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Abstract - Necessary and sulficient condt-

tions have been cstablished for an infinite matrnx

A=(a,)) to transform Cs(P.S) £ (p.s) and £(p,s)
into Q (semiperiodic sequences space), where ¢ (p.s)
and £_.(p.s) the setol all complex sequences X = (x)
such that limy (k'slxklpk)={) and supy (k"slxklpk)<w,
respectively, p=(py) stncty positive numbers and

s> () 1s a real number.

- INTRODUCTION

The generalized sequence spaces £(p). £ .-(p) and

¢,(p) ntroduced by .J.Maddox|3}Recentiy, Bulut and

Cakar[1] dchined the sequence space {{p,s) that

generalizes £(p) . In a similar way, Basarir| 5] introduced

the gencralized sequence spaces ¢ ,(p.s), ¢(p.s) and
{ -(p.s) that several known sequence spaccs are
obtained by taking special s and (pg). Sirajudcen and

Somasundaram(4] obtained conditions to characterize
the matnx transformations of c_(p) £(p) and 7(p)
into Q (the semipenaodic sequenices space).In this paper,
we obtain conditions to characterize the matrnix trans-
formations of co(P:S) . £(p.s) and £(p.s) nto Q.

In §I1 we deal with definmmtions and some
known results as femma which will be used in 11T for
establishing conditions to characterize the matrix

transformations.

-

II. BASIC FACTS AND DEFINITIONS

Let X.Y be two nonemply subsets ol the

space S ol ali complex scquences and A =(ajy) be
an nfimte matnx of complex numbers ag)
(nk=1.2,3,..)). For every x=(x) € X and every
integer nowe wnte A (X)=2 aX. Here and
atterwards the sum without limits 1s always taken
[rom k=1 to k=c. The sequence Ax=(A_(X)),
o it cxusts, 1s called the transformation of x by the
matnx A. We sav that A €(X,Y) 1if and only If
AXEY whenever xeX.

Throughout the paper, unless otherwise indi-

cated. p = (py) will denote a sequencc of strictly paosi-

tive real numbers (not necessanly bounded in gencral)

and s=0 1sa real number.c, represents the sequence

¥

(0,0....,0.1,0....) the 1 in the kth place.
Now we define ([1].[4],]51.[61)
Ce(p.s) = { X: supy kK™ Xk ka< o }
Colp,s) = { x: hmy k™S | Xk Pk = 0 }
fps=4 % Ix kS| Xk Pk < oo .3
Q={x: X 1s a semipenodic sequence }
A scquence X = (x) is said to be semipenodic, if to

cach €>0, there exists a positive integer 1 such that

Xk~ Xkyri | <€ for all r and k. The space Q s

scperable subspace of €., , the bounded sequences

space.lt is easy to sce that the necessary and sufficient

condition for ¢ (p.s) ., £(p.s) and £(p,s) spaces to
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be lincar is O < pp < sup pp <22 ((p.s) 1s a lincar
paranormed scguence spacce by

h(x)=(Zy kS 1Py M
where M= max(1,sup pi). ¢ (p.s) 1s paranormed space
by &(x) =supy ( k"5M l,\‘k!pk/M ). Also F(p.s) 18
paranormed by g(\) if and only (f inl pp >0. All
the spaces delined above are complete 1n their to-

pologics.When p, = 1 torall kK, write £ (p.s) .

)]
S

¢,(p.s) and £(p,s) as foog LG and €. .
respectively. When py = 1/ K forall k. £ (p.s) and
cu(p,s) becomce |, respectively | T'*(s) and  T(s)
spaces which generalizes the spaces introduced by
V.Glyer[2]. When pp=p>1. f(p.s) becomes f.'pg
space.

It1s well-known that, ff  (X.g) 18 a para-

norined space, with the paranorm g, then we denolce

by X* the conlinuous dual of X, t.c. the sct of all

continuous hincar functionals on X, If E 1s a set of

complex scquences X = ( x, ) then EB will denole
the generalized Kaothe-Toeplitz dual of E
- {a: 2 N converges foralix €k |
Now let us quote some required known results

as follows.

Lemma A : [5]  ¢,(p.s) P U { a=(uy) :
N > |

_]i \ <! \
S lad N7TPR TR ey

LemmalB :15] /foc(p,s)f)’: ﬂ {a=(y) :
N > |

2" ...f .
5 lay ! NP SR o \

Lemma C 2 |11 1- Let O<p <1 for everv k.

Then A &€ ( £(p.s), fx) il and only af
SUpyg & (k- la ] Pk o
- Let l<pp<sup pp <o and pk‘|+ qk”| =1 Tor
everv K. Then A€ (L(p,s) . ) 1if and only if
there cxasts an integer M>1 such that
suppy ( S lagd &Mk 5o
LemmaD:[SJAE€({x(ps). ) 11 and
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L, e bpr . sip
. . ‘ X k - i o A

N> |.
Lemma B |5 let p€E .. Then AE

(¢ (p.s), £(ps)) 1l and only if there exists an

absolute constant B> 1 such that

-G ‘ Ty S 71
sup, 0 { Zg lagl B 'k 15Tk o

b4

A
where rk:Pk dl]d .\k-—-qk : Ik+ gk =

1. MATRIX TRANSFORMATIONS
Theorem 1 . Let p&E (.. Then AE

-— o — = e

(¢, fp.s), Q) il and only
1- Each column of the matnix A=(a 1) belongs to Q

and

- There cwsts an absotute constant M > | such

. pe sl
that sup, { 2k lal M L R } < o,

Prool. Let A € ( ¢, (P.8), Q) . Since (ep)E

¢,(p.g) . the necessity of (1) 1s trivial. Since QC .

the necessity of (1) follows from lcma E.
Conversely, let (1) and () hold and ()€

¢, (p.s). Then

- pL sy .
2k lagl M L s indcpendent of n

(1)
Since pE& (4, , we can take on ¢ (p,s) ,thc paranorm
| & T
g(x) = supy. (k7 I\'kl“\) L :

where H = max(1,sup pg). Then
n

£l X - E kO )= sup e lxklpk) Vi _, O . as
ke k=p +1

p—= > . Sothat X = 3 xpe with this topology on
C,(P.5).
Henee given €>0 | there exists p=21 such that
kS PR ey UM (2)
for k=2p .
When p s fixed | sinee (X e C p.s) , we
have
iyt < NCTPR SR (R (3)
where R=max { | . N- Pk k" Pk b

By (1) . for €0 and foralln and r | there

cxists 1 k=1.2....,p such that
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: - - . T R
| il A s .k |< v 2pR).
0 s the feast common multiple of oo h=1200p

we have

]’!

2 by k- @y gk I TI2R) (1)
=y

Now we hay e

B M Sp+87 ()
P
where Sy = V b(a . - a . ) N boand S, =
I 24 n k n+ri1 KK 2
k=1
"
E '(;lil!\-;lll+fi,k)\kl'\VC EIC[ S;(f

using () and (4y . Also, using (2) and (1)
: o

RN ey | I
}J ,t.]nkll\klf*: E I(lnkl(]\kll\ ) K

k=]1+] k= P+
C
7D &
< £4IL) E la, (WM TR PR cg g
K=p+l
. 3

Stmilarty | we get E oy v et | xe <& 740%

sothat S, <€/ 2 Henee (3) gives

13
L]

Vg Vo il <E

<o that (y =@ 2

Corollary 1. A& (. Q) ol and oniv it

S

- Bach column ol the matri A=(a,) belongs to ()
amd
- S | _
- 2y lagd K < NMoandependent of n
Proofl. Take pg=1 lor all K.

Coroflary 2. A (1<), Q) 1f and ondy 1

1- Each columm of the matriy: A=(a, ;) belongs 1o Q
awd
it- There cvusts an abeolute comstant N> 1 <uch

: k <Kk
that sup, { 3 fa ! M K} <o

Proof. Take p=W/K for all K.

Theorem 2- [t tor the set of all p=(p) . there

. , . .
cxasts an N> oosuch that }_k N AN < 2 then
AE(Lo(ps) Q) i and only  f

- Each column of the matnx A=(a ) belongs (o Q)

and

FATEEES |
N I T‘\' ’ k ‘\ - Y - - * ;
- supy, 1 2 gl M N b7 tor cveny

imtcger N>

Prool. Let A € (/(ps), Q). Since (¢ )E

(o (p.S). trnvrally (1) s necessary . Sinee (X the
necessthy of () Follows from femma D,

Comversely det (1) and () bold and (v
{2 (ps). Then
- 0 AT , -
Yl M R <1 independent of i
(6
Since Tor the set ol all p=(p) . there exists an N> |

_ I p . |
such that 3 N N o> ceiven an >C there oxists

an p>1 such that
o
-k
z N PRce 4L (7)
k-.:-rl_*.l
When pois fived ©sinee (X )& ( o(P.8) . we
have
. I Py S P .
el S R VPR YR <8 ()
: [ . S :
where S = o (1R TR Pk k=1.2,....p
By (). for €0 and forn and v . there exists
R <uiich that
Tk Qg4 ik . Kk < €/(2pS) -
Then choosing 1 to be the Teast common multipte

o ik: k=§.2.. 4 .we have

K |
kN ! ~
},, F & e Ry ik 1 EHES) . (Q)
h=1
NOw
'-\n = N 4 ril'“': SI+SE > (10)

n
P
where 5 = E | (a,, | - @ a4t k) X! and 5q =

k=1
0

d
Z (B =Wy of Bl W gl &) <&/ 2
K=p+ |

using () and (9) . Further, using (6)
&8

2 lunkll,\'kig

K=p+1
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m
2 [ M"’Pk kﬁ.[}k Rlzpk kx P

k=p+1
< |
<L E (R1M) Tk
k=p+l
Qo
Now choosing M>NR | w¢ have 2 | ) sy
k=p+]

00
<L E NPk g , using (7).

k=p+]
o0
Similarly | we get 2 la p i kI Xkl <€/ 4
K=p+1

sothat S5, <€ /2. Hence (10) gives

|y { < €

Mo Y+

so that (y,)EQ .9

Corollarv 3. A€ (T'(s) . Q) il and only if

- Each column of the matnx A=(a ;) belongsto Q

and

- k . SK :
- sup, { 2k fa l M K} <® forevery integer

M>1.
Proof. Take p=1/k for all k.

Remark. Theorem 2 s false in the generai

casc even when we replace (1) by the stronger assump-

ton that cach column of the matnix A=(ag;) 1s penodic

as a counter cxamples i |4] .

Theorem 3 A€ ( £(p,s) .Q) if and onlyf
i- Each column of the matrnix A=(ag) belongs to Q
and
. i S pk
- supp g 4 K la '™ } <o when O<py <1 .

o1

There exists an integer M > 1 such that

: Qe , S (q-1
Supn {4 2k Ianquk VLA ) } <o
x
when l<pyp <sup py<® and pp +q =1.

Proot. Let A € { {{p.s). Q) . Since (¢ )E

£(p,s), the necessity of (i) 1s obvious. Since QC £ ..
L 1@ A

the necessity of (1) follows from theorem 3 [ 1] .

Conversely, let (1) and (1) hold and (xp)E

£(p.,s) and H = max (1.sup p) . From (i) | we have

06

S ag k<L ind L
k' la ' " <L independentof i | when O<py <1,

! 1 . s (au-1| . .
2o !unkl(u\ N ‘i k'3 (-1 < L. mdecpendent of n

for some integer M>1, when l<p <sup p <«

Y

().

Since (x)E £(p.s) . for a given €0, therc cXists a

p>| such that

00
E kK I\klPk <€/4L. ,when O<p, <1 and
k=p+1i

00
( E S PRy M e s aMca
K=p+]1
when I<pp < H <o, (12)

When p s fixed | since (xp)€ £(p.s) C
Co(p.s) . we have

S NCTPR RS TPR op (13)

where R = max (1, N VP K l pk) y k=120 480

By (1) . tor €0 and forn and v, there
cxists 1 k=1.2....p such that

|t o % gy rik,kks/(?’pR) .

I 1 18 the least common multiple of 1 ; k=1,2,...p

then
p
E la -, rikl< BE2R) . (14)
K=1
Now
I¥n - Ve ri I 91+52 (15)
p
where Sl = z i(-ll ok - d o 4 il,l\) ‘(kl and 82:
k=1
0
E k- ik
K=p+|

Case (a) - When O<py <1, since (x;)E £(p,s),

2k K l,\klpk < 1/1,. Where we can, without 1oss of

penerality, use the same L asin (11) so that
L Pr
L PO BRI I
Hence, using (11) and {12)
00
g = E 3 g g Mgt B SR
k=p+|
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9 0)

< Z (@ s+ ta ool gD
K=p+1

w i
s2 Y kTP LK g
k=p+]1

0.0)
<2 N Lk gtk <es2
K=p+1

and S| <€/2 _using (13) and (14) . Then form
(15}, we have 1y, -y, ,,il< & Hence (3,)€ Q.

Case (b) : When 1<py <H <o | by the proof

of Theorem 2[1] and the incquality

laxI<B( lall B §° Wb, s N ).
-1 ;
where p +¢ b , we have

oG
DT
K=p+1
0 .
<M {( E |ank|‘lk M Ik S (clk-l))+
k=p+1
o0
(Y kTR
k=p+l
00
<M ( Z fa ™ M TR D
K=p+l
00
( 2 K ixkipk ) }H”< E/4
K=p+1
ustng (11) and (12).
a0
Similarly | we get E HE 5 e ,k’ | Xy |
k=p+] .

< €/4 so that Sr<€/2 and Sy < €/2 | using

(13) and (14) . Hence (y, )€ Q so that

AE(lps),Q) .0
Corollary 4. A€ (£, , Q) 1 and only il

I- Each column of the matnx A=(ay) belongs to Q

and

- ko I, = M independent of n oand k.
Proof. Take pp=1 for all k.

Corollary 5. Let p>1 and p_I + q_] =] . Timem

Q) if and only 1f

AE (£ .

1- Each column of the matnx A=(a ;) belongs to Q
and

- sup, 1 2k k b

zxnqu < @
Proof. Take p=p for all k so that gqy=q

-1 -1 -1
for all K and Pk l+ (p =1 beccomes p +q =1.
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