Results in Nonlinear Analysis 5 (2022) No. 3, 312-324]
https://doi.org/10.53006/rna.974156
Available online at www.nonlinear-analysis.com

Results in Nonlinear Analysis

ISSN 2636-7556

‘ Peer Reviewed Scientific Journal

On the global behavior of the rational difference

- _ aptyn—
equation y,,,1 = ch+—yZ_/’;

Sihem Oudina?, Mohamed Amine Kerker2, Abdelouahab Salmi®

@l aboratory of Applied Mathematics, Badji Mokhtar-Annaba University, Annaba, Algeria.

Abstract

In this article, we study the global behavior of the following higher-order non-autonomous rational difference equation

where {a,},s0 is a bounded sequence of positive numbers, k, r are nonnegative integers such that r < k, and the
initial values y_g, ..., yo are nonnegative real numbers. We show that all positive solutions are oscillatory about the
equilibrium point y = 1. Furthermore, we establish sufficient conditions under which the unique equilibrium attracts
all positive solutions.
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1. Introduction

In the few last decades, nonlinear difference equations have gained a great interest. They are the discrete analogues
of differential equations and arise whenever an independent variable can have only discrete values. Besides their
theoretical importance, their applications are wide-spread, ranging from modeling to discretizations (see [3} 5 [7, [13]
and the references therein).

Many real-world problems are non-autonomous. Namely, they involve time-dependent parameters, controls and
various other effects. In principle, the time dependence can be periodic, almost periodic or arbitrary. Since the
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methods and results for autonomous systems are no longer applicable for non-autonomous equations, their qualitative
study is much more complicated, and they require special attention.

In [14], Kocic et al. studied the following high order difference equation

a+ by,

, neN, (D)
A+ yni

Yn+1 =
with a, b, A are nonnegative real numbers and k is a positive integer. They showed, among others, that the positive
equilibrium point of the Eq. (I) is globally asymptotically stable. These results were extended in [6] and [12] to the
following non-autonomous rational difference equation

+
}’n+1 = M’ n= 0’ 17 (2)
Ay + Yn—k
Precisely, Dekkar et al. [6] considered Eq. in the case where {a,},>0 is a periodic sequence of positive numbers
with period 7', while Kerker er al. [12] studied Eq. (2) when {a,},>0 is a bounded sequence. Recently, Kerker and
Bouaziz [[11]] studied the oscillation and the global attractivity for the more general difference equation

+ Vn—
yn+] = M’ n=0’ 1""a (3)
Qp + Yn—k
where {a,},>0 1S a convergent sequence of positive numbers and r < k are positive integers. For more related works
see [I1} 12,14, 19,100 [16L 17, (18] [19].

In the present work, we consider a generalization of Eq. (3) by taking the sequence {a,},5( to be bounded. We
show that every positive solution of (3)) is oscillatory about the equilibrium point § = 1. Furthermore, we establish
sufficient conditions under which the unique equilibrium § = 1 attracts all positive solutions of Eq. (3). We present
some examples to confirm our results.

2. Preliminaries

In this preliminary section, we recall some notions and results about the theory of difference equations. For more
details we refer readers to [, [15]].

Let I be an interval of real numbers and let f : N X
the difference equation

I**! — I be a continuously differentiable function. Consider
yn+1 =f(”,Yn,)’n—la---,yn—k), n2 0’ (4)
with yo, y_1,...,y_r € L.

Definition 2.1. A point j € I such that § = f(n,y,53, ...,5) for all n > 0, is called an equilibrium point of Eq. ({).

Definition 2.2. An equilibrium point y of ({) is said to be

1. Stable if, for every & > 0, there exists 6 = d(g) such that for all yy,y—1, ..., y—x € I with |y_x — | + |[y-r+1 — J| +
we + Yo =¥ < O then |y, — | < ¢ forall n > —k. Otherwise, the equilibrium ¥ is called unstable.
2. Attractive if there exists u > 0 such that for all yo,y_1,...,y— € I with |y_ — 3| + [y—t+1 = Y| + ... + [yo — Y| < i,
then
lim y, = .

n—o00
If u = o0, y is called globally attractive.
3. Asymptotically stable if it is stable and attractive.
4. Globally asymptotically stable if it is stable and globally attractive.

Definition 2.3. A solution {y,},-_, of Eq. (E]) is called nonoscillatory if there exists p > —k such that either
>y, Vnz=p or y, <y, Vn=p,

and it is called oscillatory if it is not nonoscillatory.
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Finally, we state the comparison principle for non-autonomous difference equations.

Lemma 2.4. Let z > 0 be a real number, g(n, z) be a nondecreasing function with respect to z for any fixed natural
number n > ng, ng € N. Suppose that for n > ngy, we have

Xn+1 < g(f’l, xn)’

Vsl = 81, yn).

Then,

implies that

3. Oscillation of positive solutions
In this section, we study the oscillatory behavior of positive solutions of Eq. (3).
Theorem 3.1. Every positive solution of (3)) oscillates about y = 1.

Proof. Assume that Eq. (3)) has a nonoscillatory solution. Then, there exists ny > —k such that
yp>1, forall n>ng

or
yp <1, forall n > ny.

Suppose that y, > 1, ¥V n > ng. So, for n > ng + k, we have

(a'n/ n—-r + 1) a, + 1
Y < Yn-r < Yn-r- ®)
Ay + Yn—k O + Yn—k

Yn+1 = Yn—r
Let p be the smallest integer in {ng + £, ..., ng + k + r} such that
yp =max{y;, i =no+Kk,..,no+k+r}.
Therefore, there exists a nonnegative integer m and j € {0, ..., r}, such that
k—r+p=m@r+1)+]j

Consequently, by using (5)) we obtain

Apg+2k+p t Yng+2k—r+p

Yno+2k+p+1 =
Apy+2k+p + Yno+k+p
_ ng+2k+p + Yno+k+m(r+1)+j <1
Xpo+2k+p + Yno+k+p B
which is a contradiction, and then the proof is complete. O

To confirm our result on the oscillatory behavior of the positive solutions of Eq. (3), we consider the two following
numerical examples.
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Figure 1: Plot of the solution of equation Eq. (€) with the initial values y_4 = 1.4, y_3 =0.9,y, =0.7,y_; = 1.9, 3 = 1.3.
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Example 3.2. We consider the following fifth order difference equation

_ [#]Z + Yn-2 6

Yn+1 - (_1)n+4 2 ( )
[——1" +Yn-a

with the initial values y_4 = 1.2, y_3 = 0.9, y_» = 0.7, y_1 = 1.9, yo = 1.3. The solution of Eq. ([6) is oscillatory about

y =1, see Fig.[I]
Example 3.3. We consider the following rational difference equation
12

Yo+l =
G+ Y
=91,y8=12y7=33y6 =05 y_5 =28, y4 = 1.5,

with the initial values y_1; = 0.02, y_19 = 3.5, y—9
y-3 =19,y =27, y_1 = 11.5, yo = 0.3. The solution of Eq. ([7) is oscillatory about y = 1, see Fig.
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Figure 2: Plot of the solution of Eq. @) with the initial values y_j; = 0.02, y_1p = 3.5,y =91,y =12,y7 =33,y =0.5,y_5 = 2.8,

Y4 = 15, Y3 = 19, Yo = 27, Y1 = 11.5,y0 =0.0.3

4. Boundedness of positive solutions

Hereafter, we shall use the following notations
a = inf {a,}

and A = supia,}.

a = lima,,

We have the following result.
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Theorem 4.1. Assume that
a>1 ®)
Then, every positive solution of (B)) is bounded.
Proof. We have
Ay + V- A 1
R s ©)
U+ Yk a a
which gives (see [8l, p. 77])
A o A
W< ——+a r+ cin —
— £ n—oo q— 1
i=0
Then, by Lemma[2.4] there exists M > 0, such that
yn <M, Vn > k.
Hence, Eq. (@) yields
a
O
Theorem 4.2. Assume that a < 1 and that there exists a positive integer m such that
k=r+m(r+1). (10)

Then, every positive solution of ([3) is bounded.

Proof. Let {y,},>_ be a positive solution of (3). Assume, for the sake of contradiction, that the solutions are un-

bounded. Then, there exists a subsequence {y,,+1} such that
lim yj,4+1 = +oo, Yn+1 = max{y, :n <n; + 1}.
1—00

From (@) we have
lim yj,,— = +oo0.
1—00

Furthermore,
a’n;(l - yn;—r) +(1 - yni—k)yni—r

an,- + )’n,-—k

0< Yni+l = Ynj—r =

which implies that

ay

Y-k < +1-a,.

n;—r

In view of (TT) and (12)), we see that {y,,_«} is bounded. Hence, by applying (9) repeatedly we obtain

m+yi’l,’—k’ 1fa= 1,

Ynj—r <
A @ -D+a "y, ifa<l,
] a yl

which implies that {y,,_,} is also bounded. This is a contradiction.

(1)

(12)
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5. Global asymptotic stability

In this section, we investigate the global asymptotic stability of the equilibrium point. First, we have the following
local stability result.

Theorem 5.1. Assume that (8) holds. Then, y = 1 is stable.

Proof. Choose M > A/(a — 1) such that

Therefore, it is easy to check that

1
Vo € ( M), Vn > —k. (13)

Next, setting

1
M(e) = min{l + &, —A}
1-¢

and

. 1
o0(g) = min {M(s) -1,1- m},

for € € (0, 1), we obtain

+M’
Now, if we take y_g, ..., yo € Ry with [y_x — 1| + [y—gs1 — 1| + ... + |yo — 1| < &, then (I3, combined with (14), yields

(1—6,1+6)Q(A1 M)§(1—8,1+8). (14)

w—1l<e  Vn>—k,
and so ¥ is stable. O
In the next theorem, we establish the global attractivity of the equilibrium point.
Theorem 5.2. Assume that (8) holds. Then, = 1 is the global attractor of all positive solutions of Eq. (3).

Proof. Let {y,},>_; be an arbitrary positive solution of . Set

I = liminf y, and S =limsupy,

n—oo n—oo

which by Theorem exist. Let {n,} and {n,} be an infinite increasing sequences of positive integers such that
lim Yng+1 =1 and lim Ynp+l = S.
q—)OO p—)OO

By taking subsequences, if necessary, we assume that {anp}p, {a/,,q Yg» {y,,p_,}p, {ynq_,}q, {ynp_k}p and {ynq_k}q converge
to Ao, ag, L, I, Ly and [ respectively. Clearly

L, Ly, Ly € [1,S]  and  ap, Ag € [a,A].
Then, the Eq. (3) yields

a0+lr> ag+1
ao+lk_a()+S

and Ao+L  Ap+S
S_0+r<o+

_A0+Lk_ A()+I‘
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Since the function (x + I)/(x + §') is non-decreasing, we have

a+1
> .
a+S

(15)

Similarly, since (x + S)/(x + I) is non-increasing, we obtain

a+S
< .
a+1

(16)

Combining (I5) with (T6) gives
a+(1-a)<IS <a+(1-a)s.

Consequently, since a > 1 we obtain / > §, and so the sequence {y,} is convergent to the unique limit / = 1. O
From Theorems and [5.2] we obtain the following result.

Theorem 5.3. Assume that (8) holds. Then, the equilibrium point y = 1 of Eq. ([B)) is globally asymptotically stable.
Next, when Condition () does not hold, we have

Theorem 5.4. Assume that a > 0 and k = 2r + 1. Then y is the global attractor of all positive solutions of Eq. (3).

Proof. Let {y,},>_; be an arbitrary positive solution of (3). In view of Theorem ??, it suffices to show that all positive
solutions of Eq. (3) which are oscillatory about y are attracted to it. Setting

2 = Yaranyis  foralln = ng+kandi=0,...r,

it follows from Eq. (3) that
) @ , @
@ _ Pn + Zn

w1 = foralln >0andi=0,...,r,
n +Zn—l

Z

where B,(f) = p(r+1)+i+r- Hence, all subsequences {z,(f)}n, i =0,..,r, satisfy the same second order difference equation

,8n+Zn

e a7

In+l =

In the sequel, we will show that j = 1 is the global attractor of all positive solutions of Eq. (17). Let {z,},>«

be an oscillatory positive solution of , and let {p;} and {p;} be sequences of integers such that y,, < 1 and for
i=0,1,2,..

{Zpi+1, - 2¢,} 18 @ positive semicycle, (18)

and

{zgi+1, - 2Zp;,} 18 @ negative semicycle. (19)

Foreachi =0,1,2,..., let P; and Q; be the smallest integers in {p; + 1, ...,¢;} and {g; + 1, ..., pi+1}, respectively, such
that

Zp, = Max{Zp.41,....2¢;} and  zg, = Min{Zg, 41, ..., Zp;,, }-
From (17) it follows that the extreme point in any semicycle occurs in one of the first two terms of the semicycle.
Consequently, we have Vi > 0

pi+1<P;<pi+2 and ¢;+1<Q;<q;+2. (20)
Let
I =liminfz, = liminfzp, and S =limsupz, = limsupzp,. @29
n—oo0 [—00 .

n—oo 1—00
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Next, by Theorems[d.T|and[4.2] 7 and S exist, and they satisfy
0<I<1<S <o,
By definition of / and S, Ve, 0 < € < I and ¢ > 0, dny € N such that
I-e<z7,<8+6, VYn2=nyg.
Now, we consider the positive semicycle (I8) with p; > ng + 1. Then, we have
Zn-121-¢, forn=p;.,Pi—1,
ZnZI, fOl‘}’l:pi-i-],Pi—].
From (20) we distinguish two cases:
Case 1: P; = p; + 1. In this case we have
p =z _ BP[ + ZPi
P = Zpl = o
17+ ﬁ]’i * Zpi-1
Bp; +1
T B +l-¢
Since the function (x + 1)/(x + I — &) is non-increasing, we obtain
+1
< —— Ve>0,
a+1l-¢
and so 1
+
s<i (22)
a+1
Case 2: P; = p; + 2. In this case, we have
Zpl‘+2
ZP,' = Z]),'+2 =—X Z[J,'+l
Zpi+l
_ Bpit1/zpir1 + 1 % Bp: + 2p;
Bpi+1 + 2p, Bpi + Zpi-1
< ﬁpi+1 + 1 IBPi + Zp;
a Bpi+1 +2p; Bpi ¥ 2p-1

and since the function (x + 1)/(x + z,,,) is non-increasing, we have

To estimate the last term in the right hand side of this inequality, we have:

Case 2-a: 1f z;, 1 < zp,, then the function (x + z,,)/(x + z5,-1) is non-increasing, and then

Case 2-b: If zj,-1 > z),, then

a+1

~ ﬁl’i + Zpi

zp; <

Bpi + Zpi-1 ‘

a+1 a+Zpl»
zp; <
a+zp, a+Zzp-1
a+1
<—, Ve>0.
a+l—-¢
a+1 By +2zp
ip; < X
a+zp  PBpt+p
a+1
, VYe>0.

Ta+l-¢
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Therefore, in the two sub-cases we obtain the inequality ([22).

Similarly, by considering negative semicycles, in the two cases Q; = g; + 1 and Q; = g; + 2 we obtain

a+1
1> . 23
a+S @3)
Combining (22) with (23) gives
a+1—-al <IS <a+1-aS.
Consequently, since a > 0 we obtain / > §, and so the sequence {z,,} is convergent to the unique limit / = 1. O
Now, we give four illustrative examples:
Example 5.5. We consider the following fifth order difference equation
5 + cos(nrm) + - + Vp-2
Varl = L (24)

2 b
5+ cos(nm) + 55 + Yn-4

with the initial values y_4 = 0.3, y_3 = 5.5, y_» = 0.9, y_1 = 4.2 and yo = 1.2. From Theorem[5.2] the equilibrium
point y = 1 is the global attractor of all positive solution of Eq. (24)), see Fig. 3]

1.3

1.2 r q

1.1 B

Yn

0.9 - i

0.8 - _

06 1 1 1 1

n

Figure 3: Plot of the solution of Eq. (24) with the initial values y_4 = 0.3, y_3 =5.5,y, = 0.9, y_; =42 and y, = 1.2.
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Figure 4: Plot of the solution of Eq. @ with the initial valuesy_; = 0.3,y 6=0.1,y.5s =34,y 4=0.5,y3=19,y, =1.7,y_; = 1.5 and

Yo = 2.3.

Example 5.6. We consider the following eighth order rational difference equation
Ap + Yn-3

25
ap +yn—7’ ( )

Yn+1 =

where a, = 1 = 2""*D Here we take the initial values as follows: y_7 = 0.3, y_¢ = 0.1, y_s = 3.4, y_4 = 0.5,
y-3 =19,y =17, y_; = 1.5and yy = 2.3. From Theorem[5.4} the point § = 1 is the global attractor of all positive
solution of Eq. (23), see Fig.

Example 5.7. We consider the following sixth order rational difference equation
Ay + Yn-2

Yn+1 a, +yn_5’ (26)
where
1/5, ifn=73j,
a, =1 3/10, ifn=3j+1,
2/5, ifn=3j+2.

Here, we take the initial values as follows: y_s = 0.8, y_4 =03, y.3=2.9,y, = 1.7, y_1 = 1.5 and yo = 1.3. From
Theorem[5.4) the point y = 1 is the global attractor of all positive solution of Eq. (26), see Fig.

Example 5.8. We consider the following rational difference equation
24+ D)2 4y,
24+ 1)2+y,.10

Ynrl = 27)

with the initial values y_19 = 2.7, y-9 = 1.1, y_g = 0.3, y7 = 0.3, y_6 = 03, y_5s = 3.4, y_4 = 2.5, y_3 = 1.1,
y—2 =0.5,y_1 = 0.5, yo = 1.8. From Theorem[5.4] the point § = 1 is the global attractor of all positive solution of Eq.

27), see Fig. 6]
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Figure 5: Plot of the solution of Eq. (26) with the initial values y_s = 0.8, y_4 = 0.3,y-3 =2.9,y, = 1.7, y_; = 1.5 and yo = 1.3.
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Figure 6: Plot of the solution of Eq. with the initial values y_jp = 2.7, y9 = 1.1,y =03,y7 =03,y =03, y_5s =34, y_4 = 2.5,
Y3 = l.l,y_2 = 05, Yy = 05, Yo = 1.8.
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6. Conclusion

In this paper, some properties of the higher order rational difference equation (3) were studied. Namely, we
proved that every positive solution of (3]) is oscillatory about the equilibrium point j = 1. Also, we investigated the
boundedness of solutions. Furthermore, we studied the global attractivity of equilibrium y in both cases inf{a,} > 1
and 0 < inf{a,} < 1. In this last case, our result is valid only if £k = 2r + 1. Finally, in order to illustrate obtained
results some numerical examples are presented.
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