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ABSTRACT. In this paper, a new class of generalized separation axioms (briefly,
g-Tg-separation azioms) whose elements are called g-Ty x, 0-Tg wr, 8-Ty
g-Ty g, g-T 4 n-axioms is defined in terms of generalized sets (briefly, g-T4-sets)
in generalized topological spaces (briefly, Tg-spaces) and the properties and
characterizations of a Tg-space endowed with each such 0Ty x0Ty r, - Ty 1
- Ty R, 8- Ty n-axioms are discussed. The study shows that g-T p-axiom im-
plies g-T k-axiom, g-T y-axiom implies g-T; p-axiom, g-T; g-axiom implies
g-Ty y-axiom, and g-T n-axiom implies g-T'j g-axiom. Considering the Tg k,
Ty r, Tgu, Tgr, Ty n-axioms as their analogues but defined in terms of cor-
responding elements belonging to the class of open, closed, semi-open, semi-
closed, preopen, preclosed, semi-preopen, and semi-preclosed sets, the study
also shows that the statement Tg o-axiom implies g-T ,-axiom holds for each
a € {K,F,H,R,N}. Diagrams expose the various implications amongst the
classes presented here and in the literature, and a nice application supports
the overall theory.

1. INTRODUCTION

Whether it concerns the theory of T-spaces or Tg-spaces, the idea of adding a
T, or a g-T-axiom! (with a = 0, 1, 2, ...) to the axioms for a T-space T = (Q,T)
to obtain a 7(®-space () = (Q,T(a)) or a g-T(a)—space g—f(o‘) = (Q,g—T(a)) or,
the idea of adding a Ty, or a g-T ,-axiom (with a =0, 1, 2, ...) to the axioms
for a Ty-space Ty = (2, T5) to obtain a T "-space T4 = (2, 74) or a g-Ti-
space g—‘Igo‘) = (Q, g—Tg(a)) has never played little role in Generalized Topology and

Abstract Analysis [1, 2, 3]. Because the defining attributes of a T-space in terms
of a collection of T-open or g-T-open sets or a Tg-space in terms of a collection
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INotes to the reader: The notations Te-axiom and g-T,-axiom (with « = 0, 1, 2, ...),
founded upon the notions of 7T-open and g-7-open sets, respectively, designate an ordinary and
a generalized separation axioms for a T-space T = (£, 7); the notations Ty o-axiom and g-T -
axiom (with a =0, 1, 2, ...), founded upon Tg-open and g-Tg-open sets, respectively, designate
an ordinary and a generalized separation axioms for a Tg-space Ty = (€2, Tg).
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of Tg-open or g-T4-open sets, respectively, does little to guarantee that the points
in the T-space ¥ or the Ty-space T, are somehow distinct or far apart. The more
types and categories of T, or g-T-axioms or g-T, or g-T, ,-axioms (with a = 0,
1, 2, ...) are added to the axioms for a T-space or a Tg-space, respectively, the
greater the role they will play in any topological endeavours [4, 5, 6, 7, 8]. For
instance, for a sequence <g—Tg,a,g—T97B,g—Tm> (with a, 8, v =0, 1, 2, ...), the
Ty a0, 8T, 5 and g-T; -axioms can be arranged in increasing order of strength
in the sense that g-T , implies g-T; 5 and the latter implies g-T; .

In the literature of 7T-spaces and Tg-spaces, respectively, several classes of Ty,
g-T,-axioms, founded upon the concepts of T, g-T-open sets, and Ty o, g-T -
axioms (with @ = 0, 1, 2, ...), founded upon the concepts of T4, g-Tg-open sets,
have been introduced and studied [9, 10, 11, 12, 13, 14, 15, 16]. The T,-axioms
called TKolmogorOV7 TFrcheta THausdorf'fy TRegulara and FJ:‘NormaLI‘aJXiOIns (ShOI‘tly, TKa
Tr, Ty, Tr, and Tx), founded upon the concepts of T-open, closed sets, are
four classical examples, among others, which have gained extensive studies [17].
The g-T,-axioms called generalized T, Sg-axioms (with o = 0, 1, 2; 8 = 1, 2),
founded upon g-7-open sets instead of T-open sets, are five examples of generalized
T,-axioms which have been discussed in the paper of [18]; the g-T; ,-axioms called
generalized T %—axioms (with o = 2, 3, 4), founded upon g-Tg-open sets instead

of Tg-open sets, are three examples of generalized T o-axioms which have been
introduced and studied by [19]. Several other classes of T, g-T,-axioms for T-
spaces and Ty o, g-T ,-axioms for Tg-spaces (with « =0, 1, 2, ...) have also been
introduced and discussed in many papers [20, 21, 15, 3, 22, 23].

In view of the above references, we remark that the quintuple sequence <To‘>a cn

where A = {K, F,H,R, N}, is based on the notions of T-open, closed sets. From this

remark and the conclusion drawn by [18], it is no error to state that <g—Ta>a cA

are based on the notions of g-7T-open, closed sets; <Tg*0‘>aeA on the notions of

Tg-open, closed sets, and <g—Tg’a> on the notions of g-Tg-open, closed sets.

a€cA
Thus, the idea of adding a quintuple sequence <9'Tg,a>ae1\ of g-T ,-axioms (with

A= {K,F7H,R,N})7 founded upon a new class of g-Tg-open, closed sets, to the

axioms for a Tg-space Ty = (€, Ty) to obtain a corresponding sequence <g—‘I§°‘) =
(Q, 9'7:3(&))>a - of g-Tga)—spaces might be an interesting subject of inquiry.

Hitherto, the introduction of several types of T, and g-T  -axioms in T-spaces
and Ty, and g-T ,-axioms (with a = 0, 1, 2, ...) in Tg-spaces have contributed
extensively to the geometrical specifications of T-spaces and Tg-spaces. However,
despite these contributions not a single work has been devoted to the generalization
of the sequence <To‘>(x€ , in terms of the notions of g-T-open, closed sets. With
this view in mind, the idea therefore suggests itself, of introducing the generalized
versions of the Kolmogorov, Fréchet, Hausdorff, Regular and Normal separation
axioms in terms of the notions of g-7-open, closed sets in a Tg-space, adequate for
the obtention of g-7 ;-spaces in this direction.

In this paper, we attempt to make a contribution to such a development by
introducing a new theory, called Theory of g-T;-Separation Azioms, in which it
is presented the generalized version of the sequence <TQ> in terms of the no-

a€cA
tions of g-T-open, closed sets, discussing the fundamental properties and giving
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characterizations of its elements, on this ground and with respect to existing works
[?, 14].

The paper is organised as follows: In SECT. 2, preliminary notions are described
in SECT. 2.1 and the main results of the g-T; ,-axioms in a Tg-space are reported
in SECT. 3. In SECT. 4, the establishment of the various relationships between
these g-T ,-axioms are discussed in SECT. 4.1. To support the work, a nice
application of the g-T ,-axioms in a Tg-space is presented in SECT. 4.2. Finally,
SECT. 5 provides concluding remarks and future directions of the g-T; ,-axioms in
a Tg-space.

2. THEORY

2.1. Preliminaries. Though foreign terms are neatly defined in [30], we thought
it necessary to recall some basic definitions and notations of most essential concepts
presented in [30].

The set 4 represents the universe of discourse, fixed within the framework of

the theory of g-%,-separation axioms and containing as elements all sets (7, g-7,

T, g-T-sets; Ty, g-Tg, Ty, g-Tg-sets) considered in this theory, and 10 def {V €

N0 : v < n}; index sets 12, I*, I* are defined in an analogous way. Granted
Qc iU P o {Og : Og, C Q} denotes the family of all subsets Oy 1,

Ogq,2, ..., of Q. A one-valued map of the type 74 : P(Q) — P (Q) satisfying
Ta (0) = 0, T3(Oq) € Oy, and E(Uyel; OEW) = UueI;c Ta (Og,) is called a g-
def

topology on €, and the structure T3 = (,7,) is called a T4-space, on which a
quintuple sequence <g—Tg’a> of g-T, ,-axioms (with A = {K,F,H,R,N}) will
be discussed [24, 25, 26].

The operator clg : P(Q) — P (Q) carrying each Ty-set S§ C Ty into its
closure clg (Sg) = T4 —inty (T4 \ Sg) C Ty is termed a g-closure operator and the
operator intg : P (2) — P (Q) carrying each Ty-set Sy C Ty into its interior
inty (Sg) = Ty —cly (T4 \ Sy) C Ty is called a g-interior operator. Let C: P (Q) —
P (2) denotes the absolute complement with respect to the underlying set 2 C 4,
and let S; C Ty be any Ty-set. The classes

aEN

T o {Ogcsg: 0967;}7

(2.1) Ty & {Ky cTy: Ca(Ky) €Tohs

respectively, denote the classes of all 7g-open and 7g-closed sets relative to the
g-topology 74, and the classes

Céfl_;b [Se] = {05 €Ty : Og € S},
su def
(2.2) CIZ [Se] = {Kge-Tg: Kg 284},

respectively, denote the classes of Tg-open subsets and 74-closed supersets (comple-
ments of the 7g-open subsets) of the Ty-set Sy C T4 relative to the g-topology Tg.
To this end, the g-closure and the g-interior of a Ty-set Sy C T4 in a Ty-space [27]
define themselves as

. def def
(2.3) intg (Sg) = U Oy, clg(Sg) = m Ky.
Oy €CT[S,] KqeCLT [Sal



4 M. I. KHODABOCUS AND N. UL-. H. SOOKIA

Throughout this paper, the composition operators clgointg (+), intgoclg (-), and
clgointg oclg (+), respectively, stand for the functionals cly (intg (+)), intg (clg (+)),
and cly (intg (clg (+))); other composition operators are defined similarly. Further-
more, the backslash T, \ Sy refers to the set-theoretic difference T4 — Sy. The
mapping op, : P (2) — P () is called a g-operation on P (Q) if the following
statements hold:

VSg € P(Q)\ {0}, 3(0g,Kq) € Tg\ {0} x =T4\ {0} :
(24)  (opg (0) = 0) v (mopg (0) =0), (Sg C 0opg (Of)) V (Sg 2 ~0pg (Ky))

where —opy : P (2) — P () is called the "complementary g-operation” on P (2)
and, for all Tg-sets Sy, Sgu, Sg.u € P () \ {0}, the following axioms are satisfied:
AX. 1. (83 Cop, (Of)) V (S5 2 —op, (Ky)),

AX. 11. (opg (Sg) C opgoop, (Of)) V (m0pg (Sg) 2 ~opg o—op, (Ky)),
AX. 1L (Sgu € Sg — 0Py (Og) S 0pg (Og 1)) V (Sg © Sgv —
—0pg (Kg,u) 2 ~opg (ng,l,)),

AX V. (0P (Ugmyy Sa.0) € Upmy 0P (Og0)) V (m0pg (Upey y Sao) 2
Upv, 70Pg (Kgo)),

for some Tg-open sets Oq, Og,, Og, € Ty \ {0} and Tg-closed sets Kq, Kg,,
Kgu € —Tg [28, 29]. The class L4[Q] = L[] x LE[Q], where

(25) £g [Q] déf {Opg,up, () = <Opg,1/ () 7ﬁ0pg,p, ()) : (Vv ,U,) € Ig X Ig}

in the 74-space T, stands for the class of all possible g-operators and their com-
plementary g-operators in the 7g-space T4. Its elements are defined as:

opg () € L2 E {opyo (), opg (), 0Pga (), 0Dgs ()}

= {intg (-), clgointy (-), intgocly (), clgointgocly (+)};
P def
T10Dg () € Cg [Q} = {_'Opg,O () y O0Pg1 () y 10Dg 2 () » '0Pg 3 ()}
(2.6) = {clg(+), intgoclg (), clgointy (-), intgoclgointy (-)}.

A Ty-set Sy C Ty in a Ty-space is called a g-Tg4-set if and only if there exist a pair
(Og, Kyq) € Tgx Ty of Tg-open and Ty-closed sets, and a g-operator op, (+) € Ly Q]
such that the following statement holds:

(2.7) (3¢) [(€ € Sg) A ((Sg S 0pg (Of)) V (Sg 2 —opg (Ky)))] -

The g-T4-set Sy C Ty is said to be of category v if and only if it belongs to the
following class of g-v-%j-sets:

g-v-S[T] = {Ss €Ty : (304, Ky, 0p,, ()
(2.8) [(Sg C opg,. (Og)) v (Sg 2 1 0Pg, (’Cg))] }

It is called a g-v-T4-open set if it satisfies the first property in g-v-S [Tg] and a
g-v-F4-closed set if it satisfies the second property in g—I/—S[Sg}. The classes of
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g-v-Tg-open and g-v-Ty-closed sets, respectively, are defined by
def
gr-0[T] = {SgCTy: (304,0p,, (1) [Sg S op,, (Og)]},

def
g K[T] = {SC Ty (IKy 0p,, (1) [Sg 2 7opg, (Kg)]}-
(2.9)
From these classes, the following relation holds:
o-8[T] = Uverg -5 (%]
Uver (g-v-O[%y] U g-v-K[T])
= (Uuelg g-v-0[Ty]) U (Uuelg g-v-K[Tg])
(2.10) = g-0[%] UgK[T,].
When the subscript g are omitted in almost all symbols of the above definitions,
very similar definitions are derived but in a 7 -space.

A T-set S C T in a T-space is called a g-T-set if and only if there exists a pair
(O,K) € T x =T of T-open and T-closed sets, and an operator op (-) € £[Q] such
that the following statement holds:

(2.11) (36) [(€ € S) A ((S S op (0)) V(S 2-op(K)))].

The g-T-set S C T is said to be of category v if and only if it belongs to the
following class of g-v-T -sets:

g-S[T] € {ScT: (30,K,0p, (-)
(2.12) [(§ Cop, (0)) V(S 2 =op, (K))] }-

It is called a g-v-T-open set if it satisfies the first property in g-v-S [‘3’5] and a g-v-%-
closed set if it satisfies the second property in g-v-S [T] The classes of g-v-%-open
and g-v-T-closed sets, respectively, are defined by

gv-0[7] = {ScT: (30,0p, () [S Cop, (0]},

(2.13) gr-K[Z] ¥ {ScT: (3K 0p,())[S2-op, (K)]}.
The following relations are immediate consequences of the above definitions:
¢S[3] = Uyeyov-S[3]

= Usery (s--0[F] U g-v-K[T])
(Uperg 80-0[%]) U (Uyerg s-v-K[T])

(2.14) = gO[TJUgK[T].
The classes O [%,] and K[T,] denote the families of T -open and Ty-closed sets,
respectively, in Ty, with S[T,] = O [T,] UK [T]; the classes O [T] and K [T] denote
the families of T-open and ¥-closed sets, respectively, in ¥, with S [T] = O [T|JUK [Z].

In regard to the above descriptions, by a g-T4-open set and a g-Ty-closed set are
meant a Tg-open set Oy € Ty and a Tg-closed set Ky € =T satisfying Oy C op, (Oy)
and Ky 2 —op, (Kg), respectively. Likewise, by a g-Tg-open set of category v and
a g-Tg-closed set of category v are meant a Tg-open set Oy € Ty and a Ty-closed
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set KOy € =Ty satisfying Oy C op, , (Og) and Ky 2 —op, , (Ky), respectively; g-Tg-
sets of category v will be called g-v-Ty-sets. We are now in a position to present
a carefully chosen set of terms used in the theory of g-Tg-separation axioms in
T4-spaces.

Agreed to let <9’T9,a>aeA denote a sequence of g-T ,-axioms, indexed by the

set A % {K7F,H,R,N}7 throughout the present paper, the sequence <g—§é°‘) =

(Q, g-Té"‘))>a cA will stand for the resulting sequence of g-Tga)—spaces, obtained
after endowing a 7g-space Ty = (9,7;) with <g—Tg,a>
follows.

Definition 2.1 (g—Téo‘)-Space). A Tg-space Ty = (€2, Ty) endowed with a g-T; .-
axiom is called a g—Tga)—space g-‘Iga) def (2, g—Téa)).

The elements of <9'Tg,a>ae1\ concern the separation of points, points from g-74-
open sets, and g-Tg-open sets from each other. They are nicely discussed through
the notions of pairwise disjoint points and g-7 ;-sets in a Tg-space Tq. We let
(Og,¢,Kg,¢) € Tg X =T4 denote a pair of Tg-open and Tg-closed sets containing the
point £ € T4 and let (Og}sg,ng,gg) € Ty x =Ty denote either a pair of 7Tg-open
and 7Tg-closed subsets or supersets of the set S5 € T4, and consider the following
definition.

Definition 2.2 ({, Sy-Pairwise Disjoint). Let Ty = (Q,7,) be a Tg-space. For
some o > 0 and S D 0, the families

oFplo] X (6,0 €Ty x Ty Ny (€,0) >0},

def
gvFo[Ss] = {(Og,0g¢) € Ty x Ty : Ma=e.c Py (Og.) € Sq},

def
g-v-Fg[Sy] = {(’Cg,é’lcg,C) € Tgx=Tg: S 2 ﬂA:g,gﬁOPg,u (ng\)}’

(2.15)
respectively, denote the collections of pairwise points, and g-7 j-open and g-T ;-
closed sets of category v in T4. They form the collections of pairwise distinct points,
and pairwise disjoint g-7 j-open and g-T j-closed sets of category v whenever o > 0
and Sy = 0, respectively.

Granted g-Fp [0], g-v-F( [Sg], and g-v-Fy [Sg], the elements of (g-v-T, )
may well be stated as thus:
Definition 2.3 (<g—y—Tg’a>aeA—Axioms). Let T4 = (2, 74) be a Tg-space and sup-
pose g-Fp [0], and g-v-Fg [Sg] C Tg x Ty and g-v-Fi [Sg] € =75 x =Ty be given,
where 0 > 0 and Sg O (). Then:

o 1. g-v-T,g-Axiom: For every (£,() € g-Fp[o > 0], there exists a pair
(Og.e, Oq¢) € g-v-F[Sy D 0] such that:

[(€ € 0Pg (Oa.6)) A (€ # 0Pg,u (One))] V [(€ ¢ 0P, (Onc))

(2.16) A (¢ €opg, (Oge))]-
o 1. g-v-T, p-Axiom: For every (£,() € g-Fp [0 > 0], there exists a pair
(Og.e, Oq¢) € g-v-F[Sy D 0] such that:

(217)  [(£,¢) € a=e.coPg,, (Og )] A [(€,€) & a=c.c 0Py, (Og.2)].

acA” Hence, the definition

acA
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o 1. g-v-T, y-Axiom: For every (§,() € g-Fp [0 > (], there exists a pair
(Og.¢, Oq¢) € g-v-F [0] such that:

(2.18) [§ € 0Py, (Og,g)] A [C € 0Py, (OB»C)]'

e 1v. g-v-Tyg-Axiom: For every (£,() € g-Fp[o > 0] and (Kge,Kq¢) €
g-v-Fi [0] such that (¢, &) ¢ (Kg.¢,Kq,c), there exists a pair (Oge, Og.c) €
g-v-F [0] such that:

(= 0Py, (Kg¢) Copg, (Oge)) A (C € OPg,v (Og))] V(= 0P, (Kg.c)

(2.19) C 0pg,, (Ogc)) A (€ € 0Py, (Oge))].

e v. g-v-T  y-AXIOM: For every (Kg.e,Kg,c) € g-v-Fi [0], there exists a pair
(Og.e,0q.¢) € g-v-Fg [0] such that:

(220) [Opg,u (OE{) B T OPg v (Icﬂaé)} A [Opg,u (OQ’C) ) T 0Dg (’CQ’C)]'

def
Granted <9'V'Tg,a>ae/\’ we form <9'Tg,a>aeA = <\/V€Ig g_V_TQ7O¢>a€A’ and de-
fine the g-T; ., 0-Tg r, 8-Tg s 8-Ty g, and g-T; y-axioms as thus.
Definition 2.4 ((g-T; ), -Axioms). Let Ty = (Q,7T;) be a Tg-space and let
g-Fp o], 9-F0 [Sg] = Uyero 9-v-Fo [Sgl € Tg X Tg, 0-Fk [Sal = U, er0 8-v-Fic [Se
C =Ty x =Ty be given, where o > 0 and S; D . Then:
o 1. g-T, x-Axiom: Forevery (§,() € g-Fp [0 > 0], there exists (Og ¢, Oy ¢) €
g-Fo[Sg D 0] such that:
[(€ € 0opg(Oge)) A (¢ ¢ 0Py (Og.e))] v [(€ ¢ 0Py (Oac))
(2.21) A (€ € opg (Og,c))]-
o 1. g-T,p-Axiom: For every (£,() € g-Fp[o > 0], there exists a pair
(Og¢, Oq¢) € 9-F[Sg D 0] such that:
(2.22) [(§,€) € x=e.coPg (Og,0)] A [(8,€) & a=c.e 0Pg (Og0)]-
o 1. ¢g-T, y-Axiom: For every (£,() € g-Fp[o > 0], there exists a pair
(Og.¢, Oq¢) € g-F [0] such that:
(2.23) [€ € 0pg (Og.e)] A [¢ € 0pg (Og¢)]-

e 1v. g-T, g-Axiom: For every (§,¢) € g-Fplo > 0] and (Kge,Kq¢) €

g-Fx [@} such that ((,€) ¢ (Kg,e,Kqg,c), there exists (Og¢,Og.c) € g-Fg [@]
such that:

[(_‘ OPq (Kqe) C 0Py (Og,f)) A (C € 0opy (O&C))] \ [(_‘ ODy (Kg,c)

(2:24) C 0pg (Og¢)) A (€ € 0pg (Og¢))]-

e v. g-T,n-AXiOM: For every (Kg,e,Kg,c) € g-Fi [0], there exists a pair
(Og.¢, Og.¢) € g-F [0] such that:

(2.25) [opg (Og6) D —10pg (K:g,g)} A [opg (Ogc) D —op, (Kg()].

In the following sections, the main results of the theory of g-Ty -maps are pre-
sented.
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3. MAIN RESULTS

A necessary and sufficient condition for a Tg-space Tg = (Q, 7'9) to be a g—’TgK)—
space g—TéK) = (Q, g—TgK)) may be given in terms of the complementary g-operator
—opg : P () — P () and any pairs ({£},{(}) C Ty x Ty of unit sets.
Theorem 3.1. A Ty-space Ty = (2, Ty) is said to be a g—TéK)—space g—‘IgK) =
(Q, g—TgK)) if and only if the following condition holds:

(3.1) —opg ({§}) # —~opy ({¢}) V(§,¢) € g-Fp [0 > 0].

Proof. Necessity. Let the Tg-space T4 be a g—’TéK)—space g—igK). Then, for every
(&,¢) € g-Fp [0 > 0], there exists (Og.¢, Og.¢) € g-Fo[Sg D 0] such that:

[(€ € 0pg (Og.6)) A (¢ # 0Py (Oae))] V [ (€ ¢ 0Py (Oacc))

A (€ € opg (Og0))]-
Consequently,

[(€ # Clopy (Oa.e))) A (€ € Blopg (One)))] v [(€ € Clopy (Os.)))

A (¢ # C(opg (Oa.0)))]

implying C(opg ((9975)), [](opg (Og,c)) € g-K [‘Ig}, respectively, are g-T-closed sets
containing ( € Ty and ¢ € F,. Thus, there exists (Kg¢,Kg,c) € =Ty x =T such
that B(opg (Og’g)) 2 —0pg (’ngc) and E(opg (Og,c)) 2 —10pg (ICgé). But, for every
Ae{&,¢h C({AY) 2 C(opg ({A})) 2 C(opg(Og,2)) and —op, (Kgx) 2 ~opg ({A}).
Therefore, § ({€}) 2 ~op, ({CH) and C ({C}) 2 —op ({€}). Since, B({€}) £ L ({C),
it follows that ~opy ({£}) # —op, ({¢})-

Sufficiency. Conversely, suppose the condition ~opy ({£}) # —opy ({¢}) holds
for every (§,¢) € g-Fp [0 > 0]. Then there exists n € T, such that

[(n € ~opg ({€1) A (1 & ~opg ({¢3))] V [(n & —opy ({£1))
A (n € ~opg ({¢}))]-
If [¢ € ~opg ({CH] A [C € mopg ({€})], then
[0pg ({6}) € —~opg ({CH] A [mopg ({¢}) € —opy ({€1)]-
Consequently,
[(n € ~opg ({C1) A (n ¢ ~opg ({C}))] V [(n ¢ ~opg ({€}))
A (n € —opg ({€}))]-
This is a contradiction; hence, [f ¢ —opg ({C})] A [( ¢ —opg ({{})], implying
[€ € B(=opy ({CH)] A [¢ € C(=opg ({€1))]-

Since (- o4 ({¢1), C(= Op4 ({¢})) € 8-O[T,], respectively, are g-T4-open sets
containing & € T, and ¢ € T, there exists (Og¢,Og¢) € Ty x Ty such that
C(—opg ({¢}) C opg(Og¢) and C(—opg ({£})) € opg(Og¢). Hence, for every
(&,¢) € g-Fp [0 > 0], there exists (Og.¢e, Og.¢) € g-F[Sg D 0] such that:

[(¢ € Opg(osé)) N(CE OPg (Oge))] v [(€ ¢ Opg(OQ,C))
A (C € Opg (09&))]'
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Therefore, Tq = (2, 7T,) is a g—TgK)—space g—‘SéK) = (Q, g—TgK)); this completes the
proof of the theorem. ([

A necessary and sufficient condition for a 7g-space Ty = (Q, ’7;) to be a g—’TgF)—
space g—TéF) = (Q, g—TéF)) may be given in terms of the complementary g-operator

—opg : P () — P () and a unit set {{} C Ty.

Theorem 3.2. A Ty-space Ty = (9,7;) is said to be a g—TéF) -space g—‘IgF) =
(Q,g-TéF)) if and only if the following condition holds:

(3.2) {¢} 2 ~op, ({§}) V€€ T,

Proof. Necessity. Let the Tg-space Ty be a g—TéF)—Space g—TéF). Then, for every
(&,¢) € g-Fp [0 > 0], there exists (Og¢, Og.¢) € g-F[Sg D 0] such that:

[(€,€) € r=e.coPg (Ogn)] A [(€:0) & a=¢,e 0Pg (Ogn)]-
Consequently,
[(€,¢) ¢ a=¢.cC(opg (Ogn))] A [(€,€) € a=¢.£Copg (Ogn))]-
Since, for every A € {¢,(}, [](opg (Og)) € 8-K[Tq] isa g-%,-closed set, there exists
(Kg,e, Kg,c) € 7Tgx—Tg such that [:(opg (0975)) 2 —op, (Kq,c) and E(opg ((’)g,g)) D
—opg (Kg.e). But, for every A € {¢,¢}, mopy(Kgx) 2 ~opg ({A}). Therefore
[(€:Q) € x=g,cmopg ({AD] A [(6:Q) & a=c.emopg ({AD)]-

Hence, for every § € Ty, {{} 2 —opy ({£})-
Sufficiency. Conversely, suppose the condition {{} 2 —op, ({£}) holds for every

£ €%y Let (§,¢) € Ty x Ty such that £ # (. Then
[(6:€) # A= D] A (6 €) € a=c.C({AD)]-

But, for every A € {&,¢}, C({A}) € C(—op, ({A})), and C(—op, ({A})) € g-O[F,] is
a g-T -open set. Thus, there exists (Og¢, Oq,¢) € Ty x Tg such that C(—op, ({£})) €
opg (Og,¢) and C(—op, ({¢})) C opy (Og.e). By substitution, it thus follows that,
for every (£,¢) € g-Fp [0 > 0], there exists (Og¢,0q¢) € g-Fo[Sg D 0] such that:

[(€,€) € a=e.coPg (Ogn)] A [(€:0) & a=¢.6 0Pg (Oga)]-
Therefore, T4 = (Q, 7'9) is a g—’TgF)—space g—TgF) = (Q,g—TgF)); this completes the
proof of the theorem. O
Proposition 1. If T; = (Q,7;) is a g—’TgF)—space g—TéF) = (Q,g—TgF)), then it is
a g-T Fspace g-T1) = (Q,g- 7).
Proof. Let Ty = (2,7y) be a g—T(gF)—space g—TéF) = (Q,g—TgF)). Then, for every
(&,¢) € g-Fp [0 > 0], there exists a pair (Og¢, Og.c) € g-Fo [Sg D 0] such that:
[(€,€) € r=e.coPg (Ogn)] A [(€:Q) & a=¢,e 0Pg (Oga)]-

Set P (&,¢) = (¢ € opPy4 (Oge)) N (¢ ¢ Opg (Og.¢)). Then, the above logical statement
is equivalent to P (&,¢) AP (¢, €). But, logically,

P (&) VP (CE =P(§ ) VP((EV (PO AP(C).
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Consequently, P (£,0) VP ((,€) «— P (£,¢) AP (¢, €), from which it then follows
that, if T3 = (2,7y) is a g—’TéF)—space g—féF) = (Q,g—’TgF)), then for every (£,() €
g-Fp [0 > 0], there exists (Og.¢, Og.¢) € g-F [Sg D 0] such that:

[(€ € opg (Og.6)) A (C # 0Py (Oae))] V [ (€ ¢ 0Py (Oacc))
A (€€ 0pg(Oa))]

the logical statement characterising T, = (,7;) as a g—TéK)—space g—ng) =
(Q,g- 7). O

A necessary and sufficient condition for a Tg-space Tg = (2, 75) to be a g—TéH)—
space g—‘EéH) = (9, g—T(gH)) may be given in terms of the g-operator op, : P () —
P (£2), a unit set {£} C Ty, and Tg-closed sets.

Theorem 3.3. A Ty-space Ty = (Q,Tq) is said to be a g—TgH)—space g—‘Z(gH) =
(Q,g—TgH)) if and only if the following conditions hold:

(3.3) {&3= (] —ope(Kge) VEET,.

Kg,c€Tq

Proof. Necessity. Let the Tg-space Ty be a g—’TfBH)—space g—SéH). Then, for every
(&,¢) € g-Fp [0 > 0], there exists (Og.¢, Og.¢) € g-F [0] such that:

[€ € 0py (Oge)] A [ € 0py (O c)]-
Consequently,

[€ ¢ Clopg (Og.))] A [¢ & Copg (O c))]-
But, for every A € {¢,¢}, C(op, (Ogn)) € g-K[Ty] is a g-T -closed set. Con-

sequently, there exists a pair (K4, g ,4) € =Ty x =74 such that the relations

R}

[](opg ((’)g,g)) 2 —op, (Kg¢) and C(op ) 2 —opy (Kge) hold true. There-

fore, the relations £ € C({C}) —0py ({5}) and ¢ e C({é}) —opy ({¢}) are true
for all (£,¢) € Ty x T,. But, 0({¢}) = UOB €T, OPg (Og,¢) and hence,

{¢} =C(C({¢})) ﬂ Copg (Og,¢)) = m —op, (Kge) VE€T,.
Og,c€Tq Kg,c€Tq

Sufficiency. Conversely, suppose {£} = ﬂ)cg,geﬁ”rg —0p, (Kg,¢) holds for all § € Ty.
Then, there exists a Ky ¢ € =7 such that ¢ ¢ —opy (Kq¢). Since mopy (Kqe) €
g-K [T, is a g-T;-closed set, there exists a g-T -open set op (Oy.¢) € g-O[T4] such
that £ € opg (Og,e) € ~0p, (Kg.e). But, since b(—op, (Kg¢)) € g-0O[T,] is a g-T-
open set containing ¢ € Ty, it follows that opg (Og¢), b(—opy (Kg)) € g-O[T]
are disjoint g-T -open sets. Thus, for every (£,() € g-Fp[o > 0], there exists
(Og.¢, Oq¢) € g-Fo[0] such that:

[€ € opg (Og.6)] A [ € opg (Og.c)]-
Therefore, Ty = (€, Tg) is a g—’TgH)—space g—TgH) = (9, g—TgH)); this completes the
proof of the theorem. ([
Proposition 2. If T, = (2, 7y) is a g—’TgH)—space g—‘IgH) = (Q,g—T;H)), then it is
a g—TgF)—Space g—‘ZgF) = (Q,g—TgF)).
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Proof. Let Ty = (Q,T,) be a g-TM-space g-T/ = (2, g- 7). Then, for every
(£,¢) € g-Fplo > 0], there exists a pair (Og¢, Oy, ) € g-Fo[0] such that [¢ €
opg (Og.e)] A [¢ € opg (Og,¢)]. But since (Oge, Ogc) € g-Fo[0] C g-Fo[Sy D 0]
and

€€ 0Dy (Oge)] A [C e OPg (Og.¢)]
& [(£€0pg(Og)) A (C € 0pg(Ogc))] A[(E & 0P (Oacc))

A (¢ # opg(Oaie)) ]

it follows that, if T3 = (Q,7y) is a g—’TfJH)—space g—‘IéH) = (Q,g—TgH)), then for

every (£,¢) € g-Fp [0 > 0], there exists a pair (Og¢, Og¢) € g-Fo[Sg D 0] such
that:

[(€:€) € r=.c P4 (Og\)] A [(€:€) ¢ a=c. 0P (Og,0)]-
Hence, if T3 = (2, 7y) is a g—TéH)—space g—‘EEZH) = (Q,g—TéH)), then it is a g—TgF)—
space g—TgF) = (Q,g-TgF)). |

A necessary and sufficient condition for a Tg-space Tq = (2, 7T;) to be a g—TéR)—
space g—‘EgR) =(Q, g—TéR)) may be given in terms of the g-operator op, : P () —
P (£2), a Ty-closed set Sy C Ty, and Ty-closed neighbourhood sets.

Theorem 3.4. A Ty-space Ty = (Q,’G) is said to be a g—TéR)-space g—EéR) =
(Q,g-TgR)) if and only if the following condition holds:

(3.4) So= [ —opg(Kas,) VSye€gK[T,.
]Cﬂysge_q—g

Proof. Necessity. Let the Tg-space Ty be a g—’TgR)—space g—féR). Then, for every
(£,¢) € gFplo > 0] and (Kg¢,Kgc) € g-Fg[0] such that (¢,€) ¢ (Kge, Kgc),
there exists (Og.e, Og,c) € g-F¢ [0] such that:

[(0pg (Kae) © 0y (Og.c)) A (€ € 0P (Oa))] V [(~0pg (Kac)
C opg (Og,c)) A (€ € 0pg (Og.¢))]-

Consequently,

[(mopg (Kg,e) C opg (Oge)) A (¢ & Clopg (Og,0)))] V [(m0pg (Kgyc)

C opg (Og,¢)) A (€ ¢ C(opg (O ¢)))]-
But, for every A € {£,¢}, C(op, (Ogn)) € g-K[Ty] is a g-T -closed set. Con-
sequently, there exists (IC&RD,ICE,SE) € —Tg x =T such that [](opg ((’)9,5)) )
—10py (ICgRg) and E(opg ((’)g,g)) 2 —op, (IC ) Therefore

[(Fopg (Kae) ©opg (Oge)) A (€ & —opg (Kaus, )]V [(mopg (Koc)
C 0pg (Og.0)) A (£¢ﬂ0pg( R,))]-

By virtue of this logical statement, it consequently follows that
[(_‘ OPy4 (Kg.e) C OPyg (0975)) A (_‘ 0Py (Kge) 2 T 0Py (ICQ»SB))]
V[(mopg (Kg¢) Copg (Ogc)) A (m0pg (Kge) 2 —opg (Kg =, )],
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and, consequently,
[ OPg (Kq.s,) C —opg (Kg,e) C opg (Og.e)]

V[=opg (Ko r,) © = opg (Kg,c) € opg (Og¢)],
But, for any Sg C Ty, =op, (’Cg,sg) 2 &4. Consequently,

[Sg C —opg (Icgvsg) C —opg (Kge) C 0Py (0975)}

V[R, C T OPg (Kor,) € —opg (Kg,c) Copg (Og.0)],
Hence, Sq =i, ; e-7, ~Pq (Kg.s,) for all Sg C Ty.
Sufficiency. Conversely, suppose Sg = ﬂ,cgs e-T, 0P (K:g)gg) holds for all
»Sg

Sy C Ty, let &£ ¢ Sg. Then, Sg C —0pg (K:g,gg> for every 7Tg-closed neighbour-
hood set K45, € =T, satisfying Sy C Ky 5,. Therefore, there exists a Tg-closed
neighbourhood set Ky s, € =7, such that £ ¢ Kgys,. But, since Ky 5, € =75 is
a Tg-closed neighbourhood set, there exists a Tg-open set Oy s, € Ty such that
SQ C Opg (09189) - _‘Opg (]CEaSg)’ and E(Sg) 2 C(Opg (Og,sg)) > B(_‘ Opg (’CQ’SB))‘
Because ¢ € C(ﬂ 0Py (ICQ’SQ)) and ¢ € [I(Op}3 (Ogygg)), it follows that op, (Ogygg) N
C(—opy(Kg,s,)) = 0 and C(op,y(Oy,s,)) N —0pg(Kgs,) = 0, respectively. In
other words, for every (£,¢) € g-Fp[o > 0] and (Kg¢,Kq,¢) € g-Fk[0] such that
(¢,€) & (Kg,e, Kqc), there exists (Og ¢, Oq.¢) € g-Fp [0] such that:

[(= opg (Kg,¢) C opy (Oge)) A (C € OPg (Og. )]V (= opg (Kg.c)
C 0pg (Og,¢)) A (€ € 0pg (Og,6))]-
Therefore, T4 = (Q, ’7;) is a g—TgR)—space g—‘IéR) = (Q, g—’TgR)); this completes the
proof of the theorem. O
Proposition 3. If T; = (Q,7;) is a g—’T(gR)—space g—i(gR) = (Q,g—T(gR)), then it is
a g—TéH)—space g—‘IgH) = (Q,g—TéH)).

Proof. Let T4 = (Q,7g) be a g-TgR)-space g—‘IgR) = (Q,g—TgR)). Then, for every

(&,¢) € g-Fplo > 0] and (Kge,Kqc) € g-Fg[0] such that ((,€) ¢ (Kqe, Kgo),
there exists (Og.e, Og,¢) € g-F¢ [0] such that:

[(ﬁ opg (Kg,e) C opg (Og,ﬁ)) A (C € 0py (OE’C))] N [(ﬁ opg (Kg,¢)
- Opg (OB7C)) N (E € Opg (Ogaﬁ))} :

Set Q(€) = (mopg (Kg,e) C 0pg (Oge))s R(C) = (¢ € 0pg (Ogyc)), and P (£,¢) =
Q (&) AR(¢). Then, the above logical statement is equivalent to P (£,¢) V P (¢, €).
But since A € =op, (Kg») for every A{¢, ¢}, it consequently follows that R (A) +—
Q (X) for every A{&,(}. Therefore R (€) AR () «+— P (&,(). Because associativity
with respect to A holds, it then follows that

P (£, VP((E — [RE AR VIR ARE]=R(E)AR().

Hence, for every (&, () € g-Fp [0 > 0], there exists (Og,¢, Og¢) € g-F[0] such that:
[5 € OPg (09’5)] A [C € OPg (OgyC)]'

This proves that, if T3 = (2, 7y) is a g—TgR)—space g—SéR) = (Q7g—7'(gR)), then it is
a g-TW-space g-TV = (Q,g-T(V). O
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A necessary and sufficient condition for a Tg-space Tg = (2, 75) to be a g—TgN)—
space g—‘EéN) = (9, g—TgN)) may be given in terms of the g-operator op, : P () —
P (£2), a Ty-closed set Sy C Ty, Tg-open sets, and a Ty-closed set.

Theorem 3.5. A Tg-space Ty = (Q,Ty) is said to be a g—TéN)—space g—‘IgN) =
(Q,g—TgN)) if and only if the following condition holds:

(3.5) Sg Copy(Ogs,) C —0py(Kg.s,) Copg(Oqs,) VS € g-K[T].

Proof. Necessity. Let the Tg-space Ty be a g—TgN)—space g—SgN) and, let S5 €
g-K [‘Sg} and Oy s, € Ty, respectively, be a g-T-closed set and a Tg-open neigh-
bourhood set of &;. Then, T, is a g—’TgN)—space g—TgN) implies that, for every
(Kg,e.Kgc) € g-Fi [0], there exists (Og¢, Og¢) € g-F [0] such that:

[Opg (Og) O T 0Pg (Icg,é)} A [Opg (Ogc) O T 0P4 (ICQ,C)]-
Clearly, E(opg ((’)9,5)) N=op, (Kqe) = 0 for any § € Ty. The relation Sy € g-K [‘Ig]

implies that there exists a Kg e € =Ty such that Sg 2 —opy (Kq¢) and, Ogs, € Ty
is a Tg-open neighbourhood set of Sy implies that there exists (@9753,169750) €
Tg x =Tg such that Og.s, € opy(Oy.s,) € ~op,(Kg,s, ) But, S C Ogs, and, for
some (’A)g,g € 7Ty, the relation —op, (169,39) C opy ((’A)gé) holds in a g—TéN)—Space

g—‘l’éN) . Hence,

T 0Py (169,5) C &y Cop, (@9759) C 10pyg (169,59) C 0Opg (@976)

for all Sy € g-K[T4]. At this stage, it suffices to set Op¢ C Oq,s, and the result
follows.
Sufficiency. Conversely, suppose the following relation holds:

Sg Copg(Og.s,) C —0py(Kg.s,) Copg(Oqs,) VSg € g-K[T].
Then, its complementary reads
C(Ss) 2 C(opg(Dqss,)) 2 B(=0pg(Ky,s,)) 2 Clopg (D5, )
where C(Sg), U(ﬁ Opg (I@Q’SD)) € g-0 [‘Ig] are g-T -open sets and, [](opg ((’A)g,sg)),
[](opgl (Og,sg)) € g-K [Tg] are g-T-closed sets. Thus, §; N C(opg (Og’gg)) = () for
any Sq € g-K [Tg]. But since the relation S; 2 —op, (Kg,¢) holds for some Kg ¢ €
—Tg, it consequently follows that E(opg (Og,sg)) - E(Sg) C B(ﬂ 0Py (ng,g)) which,
in turn, implies opg((’)gysg) D S5 2 —opy (ICg_f). Thus, for every (KCg¢,Kygc) €
g-Fi [0], there exists (Og.¢, Og.¢c) € g-F¢ [0] such that:
[Opg (OQ»E) ) 70Dy (Kg,g)} A [Opg (OQ’C) 2 0Py (ICng)]'
Therefore, T, = (Q, 7;,) isa g—TéN)-space g-TéN) = (Q, g—TéN)); this completes the
proof of the theorem. O
Proposition 4. If T, = (2, 7y) is a g—’TgN)—space g—TgN) = (Q,g—T;N)), then it is
a g—TgR)—space g—f(gR) = (Q,g—TéR)).

Proof. Let Ty = (Q,7,) be a g—’T(gN)—space g—‘ZgN) = (Q,g—’TéN)). Then, for every
(Kg,e.Kgc) € g-Fi [0], there exists (Og¢, Og¢) € g-F [0] such that:

[Opg (OE»E) ) T 0Dg (/ngg)} A [Opg (OG7C) 2 0Py (IC&C)]'



14 M. I. KHODABOCUS AND N. UL-. H. SOOKIA

Set Q(€) = (—opy (Kg,e) C opg (Oge)) and R (€) = (& € opg (Og.¢)) so that the
above logical statement now reads Q (§) AQ (¢). Then, since (Kg¢,Kg¢) € g-Fi [0],

Q) AR(C) «— Q(&) and Q(¢) AR (§) «— Q(() hold. Consequently,

QAR A[QE)AR(E] +— Q) AQ(Q).
But

QAR VIQE)ARE] «— [QE) AR(O] A Q) AR(E)],

and, therefore,

QO ARQ]VIQEO)ARE)] +— Q) AQ(Q).

Thus, for every (£,¢) € g-Fp [0 > 0] and (Kg,¢,Kg,c) € g-Fg [0] such that (¢,&) ¢
(Kg.e. Kg,c), there exists (Oge, Og.¢) € g-F [0] such that:

[(=0pg (Kge) © 0pg (Oge)) A (¢ € 0pg (Og0))] V [(=0pg (Kgc)
C opg (Ogc)) A (€ € opy (O e))]-

This proves that, if T3 = (,7g) is a g—’TéN)—space g—TEN) = (Q,g—TéN)), then it is
a g-TgR)—space g—iéR) = (Q,g—TgR)). O

By virtue of the above propositions, every g—TgH)—space is a g—TgF)—space, and
hence, a g—TgK)—space. Also, every g—’TéN)—space is a g—TgR)—space, and hence,
a g—TgH)—space. But, the converse of both statements are untrue, and thus, the
corollary follows. If <g—T§“) = (Q,g—Té”‘)»aeA, A= {K,F,H,R,N}, denotes a
sequence of g—’Tga)—spaces, obtained after endowing a 7g-space T, = (Q, 7;) with
the sequence of g-T ,-axioms <g—Tg’a>a A then the following relations hold:

e T cgl cg® g™ c g
o II. g_Tg7N :g_Tg,R = g_Tg,H = g_Tg7F = g_Tg7K'

4. DISCUSSION

4.1. Categorical Classifications. Having adopted a categorical approach in the
classifications of the g-T ,-axioms, « € A = {K,F,H,R,N}, in the 7g-space Ty,
the aims here are, to establish the various relationships amongst the elements of
the sequence <g—Tg7a>a ca and, to illustrate them through diagrams.

We have seen that, both the g-T n, g-T; g-axioms imply the g-T; k, g-T p-
axioms and, on the other hand, the g-T; y-axiom implies the g-T; g-axiom and the
g-Ty y-axiom implies the g-T p-axioms. The separation azioms diagram presented
in F1Gs 1 illustrates these implications.

We called the elements of the sequence < g1y a>a en 8Ty o-azioms. To this end

it does make sense to call those of (Tg.q) Tg,o-azioms. Thus, in a Tg-space

aEA
Tg = (Q,Ty), <T 9a°‘>a A stands for a sequence of separation axioms in the ordinary
sense while <9‘Tg,a>a cA stands for its analogue but in the generalized sense, just
as, in a T-space T = (Q,7), <Ta>a o Stands for a sequence of separation axioms in

the ordinary sense while <g—Ta>a cA stands for its analogue but in the generalized
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g'Tg,K

Tg,K

F1GURE 1. Relationships: Separation axioms diagram.

sense. Let Fp [0] = g-Fp [0] and set

FO [Sg] def

(4.1)

Fk [Sg] déf

{(097570974) € 7:3 X Tg : ﬂng,gog,)\ - Sg},

{(Kge, Kge) € 7Ty x =T Sy 2 m,\zg,clc;w}

where 0 > 0 and S; 2 (. Then, the notions of Ty k, Ty r, Tgu, Tgr, and Ty n-
axioms in a Tg-space Ty = (2, Ty) may well be defined as follows:

o I. Tyx-AxioM: For every (§,¢) € Fp[o > 0], there exists (Og¢, Oq,c) €
Fo [Sg D (Z)] such that:
(4.2)

e II.

Fo[Sg D 0] such that:

Ty p-AxioM: For every (£,¢) € Fp [0 > 0], there exists (Og.¢,Og,c) €

(€ Oge) N & Oge)] V(¢ Oge) A(CEOge)]
(4.3)

[(€,0) € a=e.cO0gn] A [(€:0) & A=c.cOgn]-

15
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o 1. Ty y-AxioM: For every (§,¢) € Fp [0 > 0], there exists (Og ¢, Og.¢) €
Fo [(Z)] such that:

(4.4) [£ € Oge] A[C € O]

e 1v. Tgygr-Axiom: For every (£,¢) € Fp[o > 0] and (Kg¢,Kq¢) € Fx[0]
such that ((,€) ¢ (Kg.¢,Kg,¢), there exists (Og¢, Og¢) € Fo[0] such that:

(4.5) [(Kgé - Og,&) A (C € Og,c)} v [(Kﬂ,i - Og,c) A (f € Og,f)]'

v. Ty n-AXIOM: For every (Kg ¢, Kg ¢) € Fi [0], there exists (Og¢, Og ) €
Fo [0] such that:

(4.6) [Og¢ D Kae] A [Og,c D Koyl

By virtue of the relations Oy x C opy (Og,z) and Kqx 2 —op, (Kg,x) for every
(Oga, Kgas A) € Ty x =Tg x {&,(}, these implications follow: g-T; x +— Ty,
g_Tg,F — r,[‘g7]:7‘7 g—Tng — Tg,H, g_Tg,R — r,[\gJ?{7 and g_Tg,N — TQ,N' When
the statements preceding the above definitions are taken into account, another
separation axioms diagram is obtained. In F1G. 2, we have illustrated the various
relationships amongst the elements of <9'T9,a>aeA and <Tg’0‘>o¢€A' It is interesting
to present a third separation axioms diagram illustrating both the implications and

the categorical classifications of the elements of <9‘V‘Tg,a>a A’ where v € I3.

g'Tg,N ég_Tg,R ég'Tg,H #g_Tg,F ég'Tg,K

Tgn —» Tygr —» Tgg — Tyr — Ty

FIGURE 2. Relationships: Separation axioms diagram.

For every fixed v € I3, it is immediate that the implications g-v-T,x +—
g-v-Typ, gv-Typ < g-v-Ty g, g-v-Ty g «— g-v-Ty g, and g-v-T; g «— g-v-Ty x
hold. On the other hand, we saw in the first part of our works, on the theory of
g-%;-sets, that

0Pg.0 (Sg) C 0Py 1 (Sg) C 0Py 5(Sy) 2 0Py 0 (Sg) VS, C Ty,
(4.7) 7 ODPg.0 (39) 2 T 0Pg 1 (Sg> 2 T 0Dg.3 (Sg) - T 0Dg 2 (Sg),

as a consequence of the definitions of the g-operators opy ,, =op,, : P(2) —
P (£2). Hence, it results that, for every a € A, g-0-T , — ¢-1-T; , — ¢-3-T
and g-3-T; , <— g-2-T; ,. When these properties are taken into consideration,
the resulting separation axioms diagram so obtained is that presented in Fic. 3.
It is reasonable to call them g-T ,-azioms of type o and of category v, where
(a,v) € A x I9.

In order to exemplify the concept of g-T ,-axiom of type o and of category v,
where (a,v) € A x I, a nice application is presented in the following section.
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g-0-T, x ——» 0-1- Ty  —— ¢-3-T;x €—— 02T x

g-0-T; p — ¢-1-Tjp—» ¢-3-T; p €——

—

00Ty —3 g-1-Ty y— 03Ty <——

|

g-0-T, g —— -1-Ty g — 3T, ——o

|

00Ty y —3 g-1-Ty y —— 3Ty <——

FI1GURE 3. Relationships: Separation axiom diagram.

g—2—Tg’F

g-3—Tg)H

g-2—Tg)R

g-2—Tg)N
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4.2. A Nice Application. Focusing on the fundamental notions of the sequence
<g_TQ»0¢>aeA of g-T ,-axioms, A = {K,F,H, R,N}, in a T4-space, founded upon

the class of g-7g-open sets, we shall now present a nice application. Let 2 = {f,, :

v E I:{} denotes the underlying set and consider the Tg-space T4 = (€2, 773)7 where

T (2)

{0,{6},{&}. {&}{&, &} {&, &} {&, &1 0

(4~8) - {09,17 09,27 09,37 09,47 09,57 09,67 09,77 09,8}7

T () = {0 {& &) {6, &), {6, &), {&) {6}, {&),0}

(49) = {Kg717K:g,27lcg,37lcg,4alcg,57K:g,67K:g,7aK:g,8}7

respectively, stand for the classes of Tg-open and Tg-closed sets. In both settings, the
Tg-open, closed sets occupying the v position corresponds to Og vy Ky, v € I3,
respectively, as is easily understood. Since conditions T4 (0) = 0, T4 (Og,.) € Oy,
for every v € I3, and 7'9(UVE[§ Ogpv) = UVE]g Tq (Og,.) are satisfied, it is clear

that the one-valued map 73 : P (Q) — P({&, Vv E Ig}) is a g-topology. After
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computing the elements of the set {op, , (Og.,) :

open sets, we obtain:

M. I. KHODABOCUS AND N. UL-. H. SOOKIA

(o, v) € I§ x 19}, called g-Tg-

{042,045, 04,6, Ogs} V(,v) € {1} x{0,2},
{043,045, 047, Og s} V(,v) € {2} x{0,2},
. 0. ) ¢ {O0g,4,04.6,04.7,048} Y (a,v) € {3} x{0,2},
Pov 120l SN 1y 1 Kgsn Kot Kor} ¥ (a,w) € {1} x {1,3},
{Kg1,Kg,2,Kg,4,Kq 6} V(a,v) e {2} x{1,3},
{Kg1,Kg,2:Kg3,Kg5} V(,v) € {3} x{1,3}.
(4.10)
Similarly, the elements of {—op,, (Kge.): (a,v) € I§ x I3}, called g-Tg-closed
sets, are:
{Ka1, K3, Kgas Ky 7} V(e,v) € {1} x{0,2},
{Kg1,Kg2,Kg4,Kg6} V(,v) € {2} x{0,2},
ope s (e ) € {Kg1,Kg2,Kg,3,Kg5F V(a,v) € {3} x{0,2},
00 082S E ) {049,045, 0g6:Ogs} V(a,v) € {1} x {1,3},
{043,045, 047,048+ V(a,v) € {2} x {1,3},
{0g,4,04,6,04.7,048} V(a,v) € {3} x {1,3}.
(4.11)
First, for every v € IY, set TN, .\ = i_a,s0Pgy (Oge,) and Ig' o\ =
Maza,s 7Py (Kge,). Next, for all (a,B,v) € I3 x I x 19, calculate I;,p(ga,gﬁ)v

I;}(fa,fg)' Finally, for every (r,s) € I§ x I, set Og (o) = (Ogyr,Ofs) and
Kq,(rs) = (Kg,ry Kg,s). These procedures yield:

oFplo>0 = |J{(E &): Bel\{a}},
a€l;
gv-Foll] = {042,066 O @2 O 1)
Og,(4,5): Og.63)> Og. (7. }»
g Fe 0] = {Kg Koz Ko Kes6)
Ke.5.1:Kg,6.3): K1) 1
gv-Fo[Sg D0 = {Og st (rs) €15 x I3} D gv-Fo 0] Vvell,
gv-Fr[Sg D0 = {Kgps i (r,8) €I5 x I§} D g-v-Fi [0].

(4.12)

We are now in a position to discuss the g-T ,-axioms, A= {K7 F,H,R, N}.

Let Og (pq) 2 Kg,(rs) stand for the relations Og ), O Ky, and Oy O Ky,
where Og (p.q) € 9-v-Fo [0] and Ky (5 € g-v-Fk [0]. Further, for every v €
19, let opg,y((’)gy(pyq)) D ﬁopg,u(ngy(m)) stand for opg’y((’)g’p) D ﬁopg’l,(ng,T),
OPg,, (Ogﬂ) D ﬁopgwy(ngﬁ). Then, the following relations are easily checked:
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Og12) 2 Koz Og63) 2 Kooy Osan) 2 Koa)) Ogas 2 Koses
Og,(472) D) ]Cg7(577); Og,(376) D ICE,(673) and Og,(372) D) ]Cg,(6,7)~ But, for every v € Ig,
the relations Oy ) C opg,y((’)&(z,,q)) and Kg (rs) 2 ﬂopgyy(ng,(ns)) hold for
all (p,q) = (3,2), (3,6), (4,2), (4,3), (4,5), (6,3), (7,2) and all (r,s) = (6,7),
(6,3), (5,7), (5,6), (5,4), (3,6), (2,7). Combining these last two relations with
Oq.(p.q9) 2 Kg,(r,s), it follows that opg’y(Om(p,q)) D ﬁong(ICg’(m)). Hence, for
every Ky (r.s) € g-v-Fi [0], there exists Oy (, ) € g-v-Fq [0] such that:

[Opg,u (Og,p) Dl Opg,u (’CE’T)] A [Opg,u (OQ’Q) oo Opg,u (ICQ’S)} .

This shows that T is a g-TgN)—space g-‘IgN) = (Q, g-TgN)).

Let (&,85) € Ky (r,s) mean & € Ky, and §; € Ky 5, where Ky (. 5) € g-v-Fx W
Then, the following results are easily checked: (52,51) Kq, 2,705 Kg,(6,3), Kg,(6,7)
and (§1,82) ¢ Ky 2.7 Ko6.3) Ka6.1); (§3:61) € Ky 27), Ky 5,4), Kg5,7) and
(£1,€3) & Kg,2,7) K 0,5.4) Kq 5,15 (§3,82) € Ky (3,6) Kg,(5,4)7 Kq.(5.6) and (§2,&3) ¢
Kooy Ka5,2), Ko 5,0)- Buts Ogr,2) O Kgy2,1)3 Og,63) 2 Ko3.6)3 Opia) 2
Kg.5.4)5 Og,a3) 2 Ky 5.6 Ogia2) 2 Ky,5,7); Ogi36) 2 Kg,6,3) and O (s.2) O
Kq,6,7)- Furthermore, for every v € I3, (’)g’(p’q) C opg, (Og,(p.g)) for all (p,q) =
(3,2), (3,6), (4,2), (4,3), (4,5), (6,3), (7,2) and Kg (;.5) 2 —0pg, (Kg,(r,s)) for all
(r,s) = (2,7), (3,6), (5,4), (5,6), (5,7), (6,3), (6,7). Thus, for every (&,&;) €
g-Fp[o>0] and Ky (5 € g-v-Fx[0] such that (§;,&) ¢ Kg (), there exists
Oq,(p.q) € 8-v-Fo [0] such that:

[(m0pg. (Kgr) Copg, (Ogp)) A (S € 0D, (Og.q))] V [(m0pg,, (Kg.s)
C opg, (Og.q)) A (€ € 0py, (Ogp))]-

This shows that T, is a g—TE,R)-SPaCG Q-SE,R) = (@, Q‘TE;R))-
Let (&;,&;) € Oy (p.q) mean & € Oy, and &; € Oy 4, where Oy (,.4) € g-v-Fo [0].
Then, the following relations are eabily verified: (&3, fl) € Oq,3,2), O4,3,6)> Og,(7,2)

and (£1,82) ¢ Og,3,2), Og,3.6)> Og,(7,2); (§3,61) € Og,(4,2)s Oga,5), Og,(7,2) and
(§1a§3) ¢ O 9,(4,2)» O 9,(4,5)» O 9,(7,2 (£3a§2) € Og,(4,3), O ,(4,5)5 O ,(6,3) and (£2a§3) ¢

Og,4,3), Og,4,5), Og,6,3)- But, for every v € I§, Oy (pg) C opgy( ) and
Oq.(p.q) € 8-v-Fo [0] for all (p,q) = (3,2), (3,6), (4,2), (4,3), (4,5), (. 3) (7,2).
Thus for every (&;,&;) € g-Fp [0 > 0], there exists Oy () € 8-v-Fo [0] such that:

[éz € Opg,u (Og’p)] A [6] € Opg,u (OQ:Q)] .

This shows that T is a g-TgH)—space g-‘IgH) = (Q, g-TgH)).

Let (&,§5) € Og,(p,q mean & € Oy, § € Og g, and (§5,6) ¢ Og,(p,q), Where

Oq,p.q) € 8-V-Fg [Sg D [Z)]. Then, the following relations are easily verified:

(€1,82) € Og,(p,q) and (§2,&1) ¢ Oy p,q) for all (p,q) = (2,3), (2,7), (6,3), (6,7);

(61:83) € Og (p,g) and (£3,61) & Oy ) for all (p,q) = (2,4), (2,7), (5,4), (5,7);

(£2:€3) € Og,(p,q) and (£3,81) & Oy (p,q) for all (p,q) = (3,4), (3,6), (5, ))7 E 6).
3

But, Og p,q) € Opg,u(om(l)ﬂ)) for all (p,q) = (2,3), (2,4), (2,7), (3,4), 6),
(5,4), (5,6), (5,7), (6,3), (6,7). Hence, for every (&,&;) € g-Fp[o > 0], there
exists Oy (p.q) € 8-v-F[Sg D 0] such that:

[(§:5) € x=p.g 0Py (Og2)] A [(§15€5) & A=q.p 0Py, (Og2)]-
This shows that T, is a g_TgF)—space g—féF) = (Q, Q‘TgF))~
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Let (fz,fj) € Og,(p,q) mean 61 S 097;0 and fj ¢ 097;07 or fz ¢ Og,p and fj S Og,q,
where Oy (,.4) € 8-v-Fg [Sg D @]. Then, the following relations are easily verified:
(£1,82) € Og,2,3)s Og, 2,71y Og,6,3)s Og,(6,7); (£1,€3) € Og,(2.4), Og, 2.7, Og,(5,4),
Oy, (5,73 (§2:€) € Og 3.0, Og,3.6): O, (5.4) O, (5.6)- Bt, O p.g) € 0Pg.., (O (p.a)
for all (p,q) = (2,3), (2,4), (2,7), (3,4), (3,6), (5,4), (5,6), (5,7), (6,3), (6,7).
Hence, for every (&;,&;) € g-Fp [0 > 0], there exists Oy () € §-v-F [Sg D 0] such
that:

[(& € 0Py (Og.p)) A (&5 # 0Py (Oa))] V (& ¢ 0Py (Oia))

A (Ej € 0Py, (Og,q))}'

This shows that T, is a g—TgK)—space g—SéK) = (Q, g—’TgK)).

The elements discussed in the preceding sections can be easily checked from this
nice application. In the next section, we provide concluding remarks and future
directions of the theory of g-T -separation axioms developed in the earlier sections.

5. CONCLUSION

In this paper, we developed a new theory, called Theory of g-%,-Separation
Azioms. The theory is based on the Theory of g-T4-Sets but not on the Theory
of g-Tg-Maps. In its own rights, the proposed theory has several advantages. The
very first advantage is that the theory holds equally well when (Q,74) = (Q,7)
and other characteristics adapted on this ground, in which case it might be called
Theory of g-%-Separation Azioms.

Thus, in a T4-space the proposed theoretical framework categorises each element
of the quintuple sequence <g—Tg’a>a cn 88 g—Tgya—aXioms of type a and of categories
v, where (a,v) € A x I and A = {K,F,H,R,N} and theorises the concepts in
a unified way; in a T-space it categorises each element of the quintuple sequence
<9'Toe>ae/\ as g-T,-axioms of type o and of categories v, where (a,v) € A x I§ and
A = {K,F,H,R,N} and theorises the concepts in a unified way.

Since the theory of g-%,-separation Axioms has been based solely on theory of
g-T4-sets, as pointed out above, it is an interesting topic for future research either to
develop the theory of g-T-separation axioms of mixed categories based on the afore-
mentioned theory or to develop it but based on the theory of g-Tj-maps. More pre-
cisely, either for some pair (v, 1) € I§ x I9 such that v # p, to develop the theory of
g-Tg-separation axioms based on the theory of g-T4-open sets belonging to the class
{Og = 04,UOq 1 (04,1, 04,,,) € gv-0[T4| xg-p-O[T4] } and the theory of g-Ty-
closed sets belonging to the class {Kq = Kg, UK, (Kgu, Kgu) € g-v-K[T,] x
g-1-K[Tg]} in a Tg-space Ty or, to develop the theory of g-Tg-separation axioms
based on the theory of g-T;-maps, called g- (Ta, To)-continuous maps, g- (Ta,Te)-
irresolute maps and g- (Tp, Te)-homeomorphism maps, where A, © € {Q,E,T},
between any two of such 7g-spaces T30, T4 5, and Ty y. Such two theories are
what we thought would certainly be worth considering, and the discussion of this
paper ends here.
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