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Abstract

In this paper we introduce a new iteration process for approximation of fixed points. We
numerically compare convergence behavior of our iteration process with other iteration
process like M-iteration process. We also prove weak and strong convergence theorems
for generalized α−nonexpansive mappings by using new iteration process. Furthermore
we give an example for generalized α−nonexpansive mapping but does not satisfy (C)
condition.

1. Introduction and Preliminaries

Let be X be a real Banach space and K be a nonempty subset of X, and T : K→ K be a mapping. A point x ∈ K is called a fixed point of
T : K→ K if x = T x. We denote F(T ) the set of all fixed points of T . A mapping T : K→ K is called nonexpansive if ‖T x−Ty‖ ≤ ‖x−y‖
for all x,y ∈ K. T is called quasi-nonexpansive if F(T ) 6= /0 and ‖T x− p‖ ≤ ‖x− p‖ for all x ∈ K and p ∈ F(T ). In the last 60 years, many
iteration processes have been developed regarding the fixed point approach. Recently, with the development of iteration processes, a faster
approach to the fixed point has gained importance. Some of well-known iteration processes are Mann iterative scheme [1], Ishikawa [2],
Noor [3], S-iteration process [4], Abbas and Nazir [5], Picard-S [6], Thakur et al. [7] and so on.
In 2018, Ullah and Arshad [8] introduced the following iteration process called M-iteration process : for arbitrary x1 ∈ K construct a
sequence {xn} by 

zn = (1−an)xn +anT xn,

yn = T zn,

xn+1 = Tyn,∀n ∈ N,
(1.1)

where {an} ∈ [0,1].
Motivated by above, in this paper, we introduce new iteration scheme:for arbitrary x1 ∈ K construct a sequence {xn} by

zn = T ((1−bn)xn +bnT xn),

yn = T zn,

xn+1 = T ((1−an)T xn +anTyn),∀n ∈ N,
, (1.2)

where {an} and {bn} ∈ [0,1].
In order to show numerically that our new iteration process (1.2) have a good speed of convergence comparatively to (1.1), we consider the
following example.

Example 1.1. Let us define a function T : [0,10)→ [0,10) by T (x) =
√

2x+3. Then clearly T is a contraction map. Let an = 0.70,bn = 0.30
for all n. Set the stop parameter to ‖xn− 3‖ ≤ 10−6, 3 is the fixed point of T . The iterative values for initial value x1 = 4 are given in
Table 1. The efficiency of new iteration process is clear. We can see that our new iteration process (1.2) have a good speed of convergence
comparatively to (1.1) iteration process.
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Table 1: Sequences generated by M-iteration and New iteration processes for mapping T of Example 1.1.

M-iteration New iteration
x1 4 4
x2 3.083577194937360 3.037893699789630
x3 3.007388352660220 3.001521367442330
x4 3.000656421483590 3.000061224295530
x5 3.000058346040820 3.000002464079130
x6 3.000005186294710 3.000000099171560
x7 3.000000461003820 3.000000003991350
x8 3.000000040978120 3.000000000160640
x9 3.000000003642500 3.000000000006470
x10 3.000000000323780 3.000000000000260
x11 3.000000000028780 3.000000000000010
x12 3.000000000002560 3.000000000000000
x13 3.000000000000230 3.000000000000000
x14 3.000000000000020 3.000000000000000
x15 3.000000000000000 3.000000000000000

In the recent years, several generalizations of nonexpansive mappings and related fixed point have have been studied by many authors (see
[7], [8], [9], [10], [12], [14], [15], [16], [17], [20]). In 2008, Suzuki [17] introduced the concept of generalized nonexpansive mappings
which is a condition on mappings called (C) condition. Let K be a nonempty convex subset of a Banach space X , a mapping T : K→ K is
satisfy condition (C) if for all x,y ∈ K , 1

2‖x−T x‖ ≤ ‖x−y‖ implies ‖T x−Ty‖ ≤ ‖x−y‖. Suzuki [17] showed that the mapping satisfying
condition (C) is weaker than nonexpansiveness and stronger than quasi-nonexpansiveness. The mapping satisfy condition (C) is called
Suzuki generalized nonexpansive mapping. In 2011, Aoyama and Kohsaka [9] introduced the class of α−nonexpansive mappings in the
setting of Banach spaces and obtained some fixed point results for such mappings. A mapping T : K→ K is called a α−nonexpansive
mapping if there exists an α ∈ [0,1) such that for each x,y ∈ K,

‖T x−Ty‖2 ≤ α‖T x− y‖2 +α‖x−Ty‖2 +(1−2α)‖x− y‖2.

In [14], authors introduced the following class of nonexpansive type mappings and obtained some fixed point results for this class of
mappings. A mapping T : K → K is called a generalized α-nonexpansive mapping if there exists an α ∈ [0,1) and for each x,y ∈ K,
1
2‖x−T x‖ ≤ ‖x− y‖ implies

‖T x−Ty‖ ≤ α‖T x− y‖+α‖Ty− x‖+(1−2α)‖x− y‖.

In 2019, Şahin [15] studied the M-iteration process in hyperbolic spaces and proved some strong and ∆-convergence theorems of this
iteration process for generalized nonexpansive mappings. In 2021, Ullah et al. [20] introduced some convergence results for generalized
α-nonexpansive mappings using M-iteration process in the framework of Banach spaces.
Inspired and motivated by these facts, we consider generalized α-nonexpansive mappings which properly contains, the α-nonexpansive
mappings. Also we give an example for generalized α−nonexpansive mapping but does not satisfy (C) condition. Further we prove some
convergence theorems of new iterative process (1.2) to fixed point for generalized α-nonexpansive mappings in a Banach space.
The following definitions will be needed in proving our main results.
A Banach space X is said to be uniformly convex [11] if for each ε ∈ (0,2] there exists δ > 0 such that ‖ (x+y)

2 ‖ ≤ 1−δ for all x,y ∈ X with
‖x‖= ‖y‖= 1 and ‖x− y‖> ε .
Recall that a Banach space X is said to satisfy Opial’s condition [13] if, for each sequence {xn} in X , the condition xn→ x weakly as n→ ∞

and for all y ∈ X with y 6= x imply that liminf
n→∞

‖xn− x‖< liminf
n→∞

‖xn− y‖.
In what follows, we give some definitions and lemmas to be used in main results:
Let {xn} be a bounded sequence in a Banach space X . For x ∈ X , we set

r(x,{xn}) = limsup
n→∞

‖xn− x‖.

The asymptotic radius of {xn} relative to K is defined by

r(K,{xn}) = inf{r(x,{xn}) : x ∈ K}.

The asymptotic center of {xn} relative to K is the set

A(K,{xn}) = {x ∈ K : r(x,{xn}) = r(K,{xn})}.

It is known that, in a uniformly convex Banach space, A(K,{xn}) consists of exactly one-point.

Lemma 1.2. [18] Suppose that X is a uniformly convex Banach space and 0 < k ≤ tn ≤ m < 1 for all n ∈ N. Let {xn} and {yn} be two
sequence of X such that limsup

n→∞

‖xn‖ ≤ ξ , limsup
n→∞

‖yn‖ ≤ ξ and lim
n→∞
‖tnxn +(1− tn)yn‖= ξ hold for ξ ≥ 0. Then lim

n→∞
‖xn− yn‖= 0.

Let {un} in K be a given sequence. T : K → K with the nonempty fixed point set F(T ) in K is said to satisfy Condition (I) [19]
with respect to the {un} if there is a nondecreasing function f : [0,∞)→ [0,∞) with f (0) = 0 and f (r) > 0 for all r ∈ (0,∞) such that
‖un−Tun‖ ≥ f (d(un,F(T )) for all n≥ 1.
Now we give the following well-known facts about generalized α-nonexpansive mapping, which can be found in [14].
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Lemma 1.3. (1) If T is Suzuki generalized nonexpansive mapping then T is a generalized α -nonexpansive mapping.
(2) If T is a generalized α -nonexpansive mapping and has a fixed point, then T is a quasi-nonexpansive mapping.
(3) If T is a generalized α -nonexpansive mapping, then F(T ) is closed. Moreover if X is strictly convex and K is convex, then F(T ) is

also convex.
(4) If T is a generalized α -nonexpansive mapping, then for each x,y ∈ K,

‖x−Ty‖ ≤ (
3+α

1−α
)‖T x− x‖+‖x− y‖.

(5) If X has Opial property, T is a generalized α -nonexpansive mapping, {xn} converges weakly to a point x∗ and lim
n→∞
‖xn−T xn‖= 0,

then x∗ ∈ F(T ).That is, I−T is demiclosed at zero, where I is the identity mapping on X.

Now we give an example where T is a generalized α-nonexpansive mapping but does not satisfy condition (C).

Example 1.4. Let K = [0,2] be a subset of R endowed with the usual norm. Define a mapping T : K→ K by

T x =

{
0, x 6= 2,

1, x = 2.

For x ∈ (1,1.33] and y = 2, then we have 1
2 |x−T x| ≤ |x−y| and |T x−Ty|= 1 > 2−x = |x−y|. Thus T does not satisfy Suzuki’s condition

(C). However, T is a generalized α−nonexpansive mapping with α ≥ 1
3 .

2. Weak and Strong Convergence Theorems of New Iteration Process for Generalized α−Nonexpansive
Mapping

In this section, we prove weak and strong convergence theorems of new iterative scheme defined by (1.2) for generalized α−nonexpansive
mapping in a uniformly convex Banach space.

Lemma 2.1. Let K be a nonempty closed convex subset of a uniformly convex Banach space X , T be a generalized α−nonexpansive
mapping with F(T ) 6= /0. For arbitrary chosen x1 ∈ K, let {xn} be a sequence generated by (1.2) with {an} and {bn} real sequences in [0,1],
then lim

n→∞
‖xn− p‖ exists for any p ∈ F(T ).

Proof. For any p ∈ F(T ), using (1.2), we have,

‖zn− p‖ = ‖T ((1−bn)xn +bnT xn)− p‖ (2.1)

≤ ‖(1−bn)(xn− p)+bn(T xn− p)‖
≤ (1−bn)‖xn− p‖+bn‖xn− p‖= ‖xn− p‖.

Using (1.2) and (2.1), we get

‖yn− p‖ = ‖T zn− p‖ ≤ ‖zn− p‖ ≤ ‖xn− p‖ (2.2)

By using (1.2) and (2.2) , we get

‖xn+1− p‖ = ‖T ((1−an)T xn +anTyn)− p‖ (2.3)

≤ ‖(1−an)(T xn− p)+an(Tyn− p)‖
≤ (1−an)‖xn− p‖+an‖yn− p‖
≤ (1−an)‖xn− p‖+an‖xn− p‖= ‖xn− p‖

This implies that {‖xn− p‖} is bounded and non-increasing for all p ∈ F(T ). It follows that lim
n→∞
‖xn− p‖ exists.

Theorem 2.2. Let K be a nonempty closed convex subset of a uniformly convex Banach space X , T be a generalized α−nonexpansive
mapping. For arbitrary chosen x1 ∈ K, let {xn} be a sequence in K defined by (1.2) with the real sequences {an} in (0,1] and {bn} in [k,m]
for some k,m ∈ (0,1) , then F(T ) 6= /0 if and only if {xn} is bounded and lim

n→∞
‖xn−T xn‖= 0.

Proof. Suppose F(T ) 6= /0 and by Lemma 2.1, lim
n→∞
‖xn− p‖ exists. Put lim

n→∞
‖xn− p‖= ξ . From (2.1) and (2.2) we have

limsup
n→∞

‖zn− p‖ ≤ limsup
n→∞

‖xn− p‖ ≤ ξ ,

and

limsup
n→∞

‖yn− p‖ ≤ limsup
n→∞

‖xn− p‖ ≤ ξ ,

and also we have

limsup
n→∞

‖T xn− p‖ ≤ limsup
n→∞

‖xn− p‖ ≤ ξ .
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On the other hand,

‖xn+1− p‖ = ‖T ((1−an)T xn +anTyn)− p‖ ≤ ‖(1−an)(xn− p)+an(Tyn− p)‖
≤ (1−an)‖xn− p‖+an‖Tyn− p‖ ≤ (1−an)‖xn− p‖+an‖yn− p‖.

‖xn+1− p‖−‖xn− p‖ ≤ ‖xn+1− p‖−‖xn− p‖
an

≤ ‖yn− p‖−‖xn− p‖.

So we can get ‖xn+1− p‖ ≤ ‖yn− p‖. Therefore ξ ≤ liminf
n→∞

‖yn− p‖. Thus we have lim
n→∞
‖yn− p‖= ξ . Also,

ξ = lim
n→∞
‖yn− p‖ = lim

n→∞
‖T zn− p‖

≤ lim
n→∞
‖T (T ((1−bn)xn +bnT xn))− p‖

≤ lim
n→∞
‖T ((1−bn)xn− p+bnT xn)− p‖

≤ lim
n→∞
‖(1−bn)(xn− p)+bn(T xn− p)‖

≤ lim
n→∞

(1−bn)‖xn− p‖+ lim
n→∞

bn‖T xn− p‖ ≤ ξ .

Hence we have lim
n→∞
‖(1−bn)(xn− p)+bn(T xn− p)‖= ξ . Thus by Lemma 1.2, we have lim

n→∞
‖xn−T xn‖= 0.

Conversely, suppose that {xn} is bounded and lim
n→∞
‖xn−T xn‖= 0. Let p ∈ A(K,{xn}). By Lemma 1.3 (4), we have

r(T p,{xn}) = limsup
n→∞

‖xn−T p‖

≤ limsup
n→∞

((
3+α

1−α
)‖T xn− xn‖+‖xn− p‖+‖p−T p‖

= limsup
n→∞

‖xn− p‖= r(p,{xn})

This implies that T p = p ∈ A(K,{xn}). Since X is a uniformly Banach space, A(K,{xn}) is consists of a unique element.Thus, we have
T p = p. This completes the proof.

In the next result, we prove strong convergence theorems as follows.

Theorem 2.3. Let X be a real uniformly convex Banach space and K be a nonempty compact convex subset of X and T be a generalized
α−nonexpansive mapping on K and F(T ) 6= /0. Assume that p ∈ F(T ) is a fixed point of T and let {xn} be as in Theorem 2.2. Then the
sequence {xn} converges strongly to a fixed point of T .

Proof. F(T ) 6= /0, so by Theorem 2.2, we have lim
n→∞
‖T xn− xn‖= 0. Since K is compact, there exists a subsequence {xnk} of {xn} such that

xnk −→ p as k→ ∞ for p ∈ K. Then for ( 3+α

1−α
)≥ 1 we have

‖xnk −T p‖ ≤ (
3+α

1−α
)‖T xnk − xnk‖+‖xnk − p‖ for all k ≥ 0.

Letting k→ ∞, we get T p = p, p ∈ F(T ). lim
n→∞
‖xn− p‖ exists for every p ∈ F(T ), so {xn} converges strongly to a fixed point of T.

Theorem 2.4. Let the conditions of Theorem 2.2 be satisfied. Also if T satisfies condition (I), then {xn} defined by (1.2) converges strongly
to a fixed point of T .

Proof. By Lemma 2.1, lim
n→∞
‖xn− p‖ exists and so lim

n→∞
d(xn, p) exists for all p∈ F(T ). Also by Theorem 2.2, lim

n→∞
‖xn−T xn‖= 0. It follows

from condition (I) that lim
n→∞

f (d(xn,F(T ))≤ lim
n→∞
‖xn−T xn‖. That is, lim

n→∞
f (d(xn,F(T )) = 0. Since f : [0,∞)→ [0,∞) is a nondecreasing

function satisfying f (0) = 0 and f (r)> 0 for all r ∈ (0,∞), we have lim
n→∞

d(xn,F(T )) = 0. So, all the assumptions of Theorem 2.5 in [20]

are satisfied. The rest of the proof is similar to the proof of Theorem 2.5 in [20] and therefore it is omitted. Thus, we can easily see that {xn}
strongly converges to an element of F(T ).

Finally, we prove the weak convergence of the iterative scheme (1.2) for generalized α−nonexpansive mapping in a uniformly convex
Banach space satisfying Opial’s condition.

Theorem 2.5. Let X be a real uniformly convex Banach space satisfying Opial’s condition and K be a nonempty closed convex subset of X.
Let T be a generalized α−nonexpansive mapping on K with F(T ) 6= /0. Assume that p ∈ F(T ) is a fixed point of T and let {xn} be as in
Theorem 2.2. Then {xn} converges weakly to a fixed point of T.

Proof. Since F(T ) 6= /0, it follows from Theorem 2.2 that {xn} is bounded and lim
n→∞
‖T xn−xn‖= 0. Let v1,v2 be weak limits of subsequences

{xnk} and {xn j} of {xn} respectively. By lim
n→∞
‖xn−T xn‖ and I−T is demiclosed with respect to zero , therefore we obtain T v1 = v1. Again

in the same manner, we can T v2 = v2. Next we prove the uniqueness. By Lemma 2.1, lim
n→∞
‖xn− v1‖ and lim

n→∞
‖xn− v2‖ exist. For suppose

that v1 6= v2, then by the Opial’s condition, we have

lim
n→∞
‖xn− v1‖ = lim

j→∞
‖xn j − v1‖< lim

j→∞
‖xn j − v2‖= lim

n→∞
‖xn− v2‖

= lim
k→∞
‖xnk − v2‖< lim

k→∞
‖xnk − v1‖= lim

n→∞
‖xn− v1‖

which is a contradiction. So, v1 = v2. Therefore {xn} converges weakly to a fixed point of T . This completes the proof.
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3. Conclusions

We introduce a new iteration process to approximate fixed points of a new type of nonexpansive mappings. We noticed from Table 1 that
our new iteration process is faster than M-iteration process for contraction mapping. We also illustrated an example of a mapping that is
generalized α−nonexpansive mapping but not Suzuki’s generalized nonexpansive mapping.
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