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1. Introduction

The terminology and notations we refer to Bondy and Murthy [4]. Let G be a finite, simple, undirected
and connected graph. Let A(G) denote the maximum degree of G. A proper edge-coloring o is a mapping
from E(G) to the set of colors such that any two adjacent edges receive distinct colors. For any vertex
v of G, let S, (v) denote the set of the colors of all edges incident to v. A proper edge-coloring ¢ is said to
an adjacent vertex-distinguishing (AVD) if S;(u) # S;(v), for every adjacent vertices u and v. The
minimum number of colors required for an adjacent vertex-distinguishing proper edge-coloring of G,
denoted by y,s(G), is called the adjacent vertex-distinguishing proper edge-chromatic index (AVD
proper edge-chromatic index) of G. Thus, y4s(G) = x'(G).

Conjecture 1.1. [11] For any connected graph G (|[V(G)| = 6), there is y,5(G) < A(G) + 2. If H is a
subgraph of G, it is interesting that y,s(H) < x4s(G) is not always true.

Let K,,, be the complete bipartite graph, then yg (Kzlg) =3 and K;3 —e for any edge, then
Xas (K2,3 - e) = 4. Deletion of an edge of a graph may also decrease the coloring number of the graph.
Letn = 3, then X&s(KLn) =nand )(&S(Kl,n — e) =n-—1.
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In [11] Zhang et al. proved: if G has n components G;, 1 < i < n, with at least three vertices in each, then
Xas(G) = max;i<i<nixas(Gi)}. So we consider only connected graphs. For a tree T with |[V(T)| = 3, if any
two vertices of maximum degree are non-adjacent, then y,,(T) = A(T). If T has two vertices of
maximum degree which are adjacent, then y,,(T) = A(T) + 1. For cycle C, we have y;s(C,) = 3, for
n = 0 (mod3), otherwise y,5(C,) = 4 for n # 0 (mod3) and n # 5, y,s(C,) =5, for n = 5. For the
complete bipartite graph K, ,, for 1 < m < n, we have y;s(K;u,) = nif m <n, and y,s(Kpp) =n+2
if m = n > 2. For the complete graph K,, (n = 3), we have y,,(K,) = nforn =1 (mod 2); yx,s(K,) =
n + 1forn = 0 (mod 2).1f G is a graph which has two adjacent maximum degree vertices, then y,;(G) =
A(G) + 1. If G is a graph such that the degree of any two adjacent vertices is different, then y,.(G) =
A(G). In [9] Shiu proved: for n > 3, we have y,4(F,) =n, if n = 3,4 and y,s(F,_;) =n—1, forn > 5.
For n > 3, we have y,;(W,) =5, if n = 3, and y,;(W,,) = n, for n > 4. In [7] Hatami prove that if G is a
graph with no isolated edges and maximum degree A(G) > 102°, then y/; < A + 300. In [2] Balister et
al. proved: if G is a k-chromatic graph with no isolated edges, then y,.(G) < A(G) + 0(logk). In [1]
Axenovich et al. obtained upper bound for adjacent vertex-distinguishing edge-colorings of graphs. In
[3] Baril et al. obtained exact values for adjacent vertex-distinguishing edge-coloring of meshes. In [5]
Bu et al. finding adjacent vertex-distinguishing edge-colorings of planar graphs with girth at least six. In
[6] Chen et al. obtained adjacent vertex-distinguishing proper edge-coloring of planar bipartite graphs
with A= 9,10 or 11.

In this paper, we compute adjacent vertex-distinguishing edge-chromatic index of Anti- prism,
sunflower graph, double sunflower graph, triangular winged prism, rectangular winged prism and
Polygonal snake graph.

Observation 1.1. If a connected graph G contains two adjacent vertices of degree A(G), then y{(G) =
A(G) + 1.

Observation 1.2. If G is a graph such that the degree of any two adjacent vertices is different, then
X&S(G) = 4(G).

2. AVD Proper Edge-chromatic Index of Anti-prism Graph, Sunflower Graph, Double
Sunflower Graph, Triangular Winged Prism and Rectangular Winged Prism

In this section, The AVD proper edge-chromatic index of Anti-prism graph, Sunflower graph, Double
Sunflower graph, Triangular winged prism and Rectangular winged prism graph will be discussed. We
have the following results.

2.1. AVD Proper Edge-chromatic Index of Anti-prism Graph
If C,, OK,,n > 3,is called prism graph, where O is Cartesian product, and it is denoted by D,,

By an Anti-prism graph of order n denoted by 4,,, we mean a graph obtained from a prism graph D,, by
adding some crossing edges x;Y(i+1)(moan), ¢ = 1,2, ..., n. [10]

Theorem 2.1. y,;(4,) =5, forn > 3.
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Proof. Let C,, = x1X5 ... X,Xx1, For n > 4 and x3, x5, ..., x;, be newly added vertices corresponding to the

vertices xq, x5, ..., X, to form A,. In A,, for i € {1,2,...,n}, let e; = x;x;41, €] = X{X{ 11, [i = XiX{, §i =
! ! !

XiXit1, Where Xp4q = Xq, Xp4q = X3

Define o :E(A43) —{1,2,3,45} as follows: a(e;) =1,0(e;) =4,0(e3) =5,0(e;) =4,0(e3) =
50(e3) =1,0(f1) =0(f;) =a(f3) =3,0(g1) = 0(g,) = 0(g3) = 2. Therefore o is proper-edge
coloring. The induced vertex-color sets are: S;(x;)={1,2,3,5},5,(xz) ={1,2,3,4},S,(x3) =
{2,3,4,5},S,(x1) = {1,2,3,4}, S, (x3) = {2,3,4,5}, S,(x3) = {1,2,3,5}. Hence ¢ is an AVD proper edge-
coloring A;. By observation 1.1, y/s(A3) =5 and so y,s(A3) = 5. Define o : E(4,) - {1,2,3,4,5} as
follows: a(e;) = o(e;) = 1,0(e;) = o(ez) = 4,0(e3) = a(e3) = 5,0(ey) = 0(es) =3,0(f1) =a(f2) =
o(f;) =0(fy) =2,0(g1) =5,0(9,) = 3,0(g93) = 1,0(g,) = 4. Therefore ¢ is proper-edge coloring.
The induced vertex-color sets are: S;(x;) = {1,2,3,5},S,(x3) = {1,2,3,4}, S, (x3) = {1,2,4,5}, S, (x,) =
{2,3,4,5},S,(x1) = {1,2,3,4}, S5 (x3) = {1,2,4,5}, S, (x3) = {2,3,4,5}, S, (x4) = {1,2,3,5}. Hence ¢ is an
AVD proper edge-coloring As. By observation 1.1, y45(4,) = 5 and so y4s(A4) = 5. Define o: E(45) —
{1,2,3,4,5} as follows: (e;) = a(eq) = 2,0(e;) = 5,0(e3) =3,0(e3) =2,0(e3) =5,0(ey) =3,0(ey) =
2,0(es) = o(eg) =5,0(f1) =3,0(f2) =4 =0(f3),0(fa) =1=0(f5),0(g91) = 1= 0(g2),0(g3) =
3,0(g4) = 4 = d(gs). Therefore o is proper-edge coloring. The induced vertex-color sets are: S, (x;) =
{1,2,3,5}, S5(xz) = {1,24,5}, S5 (x3) = {2,3,4,5}, S5 (x4) = {1,2,3,4}, S5 (x5) = {1,3,4,5}, S5 (x1) =
{2,3,4,5},S,(x3) = {1,2,3,4}, S, (x3) = {1,3,4,5}, Sy (xs) = {1,2,3,5}, S, (x2) = {1,2,4,5}. Hence o is an
AVD proper edge-coloring Az. By observation 1.1, y,s(4s) = 5 and so y,s(4s) = 5.

For n > 6, since A(A,) = 4, by observation 1.1. y;5(A4,) = 5. To show y/s(4,) < 5. we consider five
cases and in each case, we first define ¢ : E(4,,) — {1,2,3,4,5} as follows:

For n = 0 (mod 3)
Fori € {1,2,...,n},

5 ifi =1 (mod 3)
o(e;)) =<2 ifi =2 (mod 3)
3 ifi =0 (mod 3)

2 ifi =1 (mod3)

a(ej) =43 ifi =2 (mod 3)
5 ifi =0 (mod 3)

o-(fi) = 4' O-(gi) =1

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

(1,3,4,5) ifi =1 (mod 3)
Forie{12,..,n},S;(x;) =:{1,2,45} ifi =2 (mod 3)
{1,2,3,4} ifi =0 (mod 3)

(1,245} ifi =1 (mod 3)
Sy(x)) =4{1,2,3,4} ifi =2 (mod 3)
{1,345} ifi =0 (mod 3)

Therefore o is an AVD proper edge-coloring of A,,. Hence, yqs(4,) = 5.
For n =1 (mod 6)

a(e;) =1=oa(e)
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Fori€{23,..,n—1},0(e;)) = a(e)) = {L; 11?1112 i‘éedn
o(ey) =3 =oa(ep)

G(fl) = 4" O-(fZ) = 21
5 ifi =0 (mod 3)
Fori € {3,4,..,n—1},0(f;) =<3 ifi =1 (mod 3)
1 ifi =2 (mod 3)
U(fn) = 51
0(91) = 51
3 ifi =2 (mod3)
Fori € {2,3,..,n—2}, 0(g;) =141 ifi =0 (mod 3)
5 ifi =1 (mod 3)
0(gn-1) = 1,0(gn) = 2.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Sy (x1) ={1,3,4,5}

{1,2,3,4} ifi =2 (mod 3)
Fori € {2,3,...,n},S,(x;) =<{1,2,45} ifi =0 (mod 3)
{2,3,4,5} ifi =1 (mod 3)

{1,2,3,4} ifi =1 (mod 3)
Fori€ {1,2,..,n—1},S,(x;) ={{1,2,4,5} ifi =2 (mod 3)

{2,3,4,5} ifi =0 (mod 3)
Sy (xy) ={1,3,4,5}
Therefore o is an AVD proper edge-coloring of A,,. Hence, yqs(4,) = 5.
For n =2 (mod 6)

a(e;) =1=a(e)

Fori€ {2,3,..,n—2},0(e;)) = a(e]) = {4 if i is even

2 ifiisodd
o(en) =3 =oa(ep), o(en—1) =5=o0(ep_1)
o(fi) =o(fz) =2

5 ifi =0 (mod 3)
Fori € {3,4,..,n—1},0(f;) =<3 ifi =1 (mod 3)
1 ifi =2 (mod 3)

o(f) =1,

0-(g1) = 5!

3 ifi =2 (mod3)
Fori € {2,3,..,n—2}, 0(g;) =41 ifi =0 (mod 3)
5 ifi =1 (mod 3)
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0(gn-1) = 2,0(gy) = 4.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Sq(x1) ={1,2,3,5}

(1,2,3,4} ifi =2 (mod 3)
Forie{23,..,n—1},S,(x;) =<{1,2,45} ifi =0 (mod 3)

{2,3,4,5} ifi =1 (mod 3)
So(xn) ={1,3,4,5}

{1,2,3,4} ifi =1 (mod 3)
Fori € {1,2,..,n—2},S,(x;) =4{1,2,4,5} ifi =2 (mod 3)
{2,3,4,5} ifi =0 (mod 3)
SO‘(xT,l—l) = {1,3,4‘,5}, So‘(x{’l) = {1’2’3’5}
Therefore o is an AVD proper edge-coloring of 4,,. Hence, y4s(4,) = 5.
For n = 4 (mod 6)
o(e;) =1=o(ep)

, _ N _ (4 ifiiseven
Fori€{2,3,..,n—4},0(e;)) =a(e)) = {5 if s odd
o(ey) =3 = O_(erll)v olen-1) =5= 0'(61,1—1):
o(en—2) =1=o0(ep_), o(ep_3) =2 =o0(ep_3)

a(fi) =a(f) =2
2 ifi =0 (mod 3)
Fori € {3,4,..,n—3},0(f;) =<3 ifi =1 (mod 3)
1 ifi =2 (mod3)
0(fn) =1,0(fn-1) =4 =0(fr-2)
a(g1) =5,
3 ifi =2 (mod3)
Fori € {2,3,..,n—4}, 0(g;) =41 ifi =0 (mod 3)
2 ifi =1 (mod3)
0(gn-3) = 5,0(gn-2) = 3,0(gn-1) = 2,0(g,) = 4.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
So'(xl) = {1J2J3J5}I Sg'(xz) = {1,2,3,4}

{1,2,4,5} ifi =0 (mod 3)
Fori € {3,4,..,n—3},S,(x;) =<{2,3,45} ifi =1 (mod 3)
{1,3,4,5} ifi =2 (mod 3)

SO'(xn) = {1'3'4'5}' Sa(xn—l) = {1,2,4;5}, So-(xn—z) = {1121314}
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Sy (x1) ={1,2,3,4}

(1,2,4,5} ifi = 2 (mod 3)
Fori€{23,..,n—4},S,(x)) =4{2,3,4,5} ifi =0 (mod 3)
(1,3,4,5} ifi =1 (mod 3)

So(tn-3) = {1,2,3,4}, S, (xp-2) = {1,2,4,5}, S5 (xp—1) = {1,3,4,5}, S, (xn) = {1,2,3,5}
Therefore o is an AVD proper edge-coloring of 4,,. Hence, yqs(4,) = 5.

For n =5 (mod 6)

o(e)) =1=o0(ep)

4 ifiiseven
5 ifiisodd

o(en) =2 =oa(ep), o(en-1) =3 =a(en_y),

Fori €{23,..,n—4},0(e;) = a(e;) = {

o(en—2) =5=o0(ep_), o(en_3) =3 =o(ey_3)
a(f1) =3,0(f2) =2

1 ifi =0 (mod 3)
Fori € {3,4,..,n—3},0(f;) =<3 ifi =1 (mod 3)
2 ifi =2 (mod 3)

0(fn) =50(fn-1) =4,0(fr2) =1
0(91) = 5!

3 ifi =2 (mod3)
Fori € {2,3,..,n—4}, 0(g;) =42 ifi =0 (mod 3)
1 ifi =1 (mod 3)

0(gn-3) = 4,0(gn-2) = 2,0(gn-1) = 1,0(gn) = 4

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Sa(xl) = {1521315}' SO'(XZ) = {112'3'4}

{1,2,4,5} ifi =0 (mod 3)
Fori € {34,..,n—2},5,(x;) =<{1,3,45} ifi =1 (mod 3)
(2,3,4,5) ifi =2 (mod 3)

So‘(xn) = {2J3!4!5}l Sa(xn—l) = {1)314:5}; So‘(xn—Z) = {1121315}
Se(x1) = {1,2,3,4}

(1,2,4,5) ifi =2 (mod 3)
Forie{23,..,n—4},S,(x)) =<5{1,3,45} ifi =0 (mod 3)
(2,3,4,5) ifi =1 (mod 3)

Sa(x;l—3) = {1,2,3,5}, So’(x;l—Z) = {1)3!4!5}) Sa(x;l—l) = {2,3,4-,5},50(9@,1) = {1'2'3'5}
Therefore o is an AVD proper edge-coloring of 4,,. Hence, y,s(4,) = 5.
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2.2. AVD Proper Edge-chromatic Index of Sunflower Graph

By an sun flower graph of order n denoted by SF,, we mean a graph that is isomorphic to a graph
obtained from Anti-prism graph A,, by deleting edges y;y(i+1)(moan), t = 1.2, ..., n.

Theorem 2.2. y,,(SF,) =5, forn = 4.

Proof. LetC, = x1x; ...x,x; For n = 4 and xj, x5, ..., x;, be newly added vertices corresponding to the
vertices x4, Xy, ..., X, to form SE,. In SE,, for i € { 1,2,...,n}, let e; = x;x;41, fi = x;%{, and g; = Xx{ X411,
where x,,1 = x;.

Define o : E(SF3;) — {1,2,3,4,5} as follows: (e;) = 1,0(e;) = 2,0(e3) =5, a(f1) = a(fy) =0(f3) =3,
0(g1) = o(g;) =a(g;) =4. The induced vertex-color sets are: S;(x;) ={1,3,4,5},5,(x;) =
{1,2,3,4},S,(x3) = {2,3,4,5}, S;(x1) = S;(x3) = Sy (x3) = {3,4}. Therefore o is an AVD proper edge-
coloring SF,. Hence, y,s(SF3;) = 5.

For n > 4, since A(SF,) = 4, by observation 1.1. y,s(SF,) = 5. To show y,5(SF,) < 5. we consider two
cases first define o : E(SF,) — {1,2,3,4,5} as follows:

Case 1. If nis even
Fori € {1,2,..,n}
_ (1 ifiisodd
ole) = {2 if i is even
_ (5 ifiisodd
o(fi) = {4 if i is even
0(91') = 3'

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

S (x1) = {1,3}

{1,2,3,5} ifiisodd

Fori €{1,23,..,n}, S,(x;) = {{1234} Lo oee

, 3,5} ifiisodd
Sa(xi) = {{ }

{3,4} ifiiseven
Therefore o is an AVD proper edge-coloring of SF,. Hence, y.s(SF,) =5
Case 2.Ifn is odd

rrt 0=t =[5 1L,
o(en) =5
a(fi) =4
Fori € {23,..,n—1}, o(f,) = {‘é llflellséi\é%n
o(fn) =4

Fori € {1,2,...,n},0(g;) =3
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Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Sy(x) ={1,3,4,5}

{1,2,3,4} ifiiseven

Fori €{23,..,n —1} S;(x;) = {{1 23,5} ifiisodd

Sy (xn) =1{2,3,4,5}

So(x1) = {3,4}

{3,4} ifiiseven

Fori € {2,3,..,n—1}, S,(x}) = {{3 5 ifiisodd

S (xn) = {34}
Therefore o is an AVD proper edge-coloring of SE,. Hence, y,s(SF,) = 5.

2.3. AVD Proper Edge-chromatic Index of Double Sunflower Graph

By a double sunflower graph of order n denoted by DSE,, is a graph obtained from the graph SF,, by
inserting a new vertex z; on each edges x;x;,, and adding edges y;z; for each i.

Theorem 2.3. y,;(DSE,) = 4, forn > 4,

Proof. LetC, = x1X, ...x,xq For n = 4 and x3, x3, ..., x;, be newly added vertices corresponding to the
vertices x4, X5, ..., X, and y;, ¥, ..., ¥, be newly added vertices corresponding to the sub division of each
edge of the cycle C, to form DSF,. In DSE,, for i € {1,2,...,n}, let e; = x;y;, €] = yiXiz1 fi = XiX{, §i =
x;x;i41 and h; = x;y; where x, .1 = x;.
For n > 4, since A(DSE,) = 4, by observation 1.2. y;s(DSF,) = 4. To show y,;(DSE,) < 4.
We consider two cases first define ¢ : E(DSF,) — {1,2,3,4} as follows:
Case 1.If nis even
Fori € {1,2,..,n}
_ (1 ifiisodd
ole) = {3 if i is even

~ _ (2 ifiisodd

ole) = {4 if i is even
_ (2 ifiisodd
o(fi) = {1 if i is even

if i is odd
ifi is even
if i is odd
ifi is even

o9 = {3

_ (3
Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

Fori € {1,2,3,...,n}, Sy(x;) = {1,2,3,4}
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_ ({1,2,3} ifiisodd
Se(vi) = {{2,3,4} if i is even

~ _ (2,34} ifiisodd
So(xi) = {{1,2,3} ifi is even

Therefore o is an AVD proper edge-coloring of DSF,. Hence, y,;(DSE,) = 4.
Case 2.If nis odd
o(e;) =1,0(e;) =3

Fori € {2,3,...,n},0(e;) = {; :2 :z g:;zn
a(e;) =4,

3ifi+2

Fori € {1'2' "'In}l o-(fi) = {2 lf l — 2

a(g1) =4,

Fori € {2,3,...,n}, a(g;) = {; 12 :z g:;zn
U(hl) = Z,O'(hz) = 3;
ifi is odd

. 1
Fori € {3/4,..,n}, a(h;) = {2 if { is even

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

Fori € {1,2,...,n}, S;(x;) = {1,2,3,4}

Se(y1) = {1,2,3}, 5, (y2) = {1,3,4}

Fori € {3,4,...,n}, S;(v;) = {1,2,4}

So(x1) = {2,3,4}

Fori € {2,3,..,n}, Sy(x;) = {1,2,3}

Therefore o is an AVD proper edge-coloring of DSE,. Hence, y,;(DSE,) = 4.

2.4. AVD Proper Edge-chromatic Index of Triangular Winged Prism

By a triangular winged prism of order n denoted by TW B,, is a graph obtained from the prism graph D,,, by
adding some outsider middle vertices z; on edge y;y;+, and adding z; to both vertices y; and y; 4.

Theorem 2.4. x,,(TWB,) =6, forn = 4.

Proof. Let C, = xyx;..xpx; FOr m=>4, x{,x5,..,%, and y;,y,,..,v, be newly added vertices
corresponding to the vertices x;, x5, ..., x, to form TWPB,. In TWPB,, fori € {1,2, ...,n}, let e; = x;x;;1, ] =

ot _ 1 o o _ 1 Y
XiXir1, fi = xixi, §i = x;y; and hy = x4y, Where x, 1 = X1, Xpyq = X3.

For n > 4,since A(TWP,) = 5, by observation 1.1. y;,(TWB,) = 6. To show y,,(TWB,) < 6. we consider
two cases first define ¢ : E(TWP,) — {1,2,3,4,5,6} as follows:
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Case 1. If nis even

Fori € {1,2,...,n}

B ~ _ (1 ifiisodd
o(e) =a(e) = {3 ifi is even
_ (4 ifiisodd
a(fi) = {2 if { is even
o(gi) =5
_ (4 ifiisodd
o(h) = {6 ifi is even

36

Therefore o is a proper edge-coloring. It remains to show that ¢ is an AvD proper edge-coloring. We compare

the sets of colors of adjacent vertices of the same degree.
The induced vertex-color sets are:

{1,3,4} ifiisodd

Fori€{1,23,..,n}, $5(x;) = {{1 2,3} ifiiseven

~ _ ({1,3,4,5,6} ifiisodd
So(xi) = {{1,2,3,4,5} if { is even

{4,5} ifiisodd

Forie{1,2,..,n}, S;(y;) = {{5 6} ifiiseven

Therefore o is an AvD proper edge-coloring of TWB,. Hence, x,s(TWB,) = 6.

Case 2. If nis odd
Fori€{1,23,..,n—1}

1 ifiisodd
3 ifiiseven

ole) = alef) = |

a(en) = o(en) =2,

. 4 .f . . dd
FOI’l E {1,2, ...,Tl - 1}1 O-(ﬂ) = {2 1f Il:iz (e)ven
U(fn) = 4,

Fori€{1,2,..,n}, a(g;) =5,
Forie{12,..,n—-1}, a(h) = {2 12 12 ngn

o(h,) = 6.

Therefore o is a proper edge-coloring. It remains to show that ¢ is an AvD proper edge-coloring. We compare

the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
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So(x1) = {1,2,4}

{1,2,3} ifiiseven

Fori € {23,..,n—1}, S,(x;) ={{134} o

Sy (x,) =1{2,3,4}
Sy (x1) ={1,2,4,5,6}

{1,2,3,4,5} ifiiseven

Fori € (2,3, ...,n — 13,5, (x)) ={{13456} P

Sq(xn) ={2,3,4,5,6}

{4,5} ifiisodd

Fori€{12,..n—1} So(v) = {{5 6} ifiiseven

SeOm) = {5,6}.

Therefore o is an AVD proper edge-coloring of TWPB,. Hence, x.;(TWB,) = 6.

2.5. AVD Proper Edge-chromatic Index of Rectangular Winged Prism Graph

By a rectangular winged prism graph of order n denoted by RW P,, is a graph obtained from the prism
graph D,,, by adding an edge a;b; corresponding to the edge y;y;,; and adding an edge a; to y; and b; to
Vi+1-

Theorem 2.5. y,;(RWP,) =6, forn = 4.

Proof. LetC, = x;x, ...x,x;, Forn = 4 and x1, x5, ..., x,, be newly added vertices corresponding to the
vertices xq, Xy, ..., Xn. Let y1,V9, ...,y and zq, z,, ..., Zz, be newly added vertices corresponding to the
vertices x1, X3, ..., X, to form RWPB,. In RWPB,, fori € {1,2,...,n}, let e; = x;x;41, €] = X{X{,1, €' = ViZi,
fi = xixi, gi = x;y; and h; = xi;1z;, where x,41 = X3, Xp41 = X1

For n >4, since A(RWP,) =5, by observation 1.1. y;s(RWPB,) = 6. To show yi(RWB,) < 6. we
consider two cases first define o : E(RWP,) — {1,2,3,4,5,6} as follows:

Case 1.If nis even

Fori € {1,2,..,n}

, . 1 .f .o dd
o(e) =o(e;) =a(e) = {3 ifi iz gven
_ (4 ifiisodd
o(f) = {2 if i is even
a(g;) =5
_ (4 ifiisodd
o(h) = {6 if i is even

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

{1,3,4} ifiisodd

Fori € {1,2,3,...,n},S,(x;) = {{1 2.3} ifiis even
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~ _ (£1,3,4,5,6} ifiisodd
So (i) = {{1,2,3,4,5} if i is even

. 1,5} ifiisodd
Fori€{1.2,..,n}, S;(y) = {%3 5§ if i is even

{1,4} ifiisodd

Fori € {1,2,...,n}, S;(z) = {{3 6} ifi is even

Therefore o is an AVD proper edge-coloring of RW P,. Hence, yqo;(RWP,) = 6.

Case 2. If nis odd

) , " 1 ifiisodd
Fori€{1,2,..,n—1},0(e;)) = a(e;)) =a(e}’) = {3 ifi 112 (e)ven
a(ey) = a(en) = a(ey) =2,

. _ (4 if iisodd
Fori € {1,2,..,n—1}, a(f}) = {2 if [ is even

o(fn) =4
Fori € {1,2,...,n}, a(g;) =5,

. _ (4 ifiisodd
Fori € {1,2,..,n—1}, o(h;) = {6 if { is even
o(h,) = 6.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:
Se(x1) ={1,2,4}

. 1,2,3} ifiiseven
Fori € {2,3,..,n—1}, S;(x;) = {%l 34§ ifis odd
Se(xn) ={2,3,4}

Sy(x1) ={1,2,4,5,6}

{1,2,3,4,5} ifiiseven

Fori € {23, ..,n —1},S,(x!) = {{13456} oo
SO'(x;’l) = {2J3J4J5I6}

{1,5} ifiisodd

Forie {1,2,..,n—1}, S;(y;) = {{3 5) ifiis even

So(yn) = {2,5}

{1,4} ifiisodd

Forie{1,2,..,n—1}, S,(z) = {{3 6} ifiis even

So(zn) = {2,6}
Therefore o is an AVD proper edge-coloring of RW B,. Hence, y,s(RWP,) = 6.
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3. AVD Proper Edge-chromatic Index of Polygonal Snake Graph

In this section, we investigate AVD proper edge-coloring of Polygonal snake graph only. A graph is
obtained from a path B, with vertex set x4, x5, ..., X, by joining all consecutive vertices by path P, with
vertex set y;, ¥a, ..., ¥ in such a way that merging y; with x; and y,, with x;,4,i € {1,2,...,n — 1} and so
on. Then P, (S,,), ¥V m,n s called as polygonal snake graph. [8]

Theorem 3.1. x4s(Pn(Sy)) =5, form =3,n > 5.

Proof. Let By, x1X5 ... Xy, Forn =5, B,: y;y, ...y, be attached to an edge x;x;,4, i € {1,3,...,m — 1}, mis
even, where x; = y;, Xi41 = Y and B,: y;1y5 ... ¥y be attached to an edge x;x;,1, 1 € {2,4,...,m — 1}, mis
odd, where x; = y;, x;11 = yn to form B, (S,,). In B,,(S,,), fori € {1,2,...,m — 1}, let e; = x;x;44. Fori €
{1L2,...,n =1} fi = yirr, fi = ViVisr:

Form > 3,n > 5, since A(P,,(S,)) = 4, by observation 1.1. x4s( P, (Sn)) = 5. To show x5 (Pn(S,)) < 5.
we consider five cases and in each case, we first define o : E(P,,(S,)) - {1,2,3,4,5} as follows:

Case 1: For n =5 (mod 6)

3 ifi =1 (mod 3)
Fori € {1,2,..,m—1},0(e;) =44 ifi =2 (mod 3)
5 ifi =0 (mod 3)

1 ifi =1 (mod 3)
Fori € {1,2,..,n—1},a(f;) =<2 ifi =2 (mod 3)
3 ifi =0 (mod 3)

ifi =1 (mod 3)
ifi =2 (mod 3)
ifi =0 (mod 3)

o(f{) =

_ W N

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

{1,2} ifi = 2 (mod 3)
Fori € {2,3,..,n—1},S,(y;) =1{2,3} ifi =0 (mod 3)
(1,3} ifi =1 (mod 3)

(2,3} ifi =2 (mod3)
S,(y)) ={{1,3} ifi =0 (mod 3)
(1,2} ifi =1 (mod 3)

So‘(xl) = {1;3},

{1,2,3,4} ifi =2 (mod 3)
Fori € {2,3,...,m — 1}, S;(x;) =<{1,2,4,5} ifi =0 (mod 3)
{1,2,3,5} ifi =1 (mod 3)

(2,4} if m =3 (mod 6)
{1,5} if m =4 (mod 6)
_J{2,3} if m =5 (mod 6)
So () = {1,4} if m = 0 (mod 6)
{2,5} if m =1 (mod 6)
{1,3} if m = 2 (mod 6)
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Therefore o is an AVD proper edge-coloring of P, (S,,). Hence, x4s(Pn(Sy)) = 5.
Case 2: For n = 0 (mod 6)

3 ifi =1 (mod 3)
Fori € {1,2,..,m—1},0(e;)) =44 ifi =2 (mod 3)
5 ifi =0 (mod 3)
1 ifi =1 (mod 3)
Forie{1,2,..,n—1},0(f)) = o(ff) =<2 ifi =2 (mod 3)
3 ifi =0 (mod 3)

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

{1,2} ifi =2 (mod 3)
Fori € {23,..,n—1},S,(v;) = S;(y;) =<{2,3} ifi =0 (mod 3)

{1,3} ifi =1 (mod 3)
SO'(xl) = {1;3},

(1,2,3,4) ifi =2 (mod 3)
Fori € {2,3,...,m — 1}, S;(x;) =41{1,2,4,5} ifi =0 (mod 3)
(1,2,3,5) ifi =1 (mod 3)

{2,4} ifm =0 (mod 3)
Se(xy) =4{2,5} ifm =1 (mod 3)
{2,3} ifm =2 (mod 3)

Therefore o is an AVD proper edge-coloring of P, (S,). Hence, x4s(Bn(Sy)) = 5.
Case 3:For n =1 (mod 6)

3 ifi =1 (mod 3)
Fori e {1,2,..,m—1},a(e;) =<4 ifi =2 (mod 3)
5 ifi =0 (mod 3)

1 ifi =1 (mod 3)
Forie{1,2,..,n—4},0(f;) =o(fj) =<2 ifi =2 (mod 3)

3 ifi =0 (mod 3)
0(fn-3) = 0(fu—3) =4, 0(fn—2) = 0(fn—2) = L, 0(f—1) = 0(fn-1) = 2.

Therefore ¢ is a proper edge-coloring. It remains to show that ¢ is an AVD proper edge-coloring. We
compare the sets of colors of adjacent vertices of the same degree.

The induced vertex-color sets are:

{1,2} ifi =2 (mod 3)
Fori € {2,3,..,n—4},S,(v;) = S,(y;) =1{2,3} ifi =0 (mod 3)
(1,3} ifi =1 (mod 3)

Soe(Wn-3) = So(Yn-3) = (34}, Se(Wn-2) = Se(Wn-2) = {14}, So(Yn-1) = So(yn-1) = {1,2}
So(x1) ={1,3},
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(1,2,3,4} ifi =2 (mod 3)
Fori € {2,3,..,m—1}, S,(x;) =<{1,2,4,5} ifi =0 (mod 3)
(1,2,3,5} ifi =1 (mod 3)

{2,4} ifm =0 (mod 3)
Sy(xm) =4{2,5} ifm =1 (mod 3)
{2,3} ifm =2 (mod 3)

Therefore o is an AVD proper edge-coloring of P, (S,). Hence, ygs (Pm(Sn)) = 5.
Case 4: For n = 2 (mod 6)

Proofis similar to case 1.n = 5 (mod 6)

Case 5: For n = 3 (mod 6)

Proof is similar to case 2.n = 0 (mod 6)

Case 6: For n =4 (mod 6)

Proof is similar to case 3.n = 1 (mod 6)
4. Conclusion

In this paper, [ investigate the AVD proper edge-chromatic index of Anti-prism, sunflower graph, double
sunflower graph, triangular winged prism and rectangular winged prism. And I also investigate AVD
Proper edge-chromatic index of Polygonal snake graph. The investigation of analogous results for
different graphs and different operation of above families of graphs are still open.
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