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In this paper, a special case of directional energy functional is investigated by
computing the directional energy and pseudo-angle of unit vector fields in the
ordinary three-dimensional space. This approach is also extended simultaneously to

define the critical points of the directional energy functionals of the velocity fields.
Then, the restriction of the harmonic maps and the extrema of the directional energy
functionals is considered. Finally, we compute directional harmonic and biharmonic
equations of the curvature vector fields to generalize total bending or energy of vector

fields.

1. Introduction

The energy functional of a given family of unit
vector fields is described to be the sectional energy
of the mapping of the vector field. This map is
generally defined between Riemannian and semi-
Riemannian manifolds, where the integration is
induced with respect to the definite or indefinite
structures of the standard measure. These
structures are generally carried by the unit tangent
bundles together with the natural connection of the
Sasaki metric inherited by the Levi-Civita
connection. The consideration of smooth sections
of unit vector fields leads also to the volume
functional of the corresponding volume immersion.
There have been many significant studies about
energy and volume so far. For instance, Wiegmink
[1,2] focused on the quantitative measure of the
total bending and energy of Hopf unit vectors on

the sphere S*® and 2-torus, which double covers the
2-sphere. He developed such an efficient method
that it finds out instantly what consequences about
minimizing functionals can be determined and
what kind of consequences can be anticipated by
direct methods. Gluck and Ziller [3] defined other
functionals to measure the quantity of deviation of
vector fields from parallelism. They also
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established an elegant approach by interrelating the
submanaifolds of the tangent bundle and the
volume of unit vectors via the Sasaki metric. Brito
[4] computed the absolute minima and critical
points of the energy of Hopf unit vector fields in

S®. Wood [5] proved that critical points of the
energy of Hopf unit vector fields in the odd-
dimensional sphere are both not stable critical
points and minima.

The concept of corrected energy and its
distribution is improved since volume and energy
functionals have specific properties on higher-
dimensional spaces. Thus, the existence of absolute
minimizing of the traditional volume and energy
functionals together with their instable and stable
critical points can be investigated. Chacon and
Naveira [6] defined the corrected energy by adding
the norms of the mean curvature fields and their
different weights (orthogonal  distribution).
Furthermore, Chacon et al. [7] introduced the
energy of (-distribution by considering the

sectional energy and the Sasaki metric with some
applications to the quaternionic Hopf structures.
Altin [8,9,10] improved a very interesting
and useful approach to deal with the problem of
computing the energy of unit vector fields. She
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showed that one only needs to focus on a space
curve together with its associated orthonormal
vectors and geometric quantities instead of a
manifold to determine the energy of the unit vector
fields. Based on this methodology, Altin [8]
computed the pseudo-angle and energy of Frenet-
Serret orthonormal vector fields in indefinite
structures. Altin [9] also obtained the necessary
conditions of critical curves and energy minimizer
points of velocity vector fields. Finally, Altin [10]
proved that the energy of a unit normal vector
defined on a Riemannian surface is not dependent
on the selection of an orthonormal basis in the
tangent space. By using the similar approach,
Korpmar and Demirkol [11-13] calculated the
energy of many important vectrof fields included
from geometric or physical context.

Biharmonic or harmonic maps between
Riemannian or semi-Riemannian manifolds are
described as critical points of generalized bienergy
or energy maps, respectively. It is an obvious fact
that being harmonic implies biharmonicity.
However, the converse relation does not hold. If the
biharmonic map is also a nonharmonic then it is
called proper. This difference plays a key role
defining several concepts in hydrodynamics and
elasticity. It has also been heavily investigated in
real space forms, unit sphere, and submanifolds by
many mathematicians. For example, Inoguchi [14]
and Sasahara [15] defined the fundamental proper
biharmonic maps and typical examples in the
Sasakian space form. They classified proper
biharmonic Legendre surfaces, proper biharmonic
Legendre curves, and Hopf cylinders in Sasakian
5-space form and in Sasakian 3-space form,
separately. Chen [16-19] studied biharmonicity
conditions of the finite type of submanifolds in
different space structures via geometry of smooth
maps and spectral geometry. Later on, Korpinar
and Turhan [20-25] studied energy and total
bending of horizontal biharmonic curves, magnetic
biharmonic curves, and their flows up to certain
surfaces in many space structures.

The manuscript is organized as follows. In
Section 2, we briefly review the differential
geometry of space curves and anholonomic
coordinates in the three-dimensional Euclidean
space. Keeping in mind that the geometric
representation of unit orthonormal vectors is given
by the Frenet-Serret equations in the tangent
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direction, we remind readers that the geometric
representation of unit orthonormal vectors is given
by the Gauss Weingarten equations in the normal
and binormal directions. In Section 3, we define
directional energy and pseudo-angle of unit Frenet-
Serret vector fields in the three-dimensional
ordinary space. We further compute the energy and
pseudo-angle of particular vector fields
representing certain planes and the most general
form of vector fields. In Section 4, we calculate the
critical points of the directional energy functionals
of the velocity fields for different cases. For each
case, we obtain necessary conditions of minimizing
energy of the velocity fields, which leads to obtain
some results on the extrema and critical curves. In
Section 5, we describe directional harmonic and
biharmonic equations asscociated with the
directional energy functionals. In Seciton 6, we
discuss further potential research topics and
summarize our conclusions.

2. Material and Method

2.1. The Geometry of Space Curves and Gauss
Weingarten Equations in E3

Let @ be a space curve in E® such that three-
dimensional coordinate location (X, Y, z) indicates
a point on «. Furthermore, let R be a position
vector placed at the same reference frame pointing
to the location on «a.

The Frenet-Serret frame of space curve a
is described by the ordered triad of unit
orthonormal vectors such that they are mutually
perpendicular to each other. It is also called the
moving trihedron or moving triple. It includes
tangential axis t, principal normal axis n, and
binormal axis b. (t,n,b) triad satisfies the
following cross product or vector product rule due
to cyclic permutations, i.e.

t=nxb, b=txn, n=bxt. (1)
Let (S, n, b) denotes arc distance along with Frenet-
Serret vectors (t,n,b), respectively. (s,n,b)
establishes a suitable curvilinear coordinate frame
if arc distances are restricted appropriately around
the origin, for instance (S =s,,n=0,b= O).

In the schematic trihedron, Frenet-Serret
vectors of (t,b) span the rectifying plane; Frenet-
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Serret vectors of (t,n) span the osculating plane;

Frenet-Serret vectors of (n,b) span the normal
plane.

Vector calculus components on vector or
scalar fields are typically expressed by the
fundamental three vector operators. For instance,
the divergent operator acts on an arbitrary vector
field Z in the following manner
din:t-£Z+n-£Z+b-£Z. (2)
1 1 1e]

The curl operator acts on an arbitrary vector field

Z inthe following manner

curIZ:tx£Z+nx£Z+bx£Z
B fo B

©)
Finally, the gradient operator acts on an arbitrary
scalar field )/ in the following manner

oy, o8y ay

grad) = t+ 5 n+ 53 4)
The Frenet-Serret formulas describe the motion of
the ordered triad of unit orthonormal vectors
(t,n,b) along with the s—line coordinate curve
(vector line of S). In this case, the motion of the
triad frame follows a space curve @ parametrized
by the arc-length S. By definition, the directional

derivative of & with respect to the arc-length S is

equal to t i.e.
o
—a =t 5
Y (%)
It is denoted by the following identity
* oS J 0

a-—ao
os  0s

In this paper, we always consider the special case

in which the curve is supposed to be a unit speed

curve i.e.

o 0 8
—a=—a,—
fo.) oS 8s

The Frenet-Serret formulas are characterized by
taking the directional derivative of the unit

orthonormal vectors (t,n,b) with respect to the
vector line of S in the following manner

=1. @)
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2t =

1o

én = —kt+1b,
5

éb = —1m,
5

(8)

where x measures the bending or rate of change
of the tangent vector in the (t,n) plane along with
the vector line of S. Torsion 7 measures the
twisting or amount of rotation of the Frenet-Serret
triad frame about the t along with the vector line
of S.

The directional derivative of o in the
normal and binormal directions are expressed by
considering the parametrization with respect to arc-
lentgh N and b, respectively: In the normal
direction, the directional derivative of o with
respect to the arc-length N is equal to n i.e.

—a =n,

9)
where the unit speed curve parametrization is
guaranteed by the following assumption

(10)
Egs. (9,10) imply that the tangent vector of the
n—line coordinate curve (vector line of N) is n
in the normal direction.

Similarly, in the binormal direction, the
directional derivative of & with respect to the arc-
length b isequalto b i.e.

ia:b,

b (11)
where the unit speed curve parametrization is
guarenteed by the following assumption

o 0

—a
b~ b 12)
Egs. (11,12) imply that the tangent vector of the
b —Iline coordinate curve (vector line of b) is b
in the binormal direction. These implications lead
to define a new type of variations of the motion of
the Frenet-Serret frame by taking the directional
derivative of the (t,n,b) along with the n—line
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coordinate curve and b—Iline coordinate curve.
Accordingly, these variations satisfy that

o

Et = 6.,n+(Q,+1)b,

o .

—n = -6 t—(divb)b,

on

o :

—b = —(Q,+7)t+(divb)n,

on (13)
and

ﬁt = —(Q,+7)n+6.b

&) n bs™"

o .

—n = (Q,+7)t+(x+divn)b,

M

o .

—b = -6, t—(x+div)n.

b (14)
The entire directional differential equation systems
of the Frenet-Serret triad vectors given by Egs.
(8,13,14) are called Gauss Weingarten equations
[26].

The geometric quantities 6,, and 6,

symbolize the normal deformation of the vector
tube in the normal and binormal directions,
respectively, in the following manner
6, = nﬁt, 0= bit.
on on (15)
The divergence of the tangent, normal, and
binormal vectors are expressed by the following

identities

divt = 0,+6,,
divn = b-in—x,
M
divo = —b.%n.
an (16)

The curl of the tangent, normal, and binormal
vectors are expressed by the following notation

t Q 0 K\t

S

—divb Q g.nj

n ns

-0, Q \b

curlln|=

b x+divn (17)

where €,,Q,Q, are called the abnormalities of
the t— field, n- field, and b— field [26].
They are computed by considering the comparison

of the two forms for the curl operator. There also
exists the following relation among these functions
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2(Q,-7)=Q,+Q, +Q,. (18)

3. Results and Discussion

3.1. Directional Energy and Pseudo-angle of
Vector Fields in E?

A generalized volume and energy functionals
research is conducted by computing the restricted
critical points and constrained variational formulas
of unit vector fields. The volume of an immersion
from Riemannian manifold to differential one and
the energy of a map between Riemannian or semi-
Riemannian manifolds are functionals that have
been investigated through the variational approach.
This technique leads to defining the significant
structures of minimal immersion and harmonic
map described in a generalized manifold having a
vanishing mean curvature and tension. The energy
of vector fields is dependent on the constants since
the total bending energy can be characterized by
the same variational problem. The volume of the
immersion is an efficient tool to define the volume
functional of a wvector field. However, the
calculation of the critical points of the constrained
volume functional can be completed if each critical
vector field is also a critical point of the immersed
functional in the entire manifold.

Let (S,@)and (7, 0) be two Riemannian
manifolds and ¢ be a differential map between

these two manifolds so that the energy functional is
defined by the following equality

1

Elp)=3 [ pd@e) da)V, (19

where ) isavolumein S and

¢:(S,@)—(T,v) (20)
Alternatively, the definition of the energy
functional is also denoted by

1 2
E(g)= > [ g v.
Let A be an arbitrary unit vector field defined in
(S,w). Then the energy section of
A:S—B'S, where B'S is a unit tangent

bundle connected with the Sasaki metric S,

(21)

defines the energy of the vector field .A. One
needs to separate point wise tangent space and the
tangent bundle to understand the Sasaki metric on
the BS. Further information can be found in the
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book of Sakai [27]. The standard Levi-Civita
connection V can be considered to define a special
connection map L:B(B"S)—) B*S such that it
satisfies

coL=co0candoco L codo, (22)
where

~

(o)

B(B'S)>B'S,

B'S —> S.

Moreover, the connection map £ also verifies
Ldnw))=V,w, (24)

where v € B,S and 1:S — B'S. Finally, the

(23)

O

Sasaki metric &, is written by splitting vertical

and horizontal orthogonal component in the
following way

Sulpne,)=do(@) do(p) + L(p) - L(p),
(25)
where @, @, eB,](B*S) From Egs. (19,22-25),

one can induce the following identity for the
section 1 as

Su(do(e,),do(e,)) =do(dn(e,))-do(dn(e,))
+L(do(e,))- L(do(e,))),
(26)
where
L(do(e,)) = Veun, doodn =idg.

Further details on the corrected energy functional
and its distribution can be found in [6,8]. So far, we
have given a short overview to introduce the
method we use for the rest of the section to
compute the directional energy and pseudo-angle
of unit vector fields in the ordinary space.

Case 1: In this case, let us assume that @ be a

space curve in E® such that its position vector R
is parametrized by the arc-length N pointing to the
location @ in the normal direction.

Theorem 3.1.1. The energy of the Frenet-Serret
triad vectors (t,n,b) along with the n—Iline
coordinate curve is computed by

(27)
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&) = SO+ @ )ns,
£(n) = %jR(ejs+(divb)2)dn+g, (28)
£(b) = % _[R((Qb+r)2+(divb)2)dn+g.

Proof. From Eqgs. (19,27), the splitting space and
canonic generalization of the same object can be
written due to the Levi-Civita connection map and
the so-called Sasaki metric. By considering the
clear definition in distribution and sectional
energy, we write for unit vector fields (t,n,b) as

&) = Sf@m.dman @)
£(n) = %j (dn(n),dn(n))dn, (30)
£.(b) = [ (db(m),db(m)dn,

(31)

where

S y(dt(n),dt(n)) = do(t(n))-do(t(n))
+L(HM) - L)),
=n-n+(dom)t- (dot,

Sy (dn(n),dn(n)) = do(n(n))-do(n(n))

+£(n(n))- L(n(n))
=n-n+(don)n-(dd)n,
(33)

S, (db(n),db(n)) = do(b(n))-do(b(n))

+L(b(n))- L(b(n))
=n-n+(do)b-(dm)b.
(34)

Using Egs. (13,29-34), it is computed respectively
that

(32)

£(t) = %J'R(0n23+(9b+r)2)dn+%,
&) = 2 0+ (@ivb))dn+2,
£(b) = % [(@+0)7+ (divb)z)dn+g.

Thus, the proof is completed.
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Lemma 3.1.1. The pseudo-angle of the Frenet-
Serret triad vectors (t,n,b) along with the

n—line coordinate curve is computed by

Pt) = 2 [+ @ 0
P.(n) = %IR (@2 +(divb))dn,  (39)
P.(b) = % [ (@, +0)? + (divb)?)dn.

Proof. The proof is obvious if one considers the
following definitions respectively

Pyt)= S @anddn, P,(0)= [ (sl

n

1
P.(b)= > [ (@ an)bldn.
(36)
Theorem 3.1.2. i. The energy of the unit vector

field A" in the rectifying plane along with the
n— Iine coordinate curve is computed by

£00(A j () A = B(Q, + 7)) + (A6,

+ fdivh)? + (o) B+ A(Q, +7))*)dn + E’

@37)
where
= At + pb,
and A, are sufficiently smooth functions along
with the n—line coordinate curve.
ii. The energy of the unit vector field .A° in the

osculating plane along with the n-—line
coordinate curve is computed by
g8 (A j (A= BO,) + () B

1 20.)2 +(A(Q, + 1) — Adivb)?)dn +2’

(38)
where
=At+ pn,
and A4, are sufficiently smooth functions along
with the n—1line coordinate curve.

iii. The energy of the unit vector field A" in the
normal plane along with the n—Iline coordinate
curve is computed by
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£00(A j (20, + B, + 7)) + (S on) A

+ Adivb)? + ((on) 5 —

(39)
where

/”Ldivb)z)dn+5,

= An+ fb,
and A, are sufficiently smooth functions along

with the n—line coordinate curve.

Proof. Let us define arbitrary vector fields in the
rectifying plane, osculating plane, normal plane,
respectively, along with the n—line coordinate
curve such that they have the following forms

=At+po, A°=At+pn, A"=In+pb,
(40)
where A, are sufficiently smooth functions

along with the n—line coordinate curve. If one
uses the similar approach as in the proof of the
Theorem 3.1 then it is computed that

Su(dA"(n),dA"(n)) = do(A"(n))-do(A"(n))
+L(A"(n))- L(A"(n))
=n-n+(JdMn)A"-(dn)A",

(41)

S,(dA°(n),dA%(n)) = do(A°(n))-do(A°(n))
+ L(A(n))- L(A"(n))
=n-n+(Jn)A°-(don)A°,

(42)

S (dA"(n),dA"(n)) = do(A"(n))-do(A"(n))
+L(A"(n))- L(A"(n))
=n-n+(Jn)A" - () A",

(43)
Here, if one takes into account Egs. (13,40-43) the

proof can be completed trivially.
Lemma 3.1.2. i. The pseudo-angle of the unit

vector field A" in the rectifying plane along with
the n— Iine coordinate curve is computed by

p(tb) .[(((5/5n)/1 BQ, +1))° + (A0,

+ ﬁdlvb) +((on) g+ A(Q, + 1)) )”2dn,
(44)
where

= At+ b,
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and A, are sufficiently smooth functions along
with the n—1line coordinate curve.
ii. The pseudo-angle of the unit vector field A° in

the osculating plane along with the n-—line
coordinate curve is computed by

PLE(A4°)= j (o)A = BO): + (AN B

+10..)" + (A(Q, +7) — Adivb)?)dn,
(45)
where
=At+ pn,
and A, are sufficiently smooth functions along
with the n—line coordinate curve.
iii. The pseudo-angle of the unit vector field A" in

the normal plane along with the n—line
coordinate curve is computed by

POD(A") j (A0, + B, +7)) + (o)A
+ Adivb)? + ((an) B — Adivb)?)dn,
(46)
where

=An+ Ao,
and A, are sufficiently smooth functions along
with the n—line coordinate curve.

Proof. The proof is obvious if one considers the
following definitions respectively

P-4
PE0(4 (47)
o)

where

A" =2t+pb, A°=At+pn, A"=An+ fb.

Theorem 3.1.3. The generalized energy of the unit
vector field A along with the n—line coordinate
curve is computed by

A)= 2 (@0)2- 56, - 1@y + 7))
() B+ 20, + ivb)? + ((Jan)y
LA, +r)—ﬂdivb)2)dn+%,

(48)
where
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= At+ fn+b,

and A,pB,y are sufficiently smooth functions
along with the n—line coordinate curve.
Proof. Let us define the generalized vector field
along with the n—line coordinate curve such that
it has the following form

A=At+ fn+)b (49)
where A, [,y are sufficiently smooth functions
along with the n—line coordinate curve. If one

uses the similar approach as in the proof of the
Theorem 3.1.1 then it is computed that

S (dA(Nn),dA(n)) =do(A(n))-do(A(n))
+L(A(n))- L(A(n)),
=n-n+(don)A-(d)A.

(50)

Here, if one takes into account Egs. (13,50) the
proof can be completed trivially.

Lemma 3.1.3. The generalized pseudo-angle of the
unit vector field A along with the n—line
coordinate curve is computed by

P.(A)= % [ (@2~ 0, 7@, + )Y

+((don) B + 26, + Wivb)?
+((d )y + AQ, + 1) — pdivb)*)*dn,
(51)
where
=At+ fn+ b,
and A,p,y are sufficiently smooth functions
along with the n—line coordinate curve.

Proof. The proof is obvious if one considers the
following definition

P(A)= S [J@aAldn, 2

where

A = At+ fn+ b,
and A,p,y are sufficiently smooth functions
along with the n—line coordinate curve.
Case 2: In this case, let us assume that @ be a
space curve in E® such that its position vector R
is parametrized by the arc-length b pointing to the
location @ in the binormal direction.
Theorem 3.1.4. The energy of the Frenet-Serret
triad vectors (t,n,b) along with the b—line
coordinate curve is computed by
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1 b
E(t) = Ej7z(.9b25+(gn+r)2)c|b+§,

&) = 2] (@ e+ divn)z)db+g,

Y N2 b
g, (b) = EjR(ebs+(,<+onvn) )db+2.

(53)
Proof. From Egs. (19,27), the splitting space and
canonic generalization of the same object can be
written due to the Levi-Civita connection map and
the so-called Sasaki metric. By considering the
clear definition in distribution and sectional
energy, we write for unit vector fields (t,n,b) as

£,t) = % [ (dt(o),de(by)db, (54)
g,(n) = %j (dn(b),dn(b))db, (55)

g,b) = % [ (db(b), db(b))db,

(56)

where

Sy (dt(b),dt(b)) = do(t(b)) - do(t(b))

+ L(t(b))- L(t(b)), (57)
=b-b+(db)t-(dh)t,

Sy (dn(b),dn(b)) = do(n(b))-do(n(b))
+L£(n(b))- L(n(b))
=b-b+(don)b- ()b,

(58)

S ,(db(b),db(b)) = do(b(b)) - do(b(b))

+ L(b(b))- L(b(b))
=b-b+(don)b-(d)b.
(59)

Using Egs. (14,54-59), it is computed respectively
that

I e 2 b
E(t) = EjR(abs+(Qn+r) )db-+Z,

&n) = %JR((Qn +7)2 4 (k + divn)z)db+%,

g,(b) = %IR(0é+(K+divn)2)db+g.

Lemma 3.1.4. The pseudo-angle of the Frenet-
Serret triad vectors (t,n,b) along with the
b —line coordinate curve is computed by

Py(t) = %jR\/(ebiHQnﬂ)Z)db,

Pn) = % [ (@, +2)* + (s + diw)?)dl,

P.(b) = % [ V(@ + (e + divn)?)db

(60)
Proof. The proof is obvious if one considers the
following definitions respectively

P,(t)== j [(@b)t|db, P,(n)== j (& 8)n]db,

P,(b)= > jR||(5/80)b||db.
(61)
Theorem 3.1.5. i. The energy of the unit vector

field A" in the rectifying plane along with the
b— Iine coordinate curve is computed by

£80(A j ()2~ B0,)* +(A(Q, +7)
+ B(x +divn))® + ((5’&1)[3+ﬂ6’b5)2)db+g,
(62)
where
= At + A,

and A, are sufficiently smooth functions along
with the b —line coordinate curve.

ii. The energy of the unit vector field .A° in the
osculating plane along with the D-—line
coordinate curve is computed by

£0m(A j (F D)L+ B(Q, +7))°

+((d80) f — A(Q, + 7))’ (63)

+(A0,, + B(x + divn))z)db+g,

where

= At+ fn,
and A,/ are sufficiently smooth functions along
with the b —line coordinate curve.
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iii. The energy of the unit vector field A" in the
normal plane along with the b —line coordinate
curve is computed by

£00(A I(MG2+ﬂ B6,,)* + (3 )2
— B+ divn))? + ((F ) B+ Ak + divn))z)db+g,
(64)
where

= An+ fb,
and A, are sufficiently smooth functions along

with the b —line coordinate curve.

Proof. Let us define arbitrary vector fields in the
rectifying plane, osculating plane, normal plane,
respectively, along with the b —line coordinate
curve such that they have the following forms

A" =at+pb, A°=At+pn, A" =In+ fb,
(65)

where A, are sufficiently smooth functions

along with the b—line coordinate curve. If one
uses the similar approach as in the proof of the
Theorem 3.1.4 then it is computed that

Sy (dA"(b),dA" (b)) =do (A" (b)) -do(A"(b))
+L(A"(b))- L(A" (b))
=b-b+(dh)A"-(dh)A",

(66)
m(dA°(b),dA®(b)) = do(A°(b))-do(A°(b))
+L(A°(b))- L(A°(b))
=b-b+(dh)A°-(ddh)A°,
(67)
m(dA"(D),dA" (b)) = do(A"(b))-do(A"(b))
+L(A"(D))- L(A" (b))
=b-b+(Jdh)A"-(dh)A",
(68)
Here, if one takes into account Egs. (14,65-68), the

proof can be completed trivially.
Lemma 3.1.5. i. The pseudo-angle of the unit

vector field A" in the rectifying plane along with
the b —line coordinate curve is computed by
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P4 j (0 D)A - £6,)* + (AURQ, +7)

+ B(x +divn))? + () B+ 26,.)*)"*db,

(69)
where

= At + b,
and A, are sufficiently smooth functions along
with the b —line coordinate curve.
ii. The pseudo-angle of the unit vector field A° in

the osculating plane along with the b—line
coordinate curve is computed by

Pem(A j (D)2 + B(Q, +7))?

+((A) - AQ, +7))* +(26,, + Bk
+ divn))?)“2db,

(70)

where
= At+ fn,
and A, are sufficiently smooth functions along
with the b —line coordinate curve.
iii. The pseudo-angle of the unit vector field A" in

the normal plane along with the b—line
coordinate curve is computed by

P(A i(u«z+n BOx)’
+((J D) A - B(x +divn))* + ((o/b) B (71)

+ A(x +divn))*)“db,
where
= An+ fb,
and A4, are sufficiently smooth functions along

with the b —line coordinate curve.
Proof. The proof is obvious if one considers the
following definitions respectively

)3
P (A j | (72)
)= 3 e

where

A" =At+ pb, A°=At+ fn, = An+ fb.
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Theorem 3.1.6. The generalized energy of the unit
vector field A along with the b —line coordinate
curve is computed by

£,(A)=2 [ (@D)2+A(Q, +1)-10,)
+ (D) - AQ, +7) —y(x +divn))* + (o b)y
+ A0, + B(x + divn))z)db+g,

(73)
where

A = At+ pn+ b,
and A,pB,y are sufficiently smooth functions
along with the b —line coordinate curve.
Proof. Let us define the generalized vector field
along with the b —line coordinate curve such that
it has the following form

A= t+ pn+b, (74)
where A, 3,y are sufficiently smooth functions
along with the b—line coordinate curve. If one
uses the similar approach as in the proof of the
Theorem 3.4 then it is computed that
S u(dA(b),dA(b)) = do(A(b))-do(A(b))

+ L(A(b))- L(A(b)),
=b-b+(db)A-(ddb)A
(75)

Here, if one takes into account Egs. (14,75) the
proof can be completed trivially.
Lemma 3.1.6. The generalized pseudo-angle of the
unit vector field A along with the b—line
coordinate curve is computed by

PoA)= 2] (@02 + B, +7) -7,

+ (D) B - AQ, + 1) — y(x +divn))?
+((d D)y + A6, + P(x + divn))?)"db,
(76)
where
A =t+ pn+b,
and A,pB,y are sufficiently smooth functions

along with the b —line coordinate curve.
Proof. The proof is obvious if one considers the
following definition

Py(A)= % [ (areb).Aldb, )

where

55

A = At+ pn+ b,
and A,p,y are sufficiently smooth functions
along with the b —line coordinate curve.

3.2. Critical Points of the Directional Energy
Functionals of the Velocity Fields

In the differential geometry literature, various
functionals provide insight into measuring the
vector fields described over any semi-Riemannian
or Riemannian monifolds. Obtaining the optimal
functionals and vector fields is an important task to
expand this effort to corresponding distributions.
This effort is highly appreciated since it does not
require the manifold to be a compact manifold,
which vyields restriction-free solutions for
characterizing many critical points belonging to the
mapping from differential manifolds to their
submanifolds by projecting their gradients. In the
case of the isometry, one also expects to find the
correlation between the attitude of the natural
variational problem and energy functionals. In this
section, we attempt finding the critical points with
respect to directional variations through nearby
unit normal and unit binormal vector fields, and if
so whether it is not unstable with respect to such
directional variations. Thus, we aim to deal with a
less compelling problem than the harmonic case.

Case 1: In this case, let us assume that ¢ be a

space curve in E® such that its position vector R
is parametrized by the arc-length N pointing to the
location & in the normal direction-

Theorem 3.2.1. The critical point of the
minimizing directional energy functional of the
velocity vector field n of the n—line coordinate
curve in the normal direction is computed by

[“¢o, 9 g dn+ j%;divbﬁdivbdn =0,
o on o on
(78)
where ¢ is a well-defined function along with the
n—line coordinate curve in the following form
é’(n) = (n - al)(a2 - n)’ éy(n) #0Vne (ayaz)’
(79)
and
a:l—E, [al,az]c I.
Proof. From Egs. (19,28), the minimizing
directional energy functional and its directional
variation in the normal direction is written as
follows
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5 1, 5 s 5
555”(n€) 2".0‘1 5g(n N+, 5nng)dn,
(80)

where

n, =n(n,e)= (dM)a(n,e), (81)

a (n)+ cw (n),a’ ( ) ()
+ea” (), (n)+ e’ () )

a(n,g)=[

¢(n(n)= (@ (n),7"(n),&" () &
(83)
such that
a(n0)=¢ley)=¢ley) = 0. (84)
By using Egs. (81-84), one computes that
1) a, &5° 1)
- = R -—n.dn.
58 n(n.s') J 58& ng a_] ng n (85)
Further computation yields that
o o 5
5_5n(n0)|g 0~ (n 0) (n,O)L?iZ
£ 53 (86)
—J‘azin n_(n,0)dn.
o Og

Now, we should remind some identities to calculate
the above equality. From the partial derivatives

with respect to " and € we obtain that

o
ga(n,g) =¢(n)n,(n.e)
—a(n0)=

Thus, one can reformulate Eq. (86) by using Egs.
(13,84,87) in the following way
o

(87)
n,(n0)= %n

£, (no)l,o= (602 + divo?) 2
o€ (88)
3]“24( 2 +divo-2 divb)dn
on
From Eq. (84), we already know that

()= ¢la,)=0. Therefore, one can compute
that
S ¢ (n
o¢

+ 2é’divb—divbdl’l =0.
o on

g 0~ J.a2 é,ens n
(89)

Finally, the proof is completed and it implies that
any path in the normal direction minimizing the

directional energy functional En(ng) must meets
Eq. (89).

[al’az]_)R’
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Case 2: In this case, let us assume that @ be a

space curve in E° such that its position vector R
is parametrized by the arc-length b pointing to the
location @ in the binormal direction-

Theorem 3.2.2. The critical point of the
minimizing directional energy functional of the
velocity vector field b of the b —line coordinate
curve in the binormal direction is given by

a, o a, ) . _
Ll o, %ebsdb + Ll S+ dlvn)%(zc +divn)db =0,
(90)
where ¢ is a well-defined function along with the
b —line coordinate curve in the following form
Q’(b) = (b - al)(az - b)’ ((b)i OVbe (al’aZ)’

(91)
and

a:l—E, [al,az]c I.
Proof. From Egs. (19,53), the minimizing
directional energy functional and its directional
variation in the binormal direction is written as
follows

o 1o o .90
£8,0,)= 5[ S (b, b, + b, D),
(92)
where

b, =b(b,&)= (Jd)a(b,s), (93)

o’ (b)+ @ (b),a"(b)

b’ =
a( 8) (+8w**(b),a***(b)+Sw***(b)) 54

£(bob)= (@' (b).a"(b).z" (b)) @' : [, r,] > R,
(99)
such that

a(b,0)= ()= ¢(e,)=0. (96)

By using Egs. (93,96), one computes that
o 5° o
= £&,b,)= j — b, -—b_db. (97)

se " 4 e © M
Further computation yields that
9 £ (by)l,= 2 b, (60)-2 b A(b,0) [
se °° =0~ oS¢ 1os)

5 52 (98)
a,

- —Db (b,0)-—=b (b,0)db.

'Ll 58 5( )&2 é‘( )

Now, we should remind some identities to calculate

the above equality. From the partial derivatives
with respect to b and &, we obtain that
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%a(b,g) =¢(b)b,(b,2),

o o
—al(b,0)=Db,_(b,0)=—0D,
% alb0)=b,(0)= 2

(99)
Thus, one can reformulate Eq. (98) by using Egs.
(14,96,99) in the following way

o .
= £,(bo)l.o= £(65 + G + i) 2

a o ) i
_ 3Ll 2(8), gebs + (k + d|vn)%(r< + divn))db.

(100)
From Eg. (96), we already know that
¢(e)=¢(a,)=0. Therefore, one can compute
that

o a o a
5, Eo0o) o™ [ 760 O [ 2

+divn)£(zc+ divn)db = 0.
ob

(101)
Finally, the proof is completed and it implies that
any path in the binormal direction minimizing the

directional energy functional £,(b,) must meets
Eq. (101).

3.3. Harmonic Maps and the Extrema of the
Directional Energy Functionals

If the differential of the divergence of a map
between semi-Rieamannian or Riemannian
manifolds vanish then this map is called harmonic.
Critical points of this map are computed by
investigating the corresponding energy functional.
This differential is also written in terms of the
tension field associated with the energy functional
given by the Euler-Lagrange operator. Harmonic
maps are seen in several different contexts. For
instance, these maps are used to characterize the
geodesics, or they are considered to compute
minimal surface energy via the Dirichlet-Douglas
integral, or they are taken into account to define
holomorphic maps through the compatible metrics
in certain manifolds, etc. The most striking
problem for harmonic maps is solved by the
improvement of variational theory. Even though
there is no generalized solution family or theory
ensuring the exact and entire solutions to these
maps the second-order semilinear Euler-Lagrange
type of elliptic equation systems provide some
advantages. Accordingly, it helps obtaining some
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approximate solutions and outlining some results.
In this section, we describe the directional
harmonic and biharmonic equations of curvature
vector fields in the three-dimensional ordinary
space. Thus, we aim to obtain further
generalization on the directional biharmonic maps
and bienergy between Riemannian manifolds.

Case 1: In this case, let us assume that @ be a

space curve in E® such that its position vector R
is parametrized by the arc-length N pointing to the
location @ in the normal direction.

The partial derivative of the Frenet-Serret
triad in the normal direction implies that the
curvature vector field associated with the space
curve is expressed by

o

C=—n=-6_t-(divb)b. 102
=0, (divb) (102)

Let A denotes the Laplacian operator acting on the
tangent space of all smooth sections. Thus, in the
normal direction, A is defined explicitly by
A= —ii (103)
on on
Then, the normal biharmonicity condition of the
curvature vector field C is given by

5683, (09
o o on

where
AC = 2C, 7 e R. (105)

Taking the partial derivative C with respect to n,
and considering Eq. (13) it is computed that

5? 5 .
AC (—ﬁﬁns + Z(Qb + T)g(“Vb

+ divb%(()b +7)+ 0 (6% + (divh)?

o

.0 .
+(Q, + 7))t —-3(0..— 6. +divb—divb)n
( b T) )) ( ns&,] ns 5n )

2
+ (—%divb -2(Q, + r)%&m -0, %
+7) +divb(82 + (divb)? +(Q, +7)*))b.
(106)

From  Egs. (102,105,106), the  normal
biharmonicity condition of the curvature vector
field C is satisfied if and only if the following
identities hold

(Q,
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5° 5 . -
0= —WHHS + Z(Qb + T)Edl\/b + lebE(Qb

+7)+ 0, (+7+(Q, +1)%),

(207)
o . o o
0= _WdIVb — Z(Qb + 2')59”5 — 6’ns E(Qb
+7) +divb( + 7 +(Q, +17)?),
(108)

where /C is a constant value such that

K= «9”25 +divb®.
Case 2: In this case, let us assume that @ be a
space curve in E® such that its position vector R
is parametrized by the arc-length b pointing to the
location @ in the binormal direction.
The partial derivative of the Frenet-Serret triad in
the binormal direction implies that the curvature
vector field associated with the space curve is
expressed by

o

C= %b =g, t—(x+divn)n. (109)

Let A denotes the Laplacian operator acting on the
tangent space of all smooth sections. Thus, in the
binormal direction, A is defined explicitly by
A=———.
ob b
Then, the binormal biharmonicity condition of the
curvature vector field C is given by

(110)

009,20 (111)
Db

where
AC=7aC, 7 eR. (112)

Taking the partial derivative C with respect to b,
and considering Eq. (14) it is computed that
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52
'
+ divn)%(ﬂn +7) + 6, (0% + (x + divn)? + (Q,

AC = ( GbS—Z(Qn+r)%(K+divn)—(K

2
+7)°))t+ —%(/ﬂr divn) + 2(Q2, + z‘)%&bs
+ O %(Qn +7) + (x + divn) (62 + (x + divn)?

+(Q, +7)*))N-3(0, %Hbs +(x+ divn)%(rc

+ divn))b.
(113)
From Egs. (109,112,113), the binormal

biharmonicity condition of the curvature vector
field C is satisfied if and only if the following
identities hold

o 5 o di
0__W9bs_ (Qn-i-T)%(K‘-l- |Vn)—(K

+divn)%(§2n £ D)+, (+7+(Q, +7)),

(114)

_ 0 . o
0= _ﬁ(’ﬁL divn) +2(Q, + r)gﬁbs

+49bs%((2n +7) + (x + divn)( + 7 + (Q, +7)%),

(115)
where /C is a constant value such that

K = @ + (r+divn)?,
4. Conclusion and Suggestions

It is well-known that energy functionals are
significant in the improvement of the variational
theory in mathematics. They are the key ingredient
of the calculation of energy and volume of unit
vector fields in different geometric and physical
space structures. They are also highly effectively
used in determining the absolute minima or
maxima of critical curves, obtaining critical points
of extrema curves, measuring bending or total
bending quantities, defining curvature energy of
extremal curves, etc. In this paper, we investigate
the energy of Frenet-Serret unit vector fields under
infinitesimal variation of the arc-length parameter
determined in the normal and binormal directions.
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It is called directional energy along with the paper.
We define the corresponding directional energy
functionals associated with the energy of the unit
tangent, normal, and binormal vectors in the
normal and binormal directions. We also give
explicit identities for the computation of the energy
minimizers and the critical points of the unit
velocity vector fields in the normal and binormal
directions. Finally, we calculate the necessary and
sufficient conditions of directional harmonic and
biharmonic equations of the curvature vector field
in the ordinary space to present insight into the
directional biharmonic maps and bienergy between
Riemannian manifolds. In the future, we will solve
these partial differential equations of the Euler-
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