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Keywords Abstract
The fractional deriva- We consider the fractional differential equation “D¥ f'(z) +A(z)°DZ f(z) +B(z) f(z) =0,
tive, where ‘DY be the Caputo fractional derivative of orders 0 < & < 1, and z is complex
Entire function number, A(z), B(z) be entire functions. We will find conditions on A(z), B(z) which will

Infinite order guarantee that every solution f # 0 of the equation will have infinite order.

Complex domain.

1. Introduction

Many researchers have been interested in the study of the order and hyper-order of solutions of linear ordinary
differential equations with entire functions, meromorphic functions and analytic functions coefficients in the com-
plex domain or in the unit disk, has significant applications in various scientific fields of research especially in
physics, we cite some of them for example ( [1-7]). In this new work, we study the order of solving a fractional
differential equation withentire functions coefficients, we consider the following equation

‘DI f'(z) +A(z)°DE f(2) + B(2) f(z) = 0, (L.1)

where DY be the Caputo fractional derivative of order 0 < o < 1, and z is complex number, A(z),B(z) be
entire functions.

Throughout this paper, we assume that the reader is familiar with the fundamental results and the standard
notations of the Nevanlinna value distribution theory of meromorphic functions (see [8]). Let p(f) denote the
order of an entire function f, that is,

o(f) = Tim 2eT(nf) _ o loglogM(r f)

r—+e  logr r—+oo logr

where T'(r, f) is the Nevanlinna characteristic function of f (see [8]), and

M(r, f) = max|f(z)|.

|z|=r

For example, the function f(z) = ¢ satisfies p(f) = 2.

The question which arises is: what conditions on A(z), B(z) will guarantee that every solution f # 0 has infinite
order?
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1- In this section [9], we introduce some notations and definitions for fractional operators (derivative and
integral) in the complex z-plane C as follows.

Definition 1.1. ( [9]) The fractional derivative of order « is defined, for a function f(z), by

I(1—a)dz) (z—§&)

where the function f(z) is analytic in a simply-connected region of the complex z—plane containing the origin,
and the multiplicity of (z — &)~ % is removed by requiring log(z — &) to be real when (z— &) > 0.

DEf(z) = — d/(f@adg, 0<a<l, (12)
0

where I'(.) denotes the Gamma function is the Euler gamma function defined by
I'(a)= /ta_le_’dt,a > 0.
0

Definition 1.2. ( [9]) The fractional integral of order « is defined, for a function f(z), by

Z

1f(2) = F(la) { (- &) f(E)dE, 0<a, (1.3)

where the function f(z) is analytic in a simply-connected region of the complex z—plane containing the origin,
and the multiplicity of (z —&)*~! is removed by requiring log(z — &) to be real when (z — &) > 0.

Using the Caputo sense, we have

Definition 1.3. The Liouville-Caputo fractional derivative of order n — 1 < @ < n,n € N*| for a function f(z) is
defined as

Z

/<Z—€>”‘““f<">(£)d5, n—l<a<n (1.4)

0

1

"Df‘f(z) = m

where the function f(z) is analytic in a simply-connected region of the complex z—plane containing the origin,
and the multiplicity of (z — &)"~*~! is removed by requiring log(z — &) to be real when (z — &) > 0.

Remark 1.4. In the following we put

‘Df(z) = ¥ (2).
Lemma 1.5. ([10,11]) Let @ > 0 then

1719 (2) = f(2) + ot ezt e,

where are cp, ¢y, ..., ¢|q) constants in C.

2. Main result

Lemma 2.1. ( [12]) Let w be a transcendental entire function of finite order . Let Y = {(ky, ji1), (k2, j2) , -,
(km, jm)} denote a finite set of distinct pairs of integers that satisfy k; > j; > 0,i=1,...,m, and let € > 0 be a given
constant. Then there exists a set E C [0,27) that has linear measure zero, such that if y € [0,27) — E, then there
is a constant Ry = Ry(yp) > 0 such that for all z satisfying argz = yp and |z| > Ry, and for all (k, j) € Y we have

< || kiio—tre))
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Lemma 2.2. Let w be entire, 0 < o < 1, and suppose that ‘w )‘ is unbounded on some ray argz = 6. Then
there exists an infinites equence of points z, = r,,e’ ® where r, — 6, such that wl )(Z) — oo and

‘ w(zn)

W(a)(zn)‘ §(1+0(1))|Zn|aa (2-1)

as z, — oo.

Proof. Let M (r, wl®), 6) = max }w(o‘)(z)} over all satisfying 0 < |z| < r and argz = 6. It follows that there exists
an infinite sequence of points z, = r,¢'® where r, — 0, such that M (rn,w(“), 6) = ‘w(“) (rne™®)| for all Then for
each n, we have

W) = Iaw(a><zn>—co]
< 5@ / W E)E| +eo
< el e
< W) (F(lira)+| ( ‘ZC:’HA )zn“

Since w(®) (zn) — oo, we obtain

‘ w(zn) ‘§(1+0(1))|Zn|a

w(o‘) (Zn)
O
Lemma 2.3. Let w be analytic on a ray argz = 0 and 0 < o < 1, and suppose that for some constant Kk > 1 we
have
w9 (2) N
=0z z , 2.2
e (1217 I (2.2)

as z — oo along argz = 6. Then there exists a constant ¢ # 0 such that w(z) — ¢ as z — o along argz = 6.

Proof. From (2.2) it follows that there exists an Ry > 0 and a simply connected domain D such that # is analytic
on D and where if z satisfies argz = 9 and |z| > Ry then z € D. Hence there exists an analytic function F(z) on D

such that F/ = *— ) onD. If z; = rie'® and z, = rye'® are large, where Ry < r; < rp, then by consideration of

(@)
F(2)—F(z1) = / W(t()t)dt,

21
and (2.2), it can be deduced that there exists a constant b such that F(z) — b as z — oo along argz = 0. It
follows that there exists a constant ¢ # 0 such that w(z) — ¢ as z — oo along argz = 6. O

Theorem 2.4. Let A(z),B(z) # 0 be entire functions such that for real constants A,7,0;,6, where A > 0,1 > 0,
and 0; < 0, we have

[A(z)| > exp {(1+0(1)) A [} (2.3)
and
’ |17(x

7exp{o )z}, (2.4)

BE) < 1y
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as z — oo in B <argz < 6. Let € > 0 be a given small constant, and let S(€) denote the angle 6; + € <
argz < 6, —e. If f#£0, Cm[ax] If' (&) =|f'(z)] and Cmfax] |f"(&)] = |f"(2)| is a solution of equation (1.1) where
€0,z €0,z

p (f) < oo, then the following conclusions hold:
(i) There exists a constant b # 0 such that f(z) — b as z — oo in §(€). Furthermore,

|f(z) — D] Sexp{(l—i—o(l))k\z]"a}, (2.5)

as z — oo in S ().
(ii) For each k > a, as z — o in S (€)

‘f(k)(z)‘ <exp{—(1+o(1)A|z"*}. (2.6)

Theorem 2.5. Let A(z) and B(z) # 0 be entire functions such that for real constants 1,1, 6;, 6, where A > 0,1 >
0, and 6; < 6,, we have

l-a
Ba)| = g e (1 +o(1) 21217} e
and
A < exp {o(1) "}, e8)

asz—ooin O <argz < 6,, if gm[a(l)x] If'(&) =1f"(z)|] and gm[a(l)x] If"(&)| =1/"(z)| . Then every solution f # 0,
€|,z €|0,z

of equation (1.1) has infinite order.

3. Proof of Theorem 2.4

Suppose that f £ 0 and sup [f"(§)| = |f"(z)|, is a solution of (1.1) with p(f) < e. Set 6 = p(f). Then from
gelo.]
Lemma 2.1 there exists a set E C [0,27) that has linear measure zero, such that if yp € [0,27) — E, then

(z—é)lalf”(é)dé‘

3.1

(z—é)l‘“f’(é‘)dé‘

IA

max i@—é)—%é\

¢elog] |o

Jnax 17 (8)]

Jnax 1 (&)

Jnax 1" (&)l

|f'(2)]
f"(2)
f(2)
(1

= o(1)[z°,

IN

IN

IN

as z— oo along arg yy.
Now suppose that ‘ fl@ (z)] is unbounded on some ray argz = ¢y where ¢y € [0;,60,] — E. Then from Lemma
2.2, there exists an infinite sequence of points z, = r,exp(i@y) where r, — oo, such that f (O‘)(zn) — oo and
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‘f&i’i) < (1+0(1))|za]*, (3.2)
as z, — oo. From (1.1),
(/)
|A(Z)| < ‘ f(a) (Z)‘ ‘f(a) 3.3)

By using (2.3), (2.4), (3.1), and (3.2), , we will obtain a contradiction in (3.3) as z,, — 0. Therefore, }f(“) (z)‘
is bounded on any ray argz = ¢ where ¢ € [0;,6,] — E. It then follows from the classical Phragmen-Lindelof
theorem [8] that there exists a constant M > O such that

1=t | o1
‘ < TG

(a)
7@ = Faly (34
< M,
forallz€ S(e).
If 6y € [0) +¢€,6, + €] — E, then when argz = 6, we obtain from (3.4) that
@I = |lr @) =l (3.5)
< [ O@)| + e
< |l gt e o
S e / 0
< Mi-i-]c\
= "Tl+a) 7
< N|Z|a+|co‘7
where N = (1+a) From (3.1), (3.5), and (1.1), we obtain that
N [F9@)| < o(1) 1° | £ @) + 1B)] (N 121 +eol) (3.6)
as z — oo along argz = 6y. From (2.3), (2.4), and (3.6), we can deduce that
B(2)| (N |z + |eol) E
@) < | —(14o0(1))A |z]™* 3.7

as z — oo along argz = c. By using an application of the Phragmén-Lindel6f theorem on (3.7), it can be
deduced that

as z — oo in §(2¢). This gives k = 1 in (2.6)
Now let z € S(3€) where |z| > 1, let Q be a circle of radius one with center at z, and let k > 1 be an integer.
Then from the Cauchy integral formula and (3.8), we obtain as z — oo in S (3¢€),

l-o
|| exp{ (1+o(1))A |27}, (3.8)

IN

£ ) £)d

k—2)!,
< (M \f(z)!
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and we have

In case |f'(2)| =T(2— &) | /¥ (2)| 27", we have

(kz_;)!r(Z_ o) ‘f@ (Z>‘ !

exp{—(1+o(1))A|z|"}.

h
=

—~

N

N—

|

IN

This proves (2.6). Now fix 0, y, where 6; +€ < 0,y < 0, — g, and set

y . o\ a—1 . .
c= / (ezw _ et@) et@f(a) (teze)dt
0

(3.9)

(3.10)

where we note that ¢ € C from (2.6). Let z = |z|¢'Y where 6; +¢& < w < 6, —¢&,. Then from the Cauchy

theorem and (3.10), we obtain

f(@)+co—c
= 1*f%)—c
=8 &~ [ (1 —1)" f e

0

3
8#—‘

oo

Izl

oo

. . N . . . -1 . .
e (ezw_ezx)a lf(a)(’Z|elx)dx_/(telw_tele)a elef(a)(tele)dl‘,

|zl

IS]

l
4
8 ~.
CD\'G CD\S O\N

~.
AN

e
2

From (2.6) and (3.11), it can be deduced that

If(Z) —b\

|Z‘ 7 etx ol +’f(a)(z)) /(reiw—tei6>aldl
[°]

|2

oo

}f(ali((z())c‘)|Z\a{‘(eiw_eix)a1‘dx+ ’f(a)(z)’ /t(x 1<ezw_e,-g)a71dt

|2

2071 £ ()] ||*
- I'a)

2012 <\¥(—a§)! +;> ’fm)(z)‘

1-a
< ra g PR,

|l[/ 9|+2a ]’ "Z’

IN

. . . _ . . . -1 . .
lele™ (|2l e — [e] ™) ™" £ (Jz] €)dx - / (v — 1) ) 1)

(3.11)

3.12)

as z — o in §(¢&), where b = ¢ — ¢p. (Note: It follows that ¢ in (3.10) is independent of 0.) Since (3.12) is the

inequality ( 2.5), it remains only to show that b # 0.
There exists a ray argz = y; where 0; + € < y; < 6, — €, such that
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()@ @)| _ o(1) [z !
= ) 3.13
@ re2—o G19
as 7 — oo along argz = 1. Then from (2.3), (2.4), (3.13), and (1.1), we obtain that
\f(a)(z) ’13(1) (jﬁ>(a)(z) ’Z|L_a . na
7@ | <G| [ Are) | < Te—a @20 oA™Y, G149

as z — oo along argz = y;. By applying Lemma 2.3 to (3.14), and noting that f(z) — b as z — oo in S(&) from
(3.12), we see that b = 0. Thus part (i) is proved,and the proof of Theorem 2.4 is now complete.

4. Proof of Theorem 2.5

Suppose that f # 0 and sup |f”(&)| = |f"(z)|, is a solution of (1.1) of finite order. Set 6 = p(f). Then from
gel0.g]
Lemma 2.1 there exists a set E C [0,27) that has linear measure zero, such that if y, € [0,27) — E, then

(z—é)af”(é)dé‘
=) [/
max. |£7(2)| \Z@—é)“dé!

gefo,]

C(1-alf(z)|
' (@)
F2-a)| f(z)

|Z|26+17(X

‘Vra=g)

OS2

4.1

IN

IN

and

O —

<z—é>‘“f'<é>d¢]
T TU-a)lfQ) 2

[ -8 eae
0

' |fR)
F2-a)lf(z)

o+l—a

< max |£(8)]

£elo,z

IN

_ kd
= of )m7

as 7 — oo along argz = Y. Then from (4.1), (4.2) and (1.1), we obtain

BG)| < ‘“ '}(a) 1IAG)] f;)
< r(;(l)a) ’ |20'+1—oc+ ’A(Z)| F(;(l)a) |Z|G+1_a,

as z — oo along argz = Yy, and this contradicts (2.7) and (2.8).
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5. Conclusion

In this new work, using the Nevanlinna value distribution theory of meromorphic functions, we studied the order
of solving a fractional differential equation with the coefficients of the full functions, where we showed that the
solution of the fractional differential equation (1.1) has an infinite order.
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