,

we see that this case is also impossible.
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Define µ ∈ ZV − by µ(xi) = µ(zi) = 4, µ(yi) = 3 for 0 ≤ i ≤ 6 and µ(−∞) = 10.

Since maxw∈V µ(w) = 4, we see that µ+(e) ≤ 8 = µ(−∞) − 2 for any e ∈ E. Let

C be an arbitrary 5-cycle. Since #(C ∩ Y ) ≥ 2, we see that

µ+(C) ≤ 18 = µ(−∞)
5− 1

2
− 2.

Let C be an arbitrary odd cycle with length at least 7. Then, since maxw∈V µ(w) =

4, we see that

µ+(C) ≤ 4(#C) ≤ 5(#C)− 7 = µ(−∞)
#C − 1

2
− 2.

Thus, we see that µ ∈ U (2) and therefore Tµ ∈ ω(2)
EK[HSTAB(G)] by Proposition 3.7.

We deduce a contradiction by assuming that there are µ1, µ2 ∈ U (1) with µ =

µ1 + µ2. We may assume that µ1(−∞) ≤ µ2(−∞).

Since X is a 7-cycle without chord, we see that

µ+
i (X) ≤ µi(−∞)

7− 1

2
− 1 = 3µi(−∞)− 1

for i = 1, 2. Further, since

µ+
1 (X) + µ+

2 (X) = µ+(X), µ1(−∞) + µ2(−∞) = µ(−∞)

and

µ+(X) = 28 = 3 · 10− 2 = 3µ(−∞)− 2,

we see that

µ+
i (X) = 3µi(−∞)− 1

for i = 1, 2. We see that

µ+
i (Z) = 3µi(−∞)− 1

for i = 1, 2 by the same way.

Suppose that µ1(−∞) ≤ 2. Then µ+
1 (e) ≥ 2 ≥ µ1(−∞) for any e ∈ E, which

contradicts to the clique inequality µ+
1 (e) ≤ µ1(−∞)− 1. Thus µ1(−∞) ≥ 3.

Suppose that µ1(−∞) = 3. Then since 2 ≤ µ+
1 (e) ≤ µ1(−∞)− 1 for any e ∈ E

and µ1(v) ≥ 1 for any v ∈ V , we see that µ1(v) = 1 for any v ∈ V . Thus,

µ+
1 (X) = 7 < 8 = 3µ1(−∞)− 1.

This contradicts to the fact shown above.

Next assume that µ1(−∞) = 4. Then for any e ∈ E, µ+
1 (e) ≤ µ1(−∞) − 1 = 3

and therefore 2µ+
1 (X) =

∑6
i=0(µ1(xi) + µ1(xi+1)) ≤ 21. Thus, µ+

1 (X) ≤ 10, since

µ+
1 (X) is an integer and

µ+
1 (X) ≤ 10 < 11 = 3µ1(−∞)− 1.
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This is a contradiction again.

Finally, suppose that µ1(−∞) = 5. Then for any e ∈ E, µ+
1 (e) ≤ 4 = µ1(−∞)−

1. Since

2µ+
1 (X) =

6∑
j=0

(µ1(xj) + µ1(xj+1)) ≤ 7 · 4 = 28

and

µ+
1 (X) = 3µ1(−∞)− 1 = 14,

we see that µ1(xj) + µ1(xj+1) = 4 for 0 ≤ j ≤ 6. By solving system of these linear

equations, we see that µ1(xj) = 2 for 0 ≤ j ≤ 6. We also see that µ1(zj) = 2 for

0 ≤ j ≤ 6 by the same way.

Consider the 5-cycle Cj = xjyjzjyj+1xj+1xj for 0 ≤ j ≤ 6. Since

µ+(Cj) = 18 = µ(−∞)
#Cj − 1

2
− 2,

we see by the same argument as above that µ+
i (Cj) = 9 for i = 1, 2 and 0 ≤ j ≤ 6.

Since µ1(xj) = µ1(xj+1) = µ1(zj) = 2, µ1(yk) ≥ 1 for k = j, j + 1, we see that

µ1(yj) = 1 and µ1(yj+1) = 2

or

µ1(yj) = 2 and µ1(yj+1) = 1.

Suppose that µ1(y0) = 1. Then µ1(y1) = 2, µ1(y2) = 1, . . . , µ1(y6) = 1 and

µ1(y0) = 2. This is a contradiction. We also deduce a contradiction if µ1(y0) = 2.

Thus, we see that there are no µ1, µ2 ∈ U (1) with µ = µ1 + µ2. Therefore

Tµ 6∈ ω2
EK[HSTAB(G)] and we see that ω2

EK[HSTAB(G)] ( ω
(2)
EK[HSTAB(G)].

The graph G in this example is not h-perfect. In fact, let ν be an element of ZV

with ν(xi) = ν(zi) = 3/7 and ν(yi) = 5/14 for 0 ≤ i ≤ 6.

We first show that ν ∈ HSTAB(G). It is clear that ν(v) ≥ 0 for any v ∈ V . Since

maxv∈V ν(v) = 3/7, we see that ν+(e) ≤ 1 for any e ∈ E. Since G has no triangle,

we see that ν+(K) ≤ 1 for any clique K in G. Let C be an arbitrary odd cycle

without chord and length at least 5. If the length of C is greater than or equals to

7, then

ν+(C) ≤ 3

7
(#C) =

1

2
(#C)− 1

14
(#C) ≤ 1

2
(#C)− 1

14
· 7 =

#C − 1

2
.

If #C = 5, then C is one of Ci above. Therefore,

ν+(C) = ν+(Ci) = 3 · 3

7
+ 2 · 5

14
= 2 =

#C − 1

2
.

Thus, we see that ν ∈ HSTAB(G).
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Next we show that ν 6∈ STAB(G). Assume the contrary. Then there are stable

sets S1, . . . , Sm of G and positive real numbers λ1, . . . , λm such that λ1+· · ·+λm =

1 and

ν =

m∑
j=1

λjχSj .

Since X is a 7-cycle, we see that χ+
Sj

(X) = #(Sj ∩X) ≤ 3 for any 0 ≤ j ≤ m. On

the other hand, since

3 = ν+(X) =

m∑
j=1

λjχ
+
Sj

(X) and λ1 + · · ·+ λm = 1,

we see that χ+
Sj

(X) = 3 for any 0 ≤ j ≤ m. We also see that χ+
Sj

(Z) = 3 and

χ+
Sj

(Ci) = 2 for 0 ≤ i ≤ 6 and for 0 ≤ j ≤ m by the same way.

Set S := S1. Since #(S∩X) = χ+
S (X) = 3 and S is a stable set, we may assume,

by symmetry, that S ∩X = {x0, x2, x4}. Consider S ∩C1. Since x2 ∈ S and S is a

stable set, we see that y2 6∈ S. Thus, S ∩ C1 = {x2, y1} or S ∩ C1 = {x2, z1}. We

see that S ∩ C2 = {x2, y3} or S ∩ C2 = {x2, z2} by the same way.

First consider the case where S ∩ C1 = {x2, y1} and S ∩ C2 = {x2, y3}. Then

S ∩ C0 = {x0, y1} and S ∩ C3 = {x4, y3} since #(S ∩ C0) = #(S ∩ C3) = 2. Thus,

z0, z1, z2, z3 6∈ S. Since #(S ∩ Z) = 3, we see that S ∩ Z = {z4, z5, z6}. Since

x0, x4 ∈ S and #(S ∩ C4) = #(S ∩ C6) = 2, we see that S ∩ C4 = {x4, z4} and

S∩C6 = {x0, z6}. Thus, we see that x5, y5, x6, y6 6∈ S and therefore, #(S∩C5) = 1.

This contradicts to the fact that #(S ∩ C5) = 2.

Next consider the case where S ∩ C1 = {x2, y1} and S ∩ C2 = {x2, z2}. Since Z

is a 7-cycle z0z3z6z2z5z1z4z0, z1 6∈ S, z2 ∈ S, #(S ∩ Z) = 3 and S is a stable set,

we see that S ∩ Z = {z2, z3, z4}. Since x4, z4 ∈ S ∩ C4 and #(S ∩ C4) = 2, we see

that S ∩ C4 = {x4, z4}. Therefore, y5 6∈ S. Further, x5, x6 6∈ S by our assumption

and z5 6∈ S by the fact shown above. Therefore, S ∩ C5 ⊂ {y6}, which contradicts

to #(S ∩ C5) = 2.

The case where S ∩ C1 = {x2, z1} and S ∩ C2 = {x2, y3} can not occur by the

same reason.

Finally, assume that S ∩ C1 = {x2, z1} and S ∩ C2 = {x2, z2}. Then x1, y1 6∈ S
and since y0 is adjacent to x0 ∈ S, we see that y0 6∈ S. Therefore, S∩C0 = {x0, z0}
since #(S ∩ C0) = 2. We see that S ∩ C3 = {x4, z3} by the same way. This

contradicts to the fact that S is a stable set since z0 and z3 are adjacent.

Thus, we see that ν 6∈ STAB(G) and therefore, STAB(G) ( HSTAB(G).
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