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Abstract

In this paper, in an arbitrary Hilbert space nonlocal boundary value problem for
the Schrodinger equation with time dependent self-adjoint operator is studied. For
the solution of this problem stability estimates are established. To find an approx-
imate solution of nonlocal boundary value problem for the Schrédinger equation
with time dependent self-adjoint operator the first order of accuracy Rothe differ-
ence scheme and the second order of accuracy Crank-Nicholson difference scheme
are constructed. Stability estimates of these difference schemes have been obtained.
To obtain stability estimates, the theory of spectral representation of self-adjoint op-
erator is used. In order to support the theory, a numerical is given for the Schrédinger
problem which is one dimensional in space variable, nonlocal in time variable and
with a time dependent self-adjoint operator. A modified Gauss elimination method is
used to solve these difference schemes.

Keywords: Modified Gauss elimination method, Self-adjoint operator, Stability.

Zamana Bagh Oz-Eslenik Operatorlii Yerel Olmayan
Schrodinger Problemi

Ozet

Bu makalede, zamana bagh 6z-eslenik operatorlii Schrodinger denklemi icin keyfi
bir Hilbert uzayinda yerel olmayan sinir deger problemi incelenmistir. Bu proble-
min ¢oziimii i¢in kararlilik kestirimleri olugturulmustur. Yerel olmayan sinir deger
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probleminin zamana bagli 6z-eslenik operatorlii Schrodinger denkleminin yaklasik
¢Oziimiinii bulmak i¢in birinci dogruluk dereceli Rothe fark semasi ve ikinci dogru-
luk dereceli Crank-Nicholson fark semasi olusturulmustur. Bu fark semalarinin ka-
rarlilik kestirimleri elde edilmistir. Kararlilik kestirimlerini elde edebilmek igin 6z
eslenik operatorlerin spektral temsil teorisi kullanilmistir. Teoriyi desteklemek igin
uzay degiskenine gore bir boyutlu, zamana gore lokal olmayan, zamana bagl 6zes-
lenik operatorlii Schrodinger problemi icin sayisal bir 6rnek verilmistir. Fark sema-
larinin ¢6ziimiinii bulmak i¢in modifiye edilmis Gauss eleme metodu kullanilmistir.

Anahtar Kelimeler: Modifiye edilmis Gauss eleme yéntemi, Oz-eslenik operator,
Kararlilik.

1. Introduction

Schrédinger equation with time dependent operator or with time de-
pendent Hamiltonian has many application in quantum mechanics and
chemistry, as a few example about these applications and for some stu-
dies about Schrédinger equation with time dependent Hamiltonian, re-
ferences [1-4] and references therein can be searched. In this work, in
a Hilbert space H with the time dependent self-adjoint operator A(t),
the Schrodinger equation

iZ—":+A(t)u=f(r), 0=<t=<T (D)

with the nonlocal boundary condition at the multiple finite points
u(0) = X5 oy anu(d,)+ @ 0< A, <A, < <A, <T )

is considered. Ashyralyev and Sirma in [5] studied the abstract Sch-
rodinger equation (1) with nonlocal boundary condition (2) but with a
time independent self-adjoint operator A.

The aim of this study is to generalize the work in [5] to a time de-
pendent self-adjoint operator. Following [5], here also existence and
uniqueness of solution of equation (1) with a nonlocal boundary condi-
tion (2) are obtained. Stability estimate of it is investigated. To obtain
approximate solution of a Schrodinger equation with a time dependent
self-adjoint operator (1) and with nonlocal boundary conditions (2),
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first order of accuracy Rothe difference scheme and second order of
accuracy Crank-Nicholson difference scheme are constructed. Stabi-
lity estimates of these difference schemes are investigated. At the last
part in one dimension in space variable a numerical example is given.

2. Material and Method

Theorem 1: Assume that Zm=1/%ml < 1
then there exists a unique solution (t) of problem (1)-(2) and the fol-
lowing stability inequality is satisfied:

max|lu(t)ll, < (1+ C(ocs,os,)) [l + T maxllF(OIL]- 3)

Proof: First, a formula for the solution of the problem (1)-(2) is
obtained. For the smooth data of problem

iZ+Aa(Ou=f(), 0<t<T, u(0)=9 W

there exists a unique solution of the problem (4) in the form

T.,t.(t — ez’f:ﬂ(s}dsu(ﬂj _ if;ei‘l;r‘ql:y}dyf(sj fi.S‘ (5)

Then, using the nonlocal boundary condition (2) we get
R(Dj — Z‘P a ei.r;-m;;':s)dsu(oj _ !I'Zzn:j_ a,, foim ei,[_‘:'mﬁ':}’}d}‘f(‘gj ds + @. (6)

m=1 m

||ei,f:"‘s1(:)ds

. z
Since L=t and X o le,l <1 then the operator
-1
Am . pAm o
1-3° _ a,e 499 has an inverse R={!—Z" o, et ‘“}“) and

m=1"m
IRl < € (exy, ..., ox,). Since [|e

Am
ify™A(s)ds

« =1, by following Ashyralyev and

Sirma [5] the result is obtained.
Now, in order to obtain an approximate solution of the nonlo-
cal boundary value problem for the Schrodinger equation with time
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dependent operator (1)-(2), the corresponding first order Rothe diffe-
rence scheme

UL

e 21 ==+ AU, = @, (psz(tk), t,=kz, 1=k=N, Nt =T, (7)

T

=2 Uy T (8)

is associated. Here im = [J'T“], greatest integer part of AT"“ Using induc-
tion, the solution of (7) with initial condition «, = ¢ for the approximate

solution of (4) is obtained as
= (= RJue — it Zjm (ITZ ' R) ¢y 1<k <N, )

Here for 1= k<N, R, = (I—irA)™" Using the formula (9) and the non-

local condition (8) the formula

Efn 1 m(l_'[_;l =1 })u'} I-sz_lﬂmzj 1(_]-_-['“ }+1R-)g1}.—|-gj (10)

is obtained. Since for any 1 < j < 1,, the norm of &, is less or equal than
1 and by assumption 2% _,l«,l<1 then the norm of Xi_, a, (1%, R))
is less than 1, then the operator 7—-X_ «,(IIZ, &) has an inverse
T, = (1%, a,(T2, &))" Therefore for the initial value the formula

uy =T, [:_iT ETin::l. o Ej'n;l[l-[:!;j)rl Ri} ¢; + q’)’ (11)

holds. So, for the solution of Rothe difference scheme (7)-(8), the fol-
lowing formula is achieved:

= (T R Juo — iz Ziy (T 'R ) @), 1<k <N,

He T ( T2 iamE} 1[1-[-:1 Ehny -3 )g;}.+<p), k=0 (12)

Now in order to obtain an approximate solution of the problem
(1)-(2), let us associate this problem (1)-(2) with the corresponding
Crank-Nicholson difference scheme. But obtaining Crank-Nicholson
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difference scheme a little more work is needed. So it is better to exp-
lain how it is obtained. In order to obtain second order of accuracy
Crank-Nicholson difference scheme, consider the equation (1) at the
point £ = &3

i':—:{tk—i)+fl(tk—§}u(tk— }=f(tk—§}, 0<t<T. (13)

B A

The derivative Z—‘: (t, —=) can be approximated with a second order
accuracy central difference scheme of step size = and using the Tay-
lor expansion u(t,) and u(t,_,) about the point ¢ = ¢, — 7, u(t, — ) can be

ul, t"::l-i- i t":__

approximated by , which is second order. Denoting 4(z, %)
by 4,_: and an approximation of u(t,) by u,the equation (13) can be ap-

proximated by

gy A(m:k_‘_) — 0. o =f(fk-‘;)' o=k, 1Sk<N, Ni=T.  (14)

In order to approximate the multipoint nonlocal boundary condi-
tion (2), the case of whether 1,, = [‘LT“] , greatest integer part of ““T“ is an
integer or not should be analyzed. If 1, is an integer, which is an stra-
ight forward case, the value u(1,,) is taken. But if 1, is not an integer,
u(4,,) 1s approximated by 3 [u +u, ). Nevertheless to obtain second
order approximation, until second derivative Taylor expansion should
be obtained. First derivative in that Taylor expansion will be replaced
by the expression achieved by equation (13). Of course here it is as-
sumed that u(t) has a continuous second derivative on the correspon-
ding interval. Hence in order to get approximation of nonlocal boun-

dary condition (2), the expression

uo=Z;“EZ+amu +Z)“ez+ m(!+;d A, ;) (u,, +uy, )+Z)'n mim @y T 0, (15)
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is used. Here, 1,, = [’LT'”] andd, =4,—1 1— 3 Hence for the second
order of accuracy Crank-Nicholson difference scheme to obtain ap-
proximate solution of (1)-(2), the formulas (14)-(15) is achieved. In
order to obtain a formula for the solution of (14)-(15), induction is
used and the expression

= ([T B Juy — it Z¥, (1T ;41 B, ) Gy, 1=k <N, (16)

is obtained. Here, whenever lower index is greater than upper index in

product, the result of product is taken as identity. Here c, = (f - igﬂk_i)'l
and B, = (! + i%flk_‘:)ck.

In order to find %o, using formula (16) and the condition (14) the
expression

Zmezmm[l'[} m By Jug — it L g O (M., B) G 0 + Zim s O (I+
LdmA ) [HJ i })‘uo LTE)-“EZ+ m(I+Ld A, ) } 1(“:‘-;+1 i)C P+
E)“ez‘fa (I+ Ldmﬂk_‘_) [l'[ 'B, )uo LIZ)“EZ+Q (I+

id, A, _-_) EJ‘“Il[H,‘";llB,)CJ% zzz-nez,, Py, T (17)

is achieved. For each &, by using spectral representation of self-adjo-
int operators it is easy to show that the norm of ¢, is strictly less than
1 but the norm of B, and the norm of (H— idmAk_§)§(1+ B'=*1) are less or
equal than 1. By using the assumption ¥ _, |« | < 1 also, existence of T,
which is the inverse of the operator

Z)—n - m(l’[} 4 }) Z)—n (I+idmﬂk—‘i)%('{+B:M+1J[n;§18j), (18)

tm g+ &
can be shown. Hence for the approximation of the initial value the for-
mula

uy =T, ( !,‘IZ)-“EZ+ m 22 1(“;‘—”1 B) Cie; — LTZF-nEZ+ m(f+

Ldmflk__) ZJ-:1(H¢-—J+1 l)C @; — LTZ)W\EZ.,, m (( + Ldmflk_‘_) Zj-ﬂ:l(l'[ —:‘J++11 B,) Cip; — (19)

LZ}"T“EZ*' e+ qﬂ).
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is achieved. So that for the solution of Crank-Nicholson difference sc-
heme (14)-(15), the formulas (16) and (19) are obtained.

Theorem 2: Assume that £2 _, e, | < 1,
then the solutions of the difference schemes (7)-(8) and (14)-(15) obey
the following stability inequality:

max gl < (14 €(0y, ) [l + T max oyl - (20)

Using spectral representation of self-adjoint operators and using
the results obtained above, by following [5], the theorem can easily
be proved.

Now, in order to show applicability of the theory obtained until
now, a numerical example will be given. Consider one dimensional in
space Schrodinger equation with time-dependent self-adjoint operator
and with nonlocal boundary condition with respect to time and with
Dirichlet boundary condition with respect to space variable:

2 [t 4 entu(e )] = £ 1) 0 < gx <1 1)
u(0,x) = Zu(3x)+ 0, 0 < x < 1, (22)
u(t,0)=u(t,1)=0, 0<t<1, (23)

where f(t,x) = —e'sin(mx), p(x) = (1 - geé) sin(mx) . Exact solu-

tion of this problem is u(t x) = e'*sin (mx). This problem is considered

in a Hilbert space # = L,([0.1]) of all integrable functions defined on

[0,1] equipped with the norm llulipy = (J’;Iu(t,:rsjl2 dx]m. The time de-
%ulx)

pendent operator A(u(.,x)) =— [t?+ tnzu(.,xj], u(,0)=u(,i)=0 1S a

self-adjoint operator.

In order to obtain numerical approximation of this problem, first
of all, first order of accuracy Rothe difference scheme is used as fol-
lows:
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R k-1 Y .
e i S [kr*-"”‘- Tuntunog k’m"uk-| =fltox,)1<k<N, 1=nsM—-1, (24)

N
W = iu%‘] +(1-ce’¥) sin(nx,), 1<nsM—1, (25)
up =uf, =0,1=k<N. (26)

Write the difference scheme as

aul,, +buf 4 ut Faul =t x,), (27)
where
ak=—%, b=—%, ck=%+2::—krﬂ2. (28)

Hence this system can be written in matrix form as

AU,yy +BU, + AU, 1 = Do, 1<Sn <M —1,Uy = Uy =), (29)
where
1 1 i/5y -
@, =|¥= ok = {(1—;9 Jsin (mx, ), k=10
a flhux) 1<k <N, (30)

A(k, k) =a,_, for 2 < k= N +1, the other entries are zero. B(1,1) =1,
3{1,[5}5?1 ,for2<k=N+1, Blkk—1)=b, B(k,k) = c,_, and the
other entries are all zero. D is an identity matrix of order ¥ + 1 and
U, =[ulul,. . N, s=n—1nn+1

In order to solve the matrix equation (29), a modified Gauss elimi-
nation method with respect to 7 with matrix coefficients is applied as
in [5]. Then the results in Table 1 are obtained.
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Table 1. Error with Rothe method

N=M=20 N=M=40 N=M=80  N=M=160
Error 0.0178 0.0089 0.0045 0.0023
Relative Error 0.0252 0.0126 0.0064 0.0032

Secondly, to find an approximate solution of problem (21), (22),
(23) Crank-Nicholson difference scheme is applied and the following
system is obtained.

K

P e [(h_ _)3(%—%“« + a—qm‘) + (ter = E) w22 (ut +ui'11] =

. 2 n® R®
f(tk—g),lngN,lsnSM—l, G
N
ul = iu[:] +(1—2e¥%)sin(nx,), 1< ns M- 1, (32)
=01 k<N, (3)

Write the difference scheme as

eplinag T euhyy + fruf Tt gl + e Tl + e ul = f(tx,), (34)

where

T h*

Hence this system can be written in matrix form as

EUnyy + FU, +EU, y =D, 1Sn=M—1U; =Uy =), (37)

where
(P,[: 1 /gy .
_|et . (1—;&"’ Jsin (mx,), k=0
P P P = (38)
o Fltecjpxu )1 <k <N,
n
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E(k,k—1)=e,_,, E(k,k)=e,_; for 2= k=N +1, the other entries

are zero. F(1,1) = LF{L ED = _?1, for2=k=N+1,Flkk—1)=f,_,,

F(k,k) = g,_, and the other entries are all zero. D is an identity matrix
oforderv+1iand U, = [ul,ul,..,.u¥], s=n—1,m,n+ 1.
In order to solve the matrix equation (37), a modified Gauss eli-

mination method with respect to m with matrix coefficients is applied
as in [5]. Then the results in Table 2 is obtained.

Table 2. Error with Crank-Nicholson method

N=M=20 N=M=40 N=M=80  N=M=160

Error 0.0064 0.0017 0.00043 0.00011
Relative Error 0.0090 0.0024 0.00061 0.00015

3. Results and Discussion

In order to find an approximate solution of one dimensional in space
variable Schrodinger equation (21) with time dependent self-adjoint
operator, with a nonlocal condition (22) in time variable and Dirichlet
boundary condition (23) in space variable, first of all first order of ac-
curacy Rothe difference scheme is applied. The error and relative er-
ror estimations for N=M=20, 40, 80 and 160 are given in Table 1. It
is seen from the Table 1 that when the numbers of discretization are
doubled error and relative errors become half of the previous one. So
in Rothe difference scheme first order convergence is observed. Se-
condly, second order of accuracy Crank-Nicholson difference scheme
is applied. The error and relative error estimations for N=M=20, 40,
80 and 160 are given in Table 2. It is seen from the Table 2 that when
the numbers of discretization are doubled, error and relative errors be-
come one fourth of the previous one. So in Crank-Nicholson diffe-
rence scheme second order convergence is observed. So the results
are in line with an article [5]. In the generalization of studies in the
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article [5] to the Schrédinger equation with the time dependent Hamil-
tonian no difficulty aroused, the results are easily obtained But one of
weakness of this study is that under which conditions the semi-group
oilo4t=es is well defined and the necessary conditions for which the
convergences of the integrals exist are not studied. This kind of study
is done in an article [6] with Ashyralyev and Hanalyev, for not Sch-
rodinger equations but for parabolic partial differential equations with
time dependent operators and this article can be a guide to study se-
mi-group approach for Schrodinger equation with time dependent Ha-
miltonian. Beside these one important difference of this article from
articles [2-4] and [7] is that in this article the Schrédinger equation
with time dependent Hamiltonian is studied in an abstract Hilbert spa-
ces. For further studies, the method worked in this article can be gene-
ralized to stochastic Schrodinger equation with time dependent Hamil-
tonian in an arbitrary Hilbert spaces or Banach spaces.

4. Conclusions

In this work, in an abstract Hilbert space a linear Schrodinger equation
with time dependent self-adjoint operator and with multipoint nonlo-
cal boundary condition is investigated. Existence and uniqueness and
stability estimates of this problem is obtained. To obtain an approxi-
mate solution of this problem first order of accuracy Rothe difference
scheme and second order of accuracy Crank-Nicholson difference sc-
heme are constructed. Stability estimates of these difference scheme
are obtained. To support the theory a numerical implementation in one
dimension in space is given.
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