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ABSTRACT. In this paper, we study skew-cyclic codes over the ring S = Zg + uZg + vZg, where u?> = u, v* = v,

uv = vu = 0. We consider these codes as left S [x, #]-submodules and use Gray map on S to obtain their Zg-images.
The generator and parity-check matrices of a free 6-cyclic code of even length over S are determined. Also, these
codes are generalized to double skew-cyclic codes. We give some examples using Magma computational algebra
system.
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1. INTRODUCTION

Since the beginning of the coding theory, a great deal of work has been done on cyclic codes, which is a class of
linear codes in coding theory. Cyclic codes are defined over some algebraic structures such as finite fields, finite rings
etc. and are invariant under a cyclic shift of coordinates. Also, these codes are described as ideals of F,/ (x' — 1).
They are convenient to implement, they have nice algebraic structures, and they have various important generalizations
[4-8, 10]. While initially mostly commutative and finite chain rings were used, in 2007, Boucher and Ulmer [3] gave
a new direction to the study of cyclic codes by defining a generalization thereof in the non-commutative setting of
skew polynomial rings. These codes are known as skew-cyclic codes. The authors studied linear codes using skew-
polynomial rings with automorphism defined on the field FF,. Skew polynomial ring is denoted by F,[x, 6], where the
addition is defined as the usual one of polynomials and the multiplication is defined by the rule xa = 8(a)x,a € F,.
Also, they found skew cyclic codes with greater minimum distances than previously well-known codes [2].

Then, the skew-cyclic codes over different rings were presented in [9, 11,13, 15]. More recently, in [14] skew-cyclic
codes over the ring Z4 + uZ,, where u> = 1 have been studied. Also, the authors in [12] studied skew-constacyclic
codes over the ring Z,(Z, + uZ,), where g = p* for a prime p and u? = 0. In [7], the structures of cyclic codes over the
ring S = Zg + uZg + vZg, where u?> = u, v> = v, uv = vu = 0 were determined.

The aim of this paper is to introduce and study skew-cyclic codes over the ring S = Zg + uZg + vZg, where u* = u,
v = v, uv = vu = 0. Some structural properties of the skew polynomial ring S[x,6] are discussed, where 6 is an
automorphism of §. We determine the generator and parity-check matrices of these codes. Also, we investigate the

Gray images of the codes and give some examples.
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2. PRELIMINARIES

Consider the ring S = Zg + uZg + vZg, where w? = u,v* = v, uv = vu = 0. Tt can be also viewed as the quotient

ring Zg[u,v]/ <u2 —u Vv —v,uv — vu>. Let d be any element of S, which can be expressed uniquely as d = a + ub + vc,
where a, b, c € Zg [6].
The ring S has the following properties:

e It has 512 elements.
o Its units are given by

U={a+ub+vc|lae{l,3,57},b,c€{0,2,4,6}}.
e It has a total of 64 ideals.

To know more about the ring S, we refer to [6]. Recall that a linear code C of length n over the ring S is an S -submodule
of S”. A codeword is denoted as d = (dy, dy,...,d,._1) [6].

A cyclic shift operator is defined as:
o (do,dy,....dp-1) = (dy-1,do, ..., dn2).

Let C be a linear code of length n over §, then C is called cyclic if o7(C) = C.
It is known that the Lee weight w;, of any element a of Zg is

wr(a) = minf{lal, |8 — al}.
The Lee weight wy(w) of a vector, w € Zg is defined as the rational sum of the Lee weights of its coordinates. In [6]
the Gray map was defined as follows
¢:S > 73
a+ub+ver (a,a+b,a+c).
For any element d = a + ub + vc € S, the Gray weight ws(d) of d is defined as wg(d) = wi(¢(d)). That is,
wi(d) =wr(a,a+ b,a+c),

where a, b, ¢ € Zg [6].

This map is extended componentwise to
®:S" -7
and the Gray weight wg(d) of d € Zg” is defined as the rational sum of Gray weights of its coordinates.

3. SkeEw PorLyNoMIAL RING OVER Zg + uZg + vZg

In this section we study the structure of the non-commutative ring S [x, 6].
Define a map
0 S-S
a+ub +ve = a+ uc + vb,

where a, b, c € Zg.
Letd=a+ub+ve,d =d +ub’ +vc’ €8S.

0(d+d)

0((a+ub+ve)+ (a' +ub +vc))
= Ola+d +ulb+b)+vic+c))
= a+d +ulc+)+vib+b)

= a+uc+vb+d +uc +vb

= 6d)+6d),

0(dd") 0 ((a + ub +ve)a' +ub’ +vc'))
0(ad’ + u(ab’ + ba’ + bb") + v(ac’ + ca’ + cc’))

ad + u(ac’ + ca’ + cc’) +v(ab' + ba’ + bb"),
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0(d)o(d) O(a+ub+ve)0(a +ub +vc')

(a + uc +vb)(d + uc’ +vb")
= ad +u(ac’ +ca’ +cc’)+v(ab' + ba’ + bb").
Above discussion shows that 6 is a nontrivial automorphism of S. Moreover, since 6%(d) = d for alld € S, the order
of 8 is 2. Note that the automorphism 6 fixes every element of Zg.
The ring S[x,0] = {ao +ax+...+a,. X" a;€S,neN}is called skew polynomial ring and an element in
S [x, 0] is called a skew polynomial. The addition is defined as the ordinary addition of polynomials and the multipli-
cation is defined by the rule
xd = 6(d)x
for any d € S. The multiplication is extended to all elements in S [x, ] by associativity and distributivity.
Example 3.1. Let p = ux+ 5 and p’ = x + u be in S [x, 6]. Then,
pp. = (ux+5)(x+u)
= u+u (B(u)x) + 5x + Su
= ux’+5x+5u
and
p’p = (x+uw(ux+)5)
= (B(w)x)x +5x + u’x + Su
= v+ (u+5)x + Su.

It is clear that the coefficients of the terms x> and x are different. Therefore, pp’ # p’p. Thus, S[x, 6] is a non-
commutative ring.

Lemma 3.2. Letd € S be a unitin S. Then, 6(d) is a unit in S .

Proof. Letd = a+ ub+ vcbe aunitin S such thata € {1,3,5,7}, b, c € {0, 2,4, 6}. Then, from the definition of 6, we
have

0(d) =a+cu+bv.
So, it is clear that 8(d) is a unitin S. |
Lemma 3.3. Let S% = {a + uB + vyla, B,y € Zs, B ="y). Then, S is a subring of S fixed by 6.
Proof. Let a + uB + vy be an element in € S¥. Then,

Oa+uB+cy)=a+yu+pv

and the element o + uB + vy is fixed by 6 if and only if 8 = v. It is clear that S is a subring of S. O
Definition 3.4. A polynomial p(x) € S[x, 6] is said to be a central polynomial if

P(X)r(x) = r(x)p(x)
for all r(x) € S[x, 6] [14]. From now on, the center of S [x, 6] will be denoted by Z (S [x, 6]).
Theorem 3.5. Z (S [x,6]) = {ZL, dix*|d; € S°),

Proof. Let D = {Zfzo dix¥d; € S "} and p = Y\, dix* € D. Since the order of  is 2, for any non-negative integer i,
we have '
)CZid,‘ = (92)1 (d,‘))CZi = d,’XZi
for all d; € S9. This implies x% € Z(S[x,6)]), and hence all polynomials of the form
p =do+d1x2+d2x4+~~+d1x2l

with d; € S? are in the Z (S [x, 8]). Therefore, D C Z (S [x, 6]).
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Conversely, let p = po + p1x + pax®> + - + pyx* € Z(S[x,6]). We have px = xp which gives that all p; are fixed by
0, so that p; € SY. Next, choose d € S such that 8(d) # d. Now it follows from the relation dp(x) = p(x)d that p; = 0
for all indices i not dividing 2. Thus,

p(x) =dy + dixr+dpx* + - +dix* e D.
So, Z(S[x,6]) € D, and completes the proof. O
Corollary 3.6. Let p(x) = x™ — 1. Then, p(x) € Z(S[x, 6)]) if and only if 2|m.

The Corollary 3.6 shows that if m is even, then the quotient space S [x, 8]/ (x™ — 1) is a ring and the polynomial
(x™ —1) is in the Z (S [x, 8]) of the ring S [x, 8], hence generates a two-sided ideal if and only if 2 | m. Otherwise, it is
just an S-module.

Example 3.7. Let p(x) = (1 + Tu + 7v)x*> + 5, g(x) = (1 + 7u + 7v)x. Then,

p(x) = xq(x)+5
p(x) (1 +7u+7v)xq(x)+ 5

Itis clear that x # (1 + 7u + 7v)x and deg(5) < deg((1 + Tu + 7v)x).

So S[x, 6] is not Euclidean. Therefore, division algorithm does not hold in it. But division algorithm can be applied
on some particular elements of S [x, 6].

Theorem 3.8. [/4] Let f(x),g(x) € S[x, 0] be such that the leading coefficient of g(x) is a unit. Then, there exist
q(x), r(x) € S[x, 0] such that

F(x) = g(x)g(x) + r(x),
where r(x) = 0 or deg(r(x)) < deg(g(x)).

4. SkEw CycLic CODES OVER Zg + uZg + vZg

In this section we are interested in studying skew-cyclic codes over S, also called #-cyclic codes.
A code of length n over S is a nonempty subset of S”. A code C is said to be linear if it is a submodule of the
S-module of S”.

Definition 4.1. Let 6 be an automorphism in §. A code C is said to be 6-cyclic if C is closed under the 6-cyclic shift:
8" — S
defined by
09(20,215 - - s Zn-1) = (0(zn-1), 0(20), - - -, 0(zn-2)) -

Let f[gir;); , where p(x) is an arbitrary polynomial of degree n over S. In polynomial representation, we can associate

aword z = (29,21, . - . ,Zn—1) to the corresponding polynomial

X)) =20+ X+ ..+ Zp X

S[x0]
{p(x))
Theorem 4.2. A code C of length n over S is a 6-cyclic code if and only if C is a left S|[x, 0]-submodule of the left

S [x, 6]-module of S, = (S)CEJC_(T])

Moreover is a left S [x, 8]-module with respect to the multiplication r(x) (z(x) + {(p(x))) = r(x)z(x) + {(p(x)) .

Proof. Assume that, C is a 6-cyclic of length n over S and z,77 € C. Let z(x) = z0 + z1x + ... + Zu1 X"! and
d)=zy+zjx+...+ z;l_lx”‘l. Since C is a linear code, z + 7’ € C. Also, all x'z(x) belong to C for all i € N, because
C is cyclic. This means that p(x)z(x) € C for all p(x) € §,. So C is a submodule. Now suppose that C is a submodule
of S, and 7,7’ € C. Then, by definition of submodule we have z + 7 € C and x'z(x) € C. So C is a 6-cyclic code over
S. m|

S[x,0]
-y

Corollary 4.3. If C is a 6-cyclic of even length n over S, then C is an ideal of S ,, =

Proof. Let n be an even integer. Then, (x" — 1) is a two sided ideal and so the quotient space S, = S [xf]

= Gwopy isaring. O
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Theorem 4.4. Let C be a cyclic code of length n over S such that C contains a minimum degree polynomial g(x) whose
leading coefficient is a unit. Then C = (g(x)). Moreover g(x)|(x" — 1) and the set

{0, xg(x), ..., xg(0) s g ()

forms a basis for C.

Proof. The proof is similar to the proof of Theorem 14 [14].

4.1. Generator Matrix. In this subsection we find a set of generators for a free 6-cyclic code of length n over S.
Let C = (g(x)) be a cyclic code of length n over S generated by a right divisor g(x) of x" — 1. Then, a generator

matrix of C is the (n — k) X n matrix

8(x)
xg(x)
x2g(x)
x"—k—lg(x) (n—k)xn
where g(x) = go + g1x + g2x> + - - + gxx*. More precisely,
g& & 8k 0
0 6(g) -+ g 68
! I
0 0 - 0Og) 6(g1)

6u + 6V)x2 + (2 + 2u + 2v)x + 1 + 4u + 4v of x% — 1. Then, the set

{80, xg(x). ()} = {(1+2u+20)x + (6 + 61+ 6V)x” + (2 + 2u + 20)x + | +4u + 4v,
1+ 2u+ 2v)x4 +(6+ 6u+ 6v)x3 +Q2+2u+ 2v)x2 + (1 +4u + 4v)x,
(1 + 20+ 20)X° + (6 + 6u + 6V)x* + (2 + 2u + 2v)x> + (1 + du + 4v)x2}

6(8x)

Example 4.5. Let C be a 6-cyclic code of length 6 over S generated by the right divisor g(x) = (1 + 2u + 2v)x> + (6 +

(n—k)xn

forms a basis for C. Therefore, C has cardinality 8°. The generator matrix of C can be given as

1+4u+4v 2+2u+2v 6+ 6u+ 6v
0 l+4u+4v 2+2u+2v
0 0 1+4u+4v

Also the Gray image of the generator matrix of C is,

155 244 644
000 155 244
000 000 155

Using the computational algebra system Magma [1] for computations, we obtain ®(C) has parameters (18, 8°,2).

1+2u+2v
6 + 6u + 6v

1+ 2u+2v
24+2u+2v 6+ 6u+6v

133 000 000
644 133 000

211 644

133

0

\.

5. DuaLs oF §-CycLic CODES OVER S

In this section, we present the structure of the dual of a free #-cyclic code of even length n over S .

0
0
1+ 2u+2v

Definition 5.1. Let C be 6-cyclic code of length n over S. Then, the dual of C is defined as

Ct={w|w-z=0forallz e C},

where w - z denotes the usual inner product of w and z, where w = (wg, wy, . .

to S".

. Wyo1) and z = (20,21, - .

We need some lemmas for determining a generator matrix of a free 6-cyclic code C.

, Zn—1) belong
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Lemma 5.2. For even n, x" — 1 is a central element of S[x,0)], and hence x" — 1 = h(x)g(x) = g(x)h(x) for some
g(x), h(x) € S[x,6].

Proof. The proof is similar to the proof of Lemma 7 [2]. O

Remark 5.3. If C is a #-cyclic code generated by a minimum degree polynomial g(x) with its leading coefficient a
unit, then there exists a minimum degree monic polynomial g;(x) in C such that C = (g;(x)).

Lemma 5.4. Let g(x) be a monic right divisor of x" — 1 and C be a 6-cyclic code of even length n over S generated by
g(x). Then, z(x) € §, is in C if and only if z(x)h(x) = 0in S, where x" — 1 = h(x)g(x).
Proof. Assume that, z(x)h(x) = 0in S, for some z(x) € §,. Then, there exists p(x) € S[x, 6] such that
Z(x)h(x) pO" = 1)
= ph(x)g(x)
= p(0)g(x)h(x).

So we have z(x) = p(x)g(x), thus z(x) € C.

Conversely, suppose that z(x) € C. Then, z(x) = k(x)g(x) for some k(x) € §,,. So
Z(0h(x) = k(x)g(x)h(x) = k(x)h(x)g(x) = 0
in S, (by Lemma 5.2). Hence, the proof is completed. O

Theorem 5.5. Let C be a 6-cyclic code of even length n over S generated by g(x), such that x" — 1 = h(x)g(x) for some
h(x) = ho + hx + hax® + - + lyxX* € S[x, 0], where k is odd. Then, the matrix

b Ohy) -+ hs OCha) -+ O
0 00w - hy Oz --- 0
H = 0 0 -« hs  OB(hy) --- 0
0 0 e 00 L

is a generator matrix for C*.
Proof. Let z(x) € C. Then, by Lemma 5.4, we have z(x)h(x) = 0 in S, 9. Thus, the coefficients of bk x 1 in
[zo + z1x + X2+ X+ 2o X" lho + hyx + X2+ -+ hk_lxk’l + hkxk] are all zero. Then,
2ok + 210(hy—1) + 22y + - - - + ZB(ho) = 0
210(h) + 22yt + 230(h—2) - -+ + Zes1ho = 0
22h + 230(-1) + zahi—a + -+ + Z420(ho) = 0

Zn-k—1hk + 20k O(hi—1) + Zn-kr1hk—2 + - - - + 2,10(hg) = 0.
It is easy check that for any z € C, zH? = 0, and therefore GH” = 0. Since the rows of H are orthogonal to each z € C,
span(H) € C*. Further, since H is a lower triangular matrix with all diagonal entries units (by Lemma 3.2), it contains
a square sub-matrix of order n — k with non-zero determinant. So we have that all rows of H are linearly independent.
Hence, |S pan(H)| = |S|"~*. Moreover, |C| |Ci| =|S|" and |C| = |S|F give |Ci| = |S|"*. Thus, S pan(H) = C*, and so
H is a generator matrix for C*. o

When £ is even, H can be taken as:

he O(y) -+ hy O 0
0 6hm) - M Ohy) -~ O
H=| 0 0 -+ h 6h) -+ O
0 0 cee e Ok - hy

(n—k)xn
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Example 5.6. Let C be a f-cyclic code of length 6 generated by the polynomial g(x) = (1 + 2u + 2v)x® + (6 + 6u +
6V)x% + (24 2u + 2v)x + 1 + 4u + 4v of x% — 1 such that

PL-1 = ((1+2u+2v)x3+(2+2u+2v)x2+(2+2u+2v)x+7+4u+4v)
((1+2u+2v)x3+(6+6u+6v)x2+(2+2u+2v)x+1+4u+4v).

Let h(x) = (1 + 2u + 2v)x> + 2 + 2u + 2v)x%> + 2 + 2u + 2v)x + 7 + 4u + 4v. Then, a parity check matrix of C (by
Theorem 5.5) is given by

142u+2v 242u+2v 2+42u+2v 7+4u+4v 0 0
H = 0 1+2u+2v 2+2u+2v 2+2u+2v T7+4u+4v 0
0 0 1+2u+2v 242u+2v 2+2u+2v 7+4u+4v

It is clear that, GHT = 0 and the rows of H are linearly independent. Thus, H forms a generator matrix for C*.

6. DousLE 0-CycLic CODES OVER S

A linear code C is a double #-linear code if the set of coordinates can be partitioned into two subsets of lengths
s and ¢ such that the set of the first blocks of s symbols and the set of second blocks of ¢ symbols form 6-cyclic
codes of lengths s and 7, respectively. Let s and ¢ be non-negative integers such that n = s + t. We consider a
partition of the set of the n coordinates into two subsets of s and ¢ coordinates respectively. For any d € S and
w = (eg,eq,... ,es_l,f(),fl, . ,f,_l) € SHZ, we define

dW = (de(), del, ey des_l, df(), dfl, ey dft—l)-
With this multiplication, S **' is an S -module. A double #-linear code is an S -submodule of S **'.

Definition 6.1. For an element w = (eq, e1,...,es_1, fo, fi, ..., fi-1) € S, the ogs.n-cyclic shift of w, denoted by
Toes.n(w), is defined as oy ) (W) = (6(es-1), Heo), . . ., 0(es—2), O fi-1), 0(f0)s - . ., O(fi-2)).

Definition 6.2. A double #-linear code C is called double 6-cyclic code if C is invariant under the o )-cyclic shift.
Let w = (ep,e1,...,€s-1, fo, f1,---, fi-1) € C. Then, w can be represented with w(x) = (e(x)|f(x)), where e(x) =

s—1 -~ S[x01 6] _ t—1 S[x.61 fo o
ept+ex+...+e_ x5 € oo and f(x) fo+ fix+...+ fi X7 € T This gives a one-to-one correspondence

between S** and S, = fx[x 9] >< fx[,x ?]> The multlphcatlon of any d(x) € S[x,0] and (p;(x)|p2(x)) € fx[x ﬂ X fx[,x [f]> is
defined as

d(x)(p1(0)Ip2(x)) = (d(x)p1(x)ld(x)p2(x)),
where d(x)p;(x) and d(x)p,(x) are the multiplication of polynomials in S0l gpg 31x0 respectively. With this multi-

o=y (x'-1)°
plication, S, is a left S [x, 8]-module. It is clear that, xw(x) represents the o -cyclic shift of w.

Theorem 6.3. Let C be a 8-linear code of length n = s + t over S. Then, C is a double 0-cyclic code if and only if it is

a left S [x, 0]-submodule of the left-module (SXE’C O fx[,{f])

Proof. Assume that, C is a double #-cyclic code. Let w(x) be a polynomial representation of w € C. Since xw(x) is
a og(s)-cyclic shift of w, xw(x) € C. As C is a linear code, d(x)w(x) € C for any d(x) € S[x,0]. Therefore, C is left
S [x, 8]- submodule of S ;. Opposite direction of the proof is clear. O

Theorem 6.4. Let g'(x) and g” (x) be monic polynomials such that g'(x)|x™ — 1 and g”’ (x)|x" — 1. Let M and N be two
free 6-cyclic codes of lengths m and n over S generated by g'(x) and g’ (x), respectively. Then, a code C generated
by g(x) = (g’ (x)|g” (x)) is a double 6-cyclic code and B = {g(x), xg(x),... ,xk_lg(x)} is a spanning set of C, where
k = deg(h(x)) and h(x) is the least left common multiple of h'(x) and h” (x).

Proof. Let x™ — 1 = W' (x)g’(x) and x* — 1 = h”(x)g"”’(x) for some monic polynomials #’(x), "’ (x) € S[x,6]. Then,
h(x)g(x) = h(x)(g'(0)lg"(x)) = 0, since h(x)g’(x) = h(x)h'(x)g’(x) = 0 and h(x)g"(x) = h(x)h"(x)g"(x) = 0. Let
z(x) € C be any non-zero codeword. Then, z(x) = k(x)g(x) for some k(x) € S [x, 6]. By the division algorithm, we have
k(x) = g(x)h(x) + r(x), where r(x) = 0 or deg(r(x)) < deg(h(x)). Then, z(x) = k(x)g(x) = r(x)g(x) = 0. Since r(x) = 0
or deg(r(x)) < deg(h(x)). Hence, the proof is completed. |
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Example 6.5. Let C be a double 6-cyclic code of length n = 6(= 4 + 2) over S, which is principally generated
by g(x) = (g1(%)|g2(x)), where g1(x) = (3 + 2u + 2v)x> + (1 + 6u + 2v)x*> + (3 + 6u + 6v)x + 1 + 2u + 6v and
g2(x) = (7 + 4u + 4v)x + 5 + 2u + 2v such that g;(x)|x* — 1 and g,(x)|x? — 1. Now, let A(x) be the least left common
multiple of /,(x) and hy(x). Then, deg h(x) = 2. Therefore, the set {g(x), xg(x)} forms a spanning set for C. Hence a
generator matrix of C is

1+2u+6v 3+6u+6v 1+6u+2v 3+2u+2v 5+2u+2v T7+4u+4v

G= 342u+2v 142u+6v 34+6u+6v 1+6u+2v 7+4u+4dv 5+2u+2y

7. CONCLUSION

In this paper, skew-cyclic codes over S = Zg +uZg +vZg, where u? = u,v? = v, uv = vu = 0 are introduced. We have

studied these codes as left S [x, 6]-submodules. A Gray map is defined on S. The generator and parity-check matrices
of a free f-cyclic code of even length over S are obtained. Also, these codes are generalized to double skew-cyclic
codes. One can study skew-cyclic codes over S with derivation if it exists.
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