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1. Introduction

For dealing with uncertainty, Zadeh extended the classical set theory and initiated the idea of fuzzy set the-
ory [1]. In 1986, K.T. Atanassov extended the notion of fuzzy set and proposed intuitionistic fuzzy set [2].
Fuzzy norm was first studied by A.K. Katsaras [3, 4]. Thereafter the concept of fuzzy normed spaces were
presented in succession by C. Felbin [5] in 1992, S.C. Cheng and J.N. Morderson [6] in 1994, T. Bag and S.K.
Samanta [7] in 2003, R. Saadati and S.M. Vaezpour [8] in 2005, I. Golet [9] in 2010 and many other researchers
[10-12] in past years.

Fuzzy Banach algebra was first introduced by I. Sadeqi and A. Amiripour [12] in 2007. Dinda et. al. [13] in
2011, proposed a notion of intuitionistic fuzzy Banach algebra. Fuzzy Menger normed algebra was studied
by A.K. Mirmostaface [14] in 2012. Following the concept of Mirmostaface [14], Binzar et. al. [15] in 2016
studied condition for continuous product in fuzzy normed algebra, N. Konwar and P. Debnath [16] in 2018
studied condition for continuous product in intuitionistic fuzzy n-normed algebra. J.R. Kider and A.H. Ali
[17] in 2019 proposed some properties of complete fuzzy normed algebra.

In 2016, S. Nadadban [18] introduced fuzzy pseudo norm and showed that fuzzy pseudo norm is a general-
ization of fuzzy norm. Following the works S. Ndddban [18] and Bag-Samanta [7, 19], Dinda et. al. [20-23]

extended the concept of intuitionistic fuzzy norm and developed intuitionistic fuzzy pseudo norm.
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While solving differential equation, linear algebraic equation, or integral equation, in intuitionistic fuzzy
environment there is a problem related to inverse operation. In this paper, we investigate the inverse of an
element and properties of the set of invertible elements of a complete IFPNA with respect to Archimedean
t-norm and Archimedean ¢-conorm.

The structure of this paper is as follows: In section 2, we give some preliminary results which were known
before and used in the subsequent sections. In section 3, we propose the definition of intuitionistic fuzzy
pseudo normed algebra (IFPNA) with respect to Archimedean f-norm and Archimedean ¢-conorm and
prove that the algebraic operations are continuous in a complete IFPNA. We also prove a result giving the
condition for the existence of the inverse of an element in a complete IFPNA. In section 4, we show that the
set of all invertible elements (I) is an open set and the map a — a~! from I into [ is strongly intuitionistic

fuzzy continuous(IFC).
2. Preliminaries

Definition 2.1. [24] A function *: [0,1] x [0,1] — [0,1] is called a #-norm if and only if (iff) the following four
conditions are satisfied:

(1.1) e xex=exxe1, Vey,ex€[0,1],

(1.2) ey xep < ey xe3 ifes <e3, Vey,ese3e(0,1],

(1.3) e; % (ex x e3) = (e; * e2) x e3, Vey,en,e3€]0,1],

(14) ey x1=¢e;, Ve €[0,1].

Definition 2.2. [24, 25] A function ¢ : [0,1]x[0,1] — [0, 1] is called a #-conorm iff the following four conditions
are satisfied:

(2.1) ejoex=exoe;, Ve, e €[0,1],

(2.2) eyoer<ejoes ifer <es, Vey,ese3€]0,1],

(2.3) e1o(exves) =(e1oer)oes, Yer,erez€l0,1],

(2.4) ejo0=¢e1, Ve €][0,1].

Definition 2.3. [25] A t-norm * is called Archimedean iff

(1.5) = is continuous, and

(1.6) ey xe; < ey, Ve, €(0,1).

Definition 2.4. [25] A t-conorm ¢ is called Archimedean iff

(2.5) ¢ is continuous, and
(2.6) ejoe; > e, Ve €(0,1).

In the subsequent theorems, we use * as Archimedean #-norm and ¢ as Archimedean ¢-conorm.

Definition 2.5. [20] Let V be linear space over the field K (= R or C). An intuitionistic fuzzy subset (u, v) of
(V xR, V xR) is said to be an intuitionistic fuzzy pseudo normon V if V vy, v, € V

(IFP1) Vs eR, u(vy,s) +v(vy,s) < 1;

(IFP2) Vs € Rwiths <0, u(vy, s) = 0;

(IFP3) Vs € R, u(vy, s) = 1iff vy = 6;

(IFP4) Vs € R*, u(cvy, 8) = u(vy, s) if[cl<1,VceK;

(IFP5) p(vy + vo, s+ £) 2 min{u(vy, s), u(ve, 1)}, Vs, t € R*;

(IFP.6) slingop(vl, s)=1;

(IFR7) if 3 « € (0,1) such that u(vy, s) > a, Vs € R" then v, =6;
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(IFP.8) VY vy € V, u(vy, ) is left continuous on R;

(IFP9) Vs e Rwiths<0,v(vy,s) =1;

(IFP.10) Vs € R*,v(vy,s) = 0 iff v; = 6;

(IFP11) Vs € RY,v(cry,s) < v(vy, s)if|cl<1,Vcek;

(IFP12) v (v, + vo, s + t) < max{v(vy, s),v(vs, 1)}, Vs, t € RT;
(IFP.13) sllngov(vl, s)=0;

(IFP.14) if 3 a € (0,1) such that v(v;, s) < a, Vs € Rt then v =0;

(IFP15) Vv, € V, v(1q, -) is left continuous on R.

Here (V, 1, v) is called intuitionistic fuzzy pseudo normed linear space (IFPNLS).

Definition 2.6. [22] Let (V, u1,v1), (U, 2, v2) be two IFPNLS. A mapping P : (V, u1,v1) — (U, U2, v2) is said to
be strongly IFC at vy € V if for any given € > 0 there exists §(¢) > 0 such that for all ve V,

H2(P(v) = P(vg),€) = 1 (v —1v0,0), v2(P(v) — P(vp),€) < vi(v—1p,0).

Definition 2.7. [21] Let (V, u,v) be an IFPNLS. An open ball B(v, r, s) with center at x, radius 0 < r < 1 and
s€R* is defined by

B, r,s)={ac V:ulv-a,s)>1-r,v(v—a,s) <r}h
3. Condition for existence of invertible element in complete IFPNA

Throughout this paper unless otherwise stated we take * as Archimedean #-norm and ¢ as Archimedean
t-conorm. In this section we endeavor to investigate the condition for existence of an invertible element in

a complete IFPNA.

Definition 3.1. Let V be an algebra over the field of complex numbers, * be the Archimedean t-norm and ¢
be the Archimedean t-conorm. By an intuitionistic fuzzy pseudo normed algebra(in short, IFPNA) we mean
an intuitionistic fuzzy subset (u,v) of (V x R*, V x R*) such that

(IFPNA.1) (V,u,v) is an IFPNLS.

(IFPNA.2) u(vy va, st) = u(vy, 8) o w(va, 1), v(vy v, st) < v(vy,8) * v(va, 1), Yy v2 € V, and for each s, t € R*.

If (V, i, v) be a complete IFPNLS then the normed algebra (V, y, v, *,) will be complete IFPNA.

Example 3.2. Let (V, || -||) be a pseudo normed algebra, and consider a¢ b = max{a, b} and a * b = min{a, b}.
Define y, v:V xR —[0,1] by

N

if s> vl
u(v,s) = s+ vl
0 if s<|vl.
14
Il if s>|vl,
v(v,s) = s+vl
1 if s<|vl].

We will show that (V, i, v, ¢, %) is an IFPNA on V.
From the Example 3.2 of [20] it is easy to verify the conditions of (IFPNA.1). Now we show (IFPNA.2).
Clearly * = min, and ¢ = max are Archimedean ¢t-norm and Archimedean ¢-conorm.

Let v1, v € V and s € R*. Without loss of generality let us assume p(vy, s) = p(vo, s). Then ||v1]l < ||v2|l. Now
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we have the following cases for consideration.

Case-1:

s>llvall =z vl = slvill > llvalillvzll = vy vall
2
= s7lvill > sllvyvall
= s+ s2lvll > s° + slvy v
2 2
=> s7(s+v1l) > s(s” + [lvrv2l)

S2 N

= > >
sc+lvivall s+l

= w(v vy, 5%) >maxiu(vy, s), p(vs, )}
Case-2:

s<|vill = llvell = p(vy, s) =0, pu(va,s) =0

= (v ve, %) = maxiu(vy, s), w(va, )}

Also, Without loss of generality let us assume v(v1, s) = v(v, s). Now we have the following cases.

Case-1:
s> vl = llvill = slvall > lvillllvzll = vy vall
2
= s7llv2ll > sllvivall
2
= s7llvall + lvzllllvy vzl > sllvyvall + w2 vy v2l
2
= [lvall(s” + llvrv2l) > lvivall(s+ lv21)
lvyvall vzl
s+ lvivall s+ vl
2 .
= v(v1v,57) <min{v(vy, s), v(vy, $)}.
Case-2:

sslvill = llvzll = v(ve,8) =1, v(v1,8) =1

2 .
= v(v112,57) =min{v(vy, s), v(vo, $)}.

Therefore, (IFPNA.2) is satisfied and hence (V, , v, ¢, *) is an IFPNA.
Example 3.3. Let (V, || - ||) be a pseudo normed linear space. Define y,v: V xR — [0,1] by
1 if s>|vl,

wlw,s) =
0 if s<|v]|.

0 if s> | v,
v(v,s) =
1 if s<|v].

Then (V,u, v, ¢, *) isan IFPNAon V.

37
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From the Example 3.1 of [20] and from Example 3.2, the proof follows.
Theorem 3.4. In an IFPNA (V, y, v, o, *), the algebraic operations “+ " and “-" are continuous.
Proof.

Let {a,}, and {by}, be two sequences in V converges to a and b respectively. Then for every s € R*,

lim p(a,—a,s)=1, lim v(a,—a,s)=0and lim u(b,—-b,s)=1, lim v(b,—-b,s)=0.
n— oo n— oo n— oo n— oo

Now, u((an + by) — (a+ b), s) = min{u(a, - a, 3), u(b, — b, 5)}. Hence

lim p((a,+by) —(a+b),s)
n—oo

. . N . S
2mln{nh_p(l)op(an—a,g),nlirréop(bn—b,é)}

=min{l, 1} =1.
This proves the continuity of addition in (V, i, v, o, *).

Again, u(a,b,—ab,s) = ulanb, — anb+ a,b—ab,s)
= p(an(by—b) + blan—a), s)

= min{,u(an(bn - b), %), wibla, —a), %)}

. S ) N )
= mln{#(an, \/;) o by — b, \/;), (b, \/; o ulan—a, \/;)}

Therefore, lim p(a,b, —ab,s)
n— oo

> mi li S 1, li b S 1
> min anoop(an, 5)0 ,anoop(, 5)0

> min{l, 1}

=1.

Hence multiplication is also continuous in (V, , v, ¢, *).

Theorem 3.5. Let (V, y, v, ¢, *) be a complete IFPNA. If a € B(0,r,s), s€ R* and 0 < r < 1 then the inverse of
(i — a) exists and

(oo}
G-a) '=i+ Z a”
n=1
where i and 0 are the identity and the zero of V respectively.

Proof.
Since a € B(0, 1, s) we have u(a,s) >1-r, v(a,s) <r,foreachse R" and0<r <1.

First we verify the convergence of the series .77, a" in V.
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Let u, = Z;’zl a’ thenitis enough to verify that u(un+p — up, $) > 1—rand v(uy+p — Up, ) < r. Now,

H(Unsp — Un, $)

_'u( n+1 an+2+”'+an+p, S)

>m1n{,u(a mi/i)o“(a "+\1/7)° -0 wla, ”*\1/7) pla, ”*i/i)oﬂ(a ”*i/i)o -0 u(a, n+</7)
N S S
-, ula, n+§/j)<> ula, n+§/j)<> - o u(a, n+§/j)}

>min{(l-r)¢(1-r)o---o(1-r),l-nrnNold-r)o---o(l=r),---,0=-ro1-ro---o(1-r)}
>min{(1-r), (1-r), ---, (1 =r)}, [By (2.6) of Definition 2.4]

=1-r

V(un+p — Uy, S)

ZV( n+1+an+2+_“+an+p’ S)

< maX{V(a"“ ), v(a"*?, i), ---,V(a"“’,%)}

s s s s s s
s max{v|a, "/ —|*v(a, "{/=)* - xvia, "} =), via, "¢[=)*v(a, "¢ =) * - xvia, "¢ =),
R R R R R
,via, "*(/7)* v(a, (/7 * -ox v(a, "+§/7)}

<MaX{r * ko kI, F % F koo sk, oee  F kT %%}
<max{r, r,---, r}, [By (1.6) of Definition 2.3]
=r.

Hence the series )7, a” is convergentin V.

Now (i-a)(i+a+a’+---+a")=(i+a+a*+--+a")(i—-a)=i-a"".

Also,

p@™,s) = pla, "Vs) o pla, "Vs) oo pla, "V's)
>(1-rnNo(l-ro---o(l-r)
> (1-r), [By (2.6) of Definition 2.4].

v(a™, 1) < via, "Vs) * via, "V/s) * - * v(a, "V/s)
STETH kT

< 1, [By (1.6) of Definition 2.3].
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n+1l

Hence a""" converges to 0 as n — co. Therefore taking n — oo we obtain

(i-a)i+) ah=(>+) aMi-a)=e

n=1 n=1

Thus i—-a) =i +Y%  a”.
Corollary 3.6. Let (V, i, v, ¢, *) be a complete IFPNA. If i —a € B(0,r,s), for each s € R* and 0 < r < 1 then

the inverse of a exists and

o0
al=i+Y (i-a"
n=1

Corollary 3.7. Let (V, i, v, o, *) be a complete IFPNA. If A(# 0) be a scalar such that § € B(0,r,s), for each

se€R" and 0 < r < 1 then the inverse of (1i — a) exists and

o0
Ni—a)~ ' = Z A7 a7t
n=1

Proof.

Since % € B(0,r,s) foreach se Rt and 0 < r < 1, then
,u(ﬁ,s) >1-r, v(g,s) <r > ,u(i—(i—ﬁ),s) >1-r, v(i—(i—ﬁ),s) <r
A A A A
Hence by Corollary 3.6, the inverse of (i — /,—‘{) exists i.e., the inverse of (1i — a) exists.

Also, Mi—-a) '=A"1G-1"1a)7!

oo
=AM+ > {i—(i—/l_la)}n , [by Corollary 3.6]
n=1
o0
=A7Hi+ ) AT"a"
n=1
oo
— Z A—nan—l
n=1

4. Properties of invertible elements in IFPNA

Theorem 4.1. Let (V, , v, ¢, *) be a complete IFPNA. Then set of invertible elements of V is an open set.

Proof.

Let I be the set of invertible elements of V. Let ag € I, then we have to show that B(ay,r,s) < I for each
seR*withO<r<1.

Let ae B(ag,1,s) then u(a—aop,s) >1-randv(a—agp,s) <r.

Let us take r € (0, 1) such that r < min{l — u(aal, s), v(aal, s)}. Then
ula—ap,s)>1-r> ,u(aal,s), v(a—ag,s)<r< v(ao_l,s). (4.1)

Letb=a, 1a, and ¢ = i — b, where i is the identity of V. Then for all s € R*,
u(c,s) = u(i—b,s)
=ub-1,s), [by IFP4)]
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= ,u(ao’la—aalao,s)
= ulay ' (a— ag), s)
= play',v/s) o pula— ag,\/s), [by IFPNA.2)]
> ula— ag,v/s)o ula— ap,/s), [by Equation 4.1, and (2.2) of Definition 2.2]
> u(a— ag,/s), [by (2.6) of Definition 2.4]
>1-r, since a€ B(ag,1,s) forall se Rt with0< r <1.
v(c,s)=v(i—b,s)
=v(b-1i,s), [by {FR11)]
=v(ayta—ay'ao,s)
=v(a,'(a—ap),s)
< v(ay',V/s) *v(a—ag,V/s), [by IFPNA.2)]
< v(a-ag,/s) * via—ap,/s), [by Equation 4.1, and (1.2) of Definition 2.1]
< wv(a- agp,/s), [by (1.6) of Definition 2.3]
<r, since a€ B(ag,r,s) forall se RT with0O<r < 1.
Hence c € B(0, r,s) and therefore by Theorem 3.5, (i — ¢) is invertible; i.e., b is invertible. Hence b € I. Now
ap€land beI. Hence ag.beI; ie, aoaala el; ie., acl.

Thus B(ag, r,s) < I and hence I is an openin V.

Corollary 4.2. Let (V, 1, v, ¢, *) be a complete IFPNA. Then set of non-invertible elements of V is a closed

set.

Theorem 4.3. Let I be the set of invertible elements of a complete IFPNA (V, u, v, ¢, *). Then the mapping
P from a to a~! of I into I is strongly IFC.

Proof.
Let ag € I, then by Theorem 4.1, B(ay, 1,s) < I, where se Rt and 0 < r < 1.
Let r <min{l - ,u(aal, 1, v(aal, 1)}, and a € I be such that a € B(ay, 1, s). Then we have the Equation 4.1.

Now by Corollary 3.6, a~'ag = (aala)_l =i+Y5, (i— aala)n. Therefore,
(a_la —1i ﬂ—z)
1% 0—1, 6

= (i(i—a a)" 1+1+1+i+ )
THLEY TR W T 16
1

) ) } [by (IFP5)]

. . -1 . -1 52 1
Zmln{,u((l—ao a),l),u((l—ao a) ’Z)’ ,u((t—ao a)",

IV

1
{u ay (ao—a) 1) ,u(aal(ao—a), )o,u(ao (ap—a), - ) } [by IFPNA.2)]
n{u ay',1) o pllag— a),l),u(aal,%)ou((ao—a), ) (ao ) )ou((ao a)%)} [by (IFPNA.2)]
>m1n{u((ao—a) Do pu((ag—a),1), u((ao a),%)ou((ao a),ﬁ)ou((ao—a),%)ou((ao—a),%),---},
[by Equation 4.1, and (2.2) of Definition 2.2]
> min{p((ao -a)l), ,u((ao - a),%), }, [by (2.6) of Definition 2.4]

n 1 1 1
= u|(ap—a), lim (—) , since ((a,-) isanon decreasing functionand 1> — > —>—>--->
n—oo\n 41 95 168 n2za
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=u|(ag— a),nlingo -

nn
=u((ap—a),l)
= u(a— ap,1), [by (IFP4)].

Hence
N &
H(d ap—1, E)>u((a—ao),1) (4.2)
Also,
(a lag—e n_z)
"6

x 1 1 1
=vIY i-a'a)", 1+ =+ +—+-

(nz 0 @ 4 9 16

IN

max{v((i—a, La), 1), v((z—ao a) ,i),---,v((i—a&la)”, ni)'}' [by IFP12)]

IN

1

1
max{v ay'(ag—a),1), (aal(ao—a),;)*v(ao (ap—a), = ) }, [by (IFPNA.2)]
smax{v ao 1) % v ((ag—a),1), v(ao ,%)* v((ao a), — )*v(ao ,—) v((ao—a),%),---}, [by (IFPNA.2)]

< maxqv((ay—a),1) *v((a—a),l), V((ao a),%)*V((ao a),\/z)*V((ao—a),%)* V((do—d),é),“'},
[by Equation 4.1 and (1.2) of Definition 2.1]

< max{v((ao— a),l), v((ao— a),%), }, [by (1.6) of Definition 2.3]

1 \2n 1 1 1 1

<v|(ap—a), lim (—2) , since v(a,-) is anon increasing functionand 1> —> —>—>---> = >

n—oo\n 41 9% 168 n2an

. 1

=v|(ap—a), lim —

n— oo n;
=v((ap—a),1)
< v(a—ap, 1), [by IFR11)].
Hence

2
v(a_lao—e, F) <v((a-ap),1) (4.3)

Letae Iand P(a) = a~!. Letus takee = Z % >0,

p(P(a) — P(ap),e€)

=ula - ag?, 7316)

=p(@a-ay, %)

> ((a ap— i), % )<> [ (a(;l, ’gf), [by (IFPNA.2)]

> p((a—ap),)o p(ao 1 ”62), [by Equation 4.2]

>pu(la—ap),op ((a — ayp), FZ ) , [by Equation 4.1]

= u((a—ap),1)op((a—ap), 1), since p(a,-) is a non decreasing function and 1 < %2 and by (2.2) of Definition
2.2.

> u((a—ap),1), [by (2.6) of Definition 2.4]
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= p((a— ap),0).

Also, v(P(a) — P(ap),€)

=v(a™! —aal,%)

=v((a‘1a0— i)aal,%)

<v((@ta-,%) v(a;, %), [by IFPNA2)]
<v((a-ap),1) v(aal,%z), [by Equation 4.3]
<v((a—agp),1) * v((u—ao),%z), [by Equation 4.1]
< v((a—ap),1) *v((a— ap),1), since v(a,-) is a non increasing function and 1 < %2 and by (1.2) of Definition
2.1.

<v((a—ap),1), [by (1.6) of Definition 2.3]

= v((a— ap),d).

Thus for every € > 0 there exists § = -5 such that

36

w(P(a) - P(ap),€) = ula—ap,d), v(P(a) — P(ap),€) < v(a— ap,6).

Hence the mapping P from a to a~! of I into I is strongly IFC.

Corollary 4.4. Let I be the set of invertible elements of a complete IFPNA (V, i, v, ¢, *). Then the mapping
P from a to a! of I into I is strongly IFB.

Proof.

From Theorem 4.6 of [22] and Theorem 4.3 the corollary follows.
5. Conclusion

In this paper, we have proposed a notion of intuitionistic fuzzy pseudo normed algebra and investigated
on inverse of an element in a complete IFPNA. With suitable adaptation, the notion of IFPNA deserves
attention in the study of spectrum of a bounded linear operator in intuitionistic fuzzy pseudo normed linear

space.
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