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Abstract- Necessarv and sufficicnt condi­, 

tions haYe been cstablished for an infini te matrix 
A= (͙k) to transform c0(p,s) , f.00(p,s) and ((p,s) 

into Q (semipcriodic scqucnces space), \vhere c0(p�s) 

and e00( p,s) the set of aJJ complex sequenccs X= (xk) 

such that limk (k-slxkıPk)=O and supk (k-slxkıPk)<oo, 

respectively., p = (PJç) strictly positive nunıbcrs anJ 

s> O is a real number. 

1- INTRODUCTION 

The gcneralized sequence spaces C(p),fcc(P) and 

c0(p) introduceJ by l.JJvfaddox[3f:-Rcccntly. Bulut and 

Çakar[ 1} dcfıned the sequcncc space t(p,s) that 

generalizes e(p). In a similar \\'ay, Başanr[5] intrcx1uccd 
the gencralizcd sequence spaccs c0(p,s), c(p, s) and 

t'00(p,s) that seYeral kno\"�'n sequence spaccs are 

obtained by taking specia1 s and (pJ. Sirajudcen and 

Somasundararn[4J obtained conditions to characterize 
the matrix transformations of c0(p), f00(p) and e(p) 

into Q (the semiperiodic sequences space).In this papcr, 

\\'C obtain condi tion s to characterize the matrix trans­
fonnations of co(p,s) 'foo(p.,s) and e(p,s) into Q. 

1 n §ll \Ve dea) \vith defini tions and so me 

known resu-lts as lernma \Vhich ''·ili be uscd in §III for 

estaolishi ng condi tion s to characterize the matrix 

transfo 

IL BASIC FACTS AND DERt�TlONS 

. Let X.Y be t\'v'O nonempty subsets of the 
space S of aiJ complcx scqucnccs and A = (ank) be 
an infinite matrix of complcx numbcrs nuk 
(nük= 1,2߫ 3߬ ...) .  For every x = (xk) E X and every 

integcr n \\'C 'vrite Au(x)=Ik ank.xk. Here and 

aftern:ards the su m \ı..·ithout limits is al \vays takcn 
from k= l to k =  oo. The sequence Ax = (A0(x)) , 

if it cxisL<;, is called the transformation of x by the 

matrix 1\. Wc say that A E (X,Y) if and only if 

A xEY \\'hcnevcr xEX. 
Throughout the paper, unless othef\\iise indi­

catcd, p =(pk) \Vi ll denote a sequencc of strictly posi­

tiYe real numbers (not necessaıily bounded in general) 

and s>O is a rcal number.ck _͘epresents the scqucnce 
:.it 

• 

(0,0 .... ,0,1,0, . . .  ) the l in thý kth place. 

No\v \ve dcfinc ([11,[4.L[5),[6l) 
eoo(p,s) = { X: SUPk k-sf Xk lpk < oo } 

c0(p,s) = { x : limk k-s 1 xk ıPk 
= O } 

C(p,s)= { x : Ik k-s 1 xk ıPk < oo , } 

Q = { x: x is a semiperiodic scquenc·e } 
A scqucncc x = (xk) is said lo be semiperiodic, if to 

cach E>O, there exists a positive integer i such that 

· 1 xk- xk+ri 1 < E for all r and k . The space Q is 

scpcrable subspacc of e00 , the boundcd sequence¹ 

space .It is easy to see that the necessary and suffıcient 

condition for c0(p,s) , f00(pºs) and f(p,s) spaces to 
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Matrix Transformations of Co (p,s), l0c,(p.s) and l(p,s) into Q 

be lincar is O< Pk < sup Pk< JJ. ((p.s) ıs a lfncar 
parcınormed scqucncc space by 

h(x)=(Ik k-ߨ ''kıPk) l /M 
, 

\-\'here l\l= max( 1 ,sup Pk). c0(p.s) is panınorrncd space 
by g(:\) = SUPk ( k-s/ߪi h:kıPk1͗1) . ,A.Iso rf(r.s) rs 
paranornıcd by g(\) if and ()nfy if inf Pk >0. AJj 

the space� derincd aboYc are compfctc i n t hri r to­

pologics.\Vhcn pk = 1 for all k, \\Titc f.:x/p,<.;). 

c0(p,s) and f(p,s) a.� (00ߧ , c0s and fe:. 

respecti,·cly. When pk :-:: J 1 k for aif k, f x(p.s) and 
c0(p,s) bccon1c, rcspcctivrly , f'*(s) and l(s) 

spaces Vv'hich gcnemli7.cs the �paccs introduccd by 
V.G.lyerf:?.l. When Pk= p > 1 , f.(p,s) hcconıc7 (P 

t'pace. 
s 

lt is vvcl1-kno×vn thal, if (X.g) il a para­
nonncd space, \Vİth the paranorm g, thcn H'C Jcnnlc 

b): X* the continuous dual of X, i.c. lhc sel of all 
continuous J inca ı functionals on Xߥ If E is a set of 
comple\. scquenccs \. = ( -xm) then E͏ \Yi ll dcnole 

the generalizcd Köthc-Tncplitl Jual of E: 
Ef\= { a : Ik ak '-k cnnYcrgcs. for all "\ E E } 

No\v lct us quotc �on1c rcquircd kno\\ n rcsultU 

as follO\\'S. 
Lernma A : ısı c0(p.s) B= U { a =(ak)

N> 1 
1ak1 N� 1 i Pk ks , Pk < oo } 

B : ısı ( cc(p,s)͖= n f '1 ( '1 ) .'\ '  -- '-k
N> 1 

1 'I' ͐.'pLk lak l N . k k k< oo } 
L,cın rna C : t 11 i - Lel 0<Pk < 1 fnr cvC'ry k . 

Tbcn A E ( {(p,s) , {\X)) jf anJ only 1f 

ks . Pk �supn,k ( 1<1 n kı )< oo . 

.. L 1 -1 -1ıı­ ct <Pk_<sup Pk <oo and pk + qk - f ror 
cvcry k.-rhcn A E ( ((p,s), {ߦ) if and only if 
thcrc cxisls an in tcger f\..1> 1 such that 

, 1· SUPn c*k )<X. 

Lcnuna D: fS]/\ E ( C͔(p͕s), f(X)) if and 
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()ııl \' ı· r 'ur ' 'ı· 1 N 1 ' Pk Pk ..· n "'×k d nk '- 00 for CYcry 

N>l. 

Lcnın1a E151 : ߤ l.,cl r E f.00 . ·rhcn A E 

absolutc con<.:lanl n> 1 
-ƅ 

slJ c lı tlı͑ıl 

sup11 n { Lk !anki B rk s rk } 11<oo,
- 1\vhcrc rk=pk and sk=qk 

1 : rk + sk = 1. 

III. f\1/\TRJX 'TRA NSFORMA'rlONS 

Thcorcn1 1 . L,ct p E fcc . 'fhcn A E 
(c (p.�). Q) if and onlY ifo � 

i- E.lch cnlunın of the nıatıix A=(ank) be1ongs to Q 

i1- Thcrc r\istk an absofutc constanı iv1 > 1 such 

ı ' 1 1 . ı.·Pk s 1 Pkt 1at su pn t k ank rv1 k } < oo. 

Proot. Lct !\ E ( c0(p,s), C2) . Since (ek)E 

c0(p,�), the ncccssity ot (i) iÖ trivial. Since (!::_ e00, 

the o( (ii) fnJio\vs frnn1 lcınına E. 
Con\ctscly? Jel (i) and (ii) hold and (xk)E 

c0(p,s). Tlıcn 

, 1 ı 1'Pk ; Pk4-Jk k tv1 L indcpcndcnt of n 

( 1 )
Sincep E (rY: ,  \YC can takc on c0(p,s) ,lhc paranorm 

g(\) = supk ( k-s 1\.klpk) I/H, 

"here 11 = nHt:\( 1 ,t.;up f'\)· ͒fhcn 
n 

g( :'\- 2: "k<'k) = sup ( k-s hı/k) !lll-- O, as 

k=l k2:p+l 

p Ƅ r.; . So that \. = Lk ͌kek \\'ith this topology on 
eP( p.s). 

T lence gi Yen c>O , thcrc exists pߣ I such that 
k-s/H l\k ıPߩJH < f 1 ( 4LM I/ll ) (2) 

t'< )J' k>p . 

When p is fixcd , since (xk)E c0(p,s) , \Ve 

1 \k 1 ߠ N . J k.s ' Pk < R (3) 
\\here ı; s ,R = nıa"< { 1 , N­ · k' ' } 

Dy ( i) , for f.>O anJ for all n and r , there 

cx ists i k: k= L2 ....,p Vuch that 
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1 ank-a n ı. r ik.k 1< ft(2rR).
rr i iߢ l!ıc lca't (.'(111llll()J1 ıntıltiplc ('f ik : k='-ߛ-· . . p 
\\e ha \"C 

p 

\\here 

X 

2 

ı a ıı k- a n 1 ri .k k !'1(2R) · 

k=1 
Nn\\. \\'C' ha' c 

1 Yn - Yn .ı. r i 1< S t + S2 · 

p
S ı ::: 2: ı (a n k - a n 1 r i .kl 'k ı and 

k=l 

( ı) 

 (ߌ )

s.,-

1 (a 11 " - a n ı- r 1 .J.J \k 1 . \Vc Wcl S 1 < f .' 2
k=p+ 1 

k= pt t 

 ƃınd ( 4) (ߍ )

X, 
"-rı+l 

Pk fl 1 J Pkı illl k ı ( ı '"ı ) 

< fl(--11.) 2
k-p+ ı 

ı c.; Jl1 ı k k < i . 

X 

Siınllarl\ 1 a n ·t- r i .k 1 1 '\k 1 < F / 1ߒ. 

�nrlıar S2<E12.1icncc (5) gi\TS 
1 Yrı Yn ·i r i 1 < E 

�o tlıat ( )  n)F() . 0 
l. /\E ( cl1Ƃ _ (j) if and (lnh if 

ı- rߎ l(.'h c()J un1 n ( ) f th(' n 1at rj \ ;\ = ( :.ı ll k ) be1()n !2' l() () 

<.uıJ 

ii- Ik !anki k s < 1ߏ indcprndcnl of n. 

Prnor. ·rakc Jik-= 1 f< �r all k . 
Corol lar\ 2. A E. ( re:�) , Q ) ir and nni\ if 

i- Fߖach colunın of lhc nıatri\ ;\=(a11�J bclonp" tn() 

 md߈
ii Thcrr c\isl� arı tlb,nlutc cnn"tant tv1 > 1 'nch 

k �k 
lhat sup11 { I k lc.1nkl t\1 " } < x. 

1·akc Pk= 1 /k t'nr all k . 
­ߋ 1 f for thr ߝrt of aJI p=(rk) . fhcrc 

C\.iߚߙts nn N> 1 ߜuch that Ik N 1 J\ < :c  thcıı 
if and onlv •' if 

ı- E,ach col u nı n  nf the nıatr1.'\ A=(ank) bclunt!X lu<) 

and 
.ıı- 'liPn }<-:.r: lnrC\C'l\ � 

ıntc ger f\ 1 > 1 . 
Prool. Lrl 1\ E(. ( y:(p}:), C_J) Sinrc (ek)E 

( :z ( p 's ) , l ri\ ı ; lll ߇ ( i ) i Ž ll c c cſ"ƀ \1 ߊ . si n('(' (�c r rx . lhc 

ncccTUil' tıf (ll) fnllu\\" fıoın lcınnıa D.• 

C'<Hl\CrVclY.Ict (j) and (ii) hold and (\:k)E: 

r :z(p5L 1'1ıcıı
l Pk s Pk _< lI k la11kı 1 i lldc Jlf'nJ('nt ( 1 r n . 

(())
SincC' ror lhc set nr ߕıli rı-:-(pk) ' thcrc C\i�l" an N> ı 
.žuch t hߐ ı t :!= k N 1 ll < -:y) , gi \' cn an ;-. n , ı hcrc c x i f)ts 

an p> 1 ߔuch lfıߗtl 

I N­ 1 Pk <F 1 4L 
k= p+ 1 

( 7) 

\\'hen p ıߞ li\.cd � sıncc (\.k)E ( :J.)(p,ߘ) = \YC 

(R)
1 Pk ż Pk ) �\\·here S= tna\ ( 1 .  R k _ k= l.2, . .. ,p 

B\ (i) . fpr f>O and fnr n and r , there c\.ıs1s � 

ik: k=l.', . ...p such 1hat 

ı a n k- a n+ r ik, k 1< E/(2pS) 

lo he the lc'ast c<Hılnıon ıınıl tirlc 

()f ) kÕ k= 1.:2, . . . , p , \\C haYC 

p 
1 a rı k a n + r i . k 1 < F/(ߑS) . 

t...Öl 

NO\\ 
- n߉ 1 Yn 

p 

(9) 

( 1 0) 

\\ IK ı C' s ı = 2 
k=l 

ı ( a " k - a n -ı r i k) \k ı and s2 =' 

rx:: 

ı (a ll k - a 11 1 • i .k) .\k ı . Wc geı S ı < f 1 .., 

k=p+ 1 
uTin ߓ (R) and (G). rurthcc uWing. (6)

2: ı all k ı ı :x k ı <

k=p+ t 
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00 
- ll f>k R t 'Pk 

• 

L L K· kC), PkM 
k=p+l 

00 

<L 2: (R/M)J/pk_ 
k=p+l 

00 

Now choosing M>NR , \\'C ha\'C' L 1 an k 1 f x k ı 

k=p+1 
00 

~L 2 
-ı /pkN < E 1 4 , usıng (7) . 

k=p+1 

Similariy , we gct I ı a n + r i .k ı ı '(k ı < f 1 4 
k=p+ t 

so that s2 <E 1 2 . I-Icncc ( 1 0) g1Yes 
1 Jn - Yn +ri ( < c 

so that (y 11)EQ . O 
Corollarv 3. AE ( f'*(s) .. Q) if and only if 

i- Each col umn of the matrix A=(a11k) bclongs to Q 

M >L 
Proof. Takc Pk= 1/k for all k . 
Rcmark. Thcorcm 2 is fal se in the general 

casc eve n \\·hen \VC rcplacc (i) by Lhc strongcı ass unı p­
tion that cach cnlumn of the matrix A=(͍ıJ is pcriothc 

a countcr cxarnp1cs i n 14 J . 
3. AE ( f(p,s) � Q) if and only if 

i- Each column of lhc matrix A=(ank) belongs to Q 

rux.i 
s pii- SUPn,k { k' l<1nkl k } < oo , \Vhen CkPk < 1 . 

or 

l߃hcre exists an integcr
..... 

sup0 { Lk l͊kıClk 

\Vhen 1 <pk < sup Pk<oo 

M > ı such that 
tv1 ··qk ks ( ()J(-l) } < co, 

-1 - tand Pk +qk =ı 
Proof. Let A E ( ((p,s). Q). Sincc (ck)E 

f.(p,s), the neccssity of (i) is nbvious. Sincc QC f,cr..· 

the nccc߄si ty of (ii) f ollo\vs fron1 theorcn1 1 fl J . 
Convcrscly, lct (i) and (ii) hPld and (xk)E 

t(p,s) and 11 = max ( 1. sup Pk) . From (ii) , \\C ha\' c 

( . 
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s ıPk L . Jk la11k < ı t1( epcndcnt of n , \Nhen O<JJk < 1 , 
Ik lt'nkı(Ik f\.·1 - q k ks ( qk- 1) s L 1 ndcpendcn l of n 
for soınc intcgcr 1\.1> 1 , \\'lH'Jl l<pk ~sup Pk<cc , 

( ı 1 ) . 

Since (xk)E {(p,s) . for a gi\'cn f.>O , therc cx ists a 

p>l such that 
00 

k=p+l 
00 

(2:
k=p+l 

\\·hen 1 <Pk < I-I <oo , ( 1 2) 

and 

• 

When r is fi'\ed, sincc (xk)E f:(p,s) C 
c0( p.s) , \\'C' ha,·c 

ı < N 1 /pk ks 1 Pk < Rxkl - ( 13) 
-1 /pk s 1 Pk\\'here R = nıa:x ( 1, N k. ) Ô k= 1 ,2, . . . . p . 

By (i) .. foı E>O and for n and r, thcre 
C'< ısts ik$ k= 1 ,2, . . . ,p such that 

1 Żl n k- a n + r İk , k 1< f./(2pR) . 
l f i ıs the lcast com m on nıultiple of ik͎ k= J ,2,. . . ,p 

then 
p 

ı a n k - a ıı ı- r i ,k k f./(2R) . 

k=J 

NO\\' 

1 Yn - Yn -t 

p 

( 14) 

(1 ')) 

" hcrc S 1 = 2: 
k=l 

1 (an k - a n ߟ ri k) xk 1 and S2 = 
) 

00 

ı (a n k ­ a ıı -ı r i .k) \k ı · 
k=p+ ı 

(͓asc (a): When O<Pk <I: since (xk)E ((p,s), 

2:k k-s lx.kıPk < 1 1 L, . ·where \Ve can., withoul loss �)f 

gcncrality.. use the san1c L� a߂ in (11) so that 
k-s' Pk 1 1 l I,· Pk 1xk .. < . 

Hencc, using (11) and ( 1 2)
00 

1 (a n - a ź1 - :. X tr 1{ ı 1 1 "' 
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00 

< :L ( 1 (an k ll xk 1 + 1 a n + ri .kil "k 1 ı
k=p+l 

00 

00 

< 2 2 L k-s lxkıPk < E 1 2 
k=p+ ı 

and S 1 < E  1 2 . , usıng ( 13) and (14) . Thcn forn1 

(15), \VC have 1 Yn - Yn t- ri l< E. v-Icncc Cy11)E Q. 
Case (b) : When 1 <pk <l-I < oo , by the proof 

of Thcorcın 2 [ 1 1 anJ the incquaf i ty 

1 ax 1 < B ( lalq B -q ks (q 1) + k s ıxıP ) 1 

- 1 -1\Vhere p + q = l . \Ve have 
00 

2: 1 an k 1 1 xk 1 
k=p+l 

00 

:;; M { ( ı߅l lk M -qk ks (qk- 1 )) + 

k=p+l
00 

( 2: k-s lxkıPk)}l/11 
k=p+l 

00 

:;; M ( ı: l߆kı<Jk M -qk ks (qk- ı) + l )
k=p+l 

00 

( k-s 1 ıPk 1/lJxk ) } < E 1 4 
k= p+l 

. 

usıng (ll) and (12). 
00 

Similarly ., \ve J a 1 1 1 
k=p+l 

.
< E 1 4 so thal S2 < E 1 2 and S l < E 1 2 
(13) and (14). Hcncc (y0)E Q so that 

, u%ıng
L 

A E ( f.(p, ͈ ) , Q ) . O 
, 4. AE ( fs . Q )  if and only if 

i- Each column of the matrix A=(a0k) bclongs to Q 

and 
. . ks <ıı- la kt - Mll indcpcndent of n and k . 

Proof. Takc Pk== ı for all k . 

5. Let p>l and p-ı 
+ q 

-J =1 . l'hcn 

AE ( e ps , Q ) if and on1 y if 

i- Emıch cnluınn of lhc ınatri\ /\=(ank) bcfongs to Q 

and 

ii- supn { Ik k<-ı (q 1 ) l'lnklq } < oo . 

for alt 

ProoL Takc Pk=P for all k Źo that qk=q
-1 -1 -J -J

k and Pk + qk = 1 bccon1cs p + q =ı . 
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