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Abstract

This paper presents a numerical solution for static analysis of a rectangular cantilever
beam with different sizes of a hole on its cross-section subjected to vertical
concentrated load. Carrera Unified Formulation (CUF) is used by employing both N-
OrderTaylor type expansion (TE) and Lagrange type expansion (LE). The influence of
both these different refined beam models and the different sizes of hole on the
evaluation of the stress components on the cross-section along the thickness is
examined. First, with the convergence study, a comparison is performed with the
results obtained from the exact solution. Then, a rectangular cantilever beam with
compact cross-section subjected to vertical concentrated load is considered. Finally,
the presence of a hole with different radius sizes on its cross-section subjected to the
same loading is discussed.

Keywords: Refined beam models, unified formulation, CUF, finite element method,
hole.

Geometrik siireksizlige sahip konsol kirigin Carrera birlesik
formiilasyonu ile statik analizi

Oz

Bu ¢alisma, dikey tekil yiik etkisinde ve kesitinde boyutlar: farkli olacak sekilde bir delik
iceren dikdortgen kesitli konsol bir kirigsin statik analizi i¢in sayisal bir ¢oziim
sunmaktadwr. N. mertebeden Taylor acilimi (TE) ve Lagrange a¢ilimi (LE) uygulanarak
Carrera Birlesik Formulasyonu (CUF) kullanilmistir. Hem her iki gelistirilmis kiris
teorisinin hem de farkli boyutlardaki deligin, kesit iizerinde kalinlik boyunca gerilme
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bilesenleri iizerine etkisi incelenmistir. Ilk olarak, bir yakinsama ve kesin ¢oziimden
elde edilen sonuclar ile bir karsilastirma ¢alismast yapilmistir. Daha sonra, tekil yiik
etkisinde ve kesitinde delik icermeyen dikdortgen kesitli konsol kiris ele alinmistir. Son
olarak da, aymi yiik etkisi altinda kesitte farkli yari¢aplara sahip delik olmast durumu
ele alinmistir.

Anahtar kelimeler: Gelistirilmis kiris modelleri, birlesik formulasyon, CUF, sonlu
eleman metodu, delik.

1. Introduction

Beam structures are extensively used in many engineering applications, such as blades
and aircraft wings in aerospace engineering, and in arches, columns and truss members
in civil engineering. For this reason, a large number of beam theories have been
developed. The most well-known classical 1D models made of isotropic materials are
the Euler—Bernoulli and Timoshenko theories. Euler—Bernoulli theory does not account
for transverse shear deformations. However, it yields reasonably good results for
slender beams. The Timoshenko beam theory provides uniform shear distribution along
the cross section of the beam. However, the shear predicted by this theory should be
corrected by using a shear correction factor. There are many methods to compute the
shear correction factor in the literature [1-9]. The common feature of the Euler—
Bernoulli and Timoshenko theories is that neither can consider non-classical effects
such as in-plane deformations, warping, torsion-bending coupling, and localized
boundary conditions either geometrical or mechanical [10]. Such effects often result
from the fact that the material is anisotropic, and that the cross-section of the structural
element is thin-walled and has a small slenderness ratio.

Refined and advanced beam theories are necessary in order to overcome the drawbacks
of classical beam theories. These beam theories take into account different approaches
including the introduction of shear correction factors, the use of cross-sectional warping
and distortion, variational asymptotic solution (VABS), generalised beam theory (GBT)
and higher-order beam models. In the literature, publications that consider these
approaches include: [11-21].

The present work proposes a systemic manner of formulating axiomatically refined
beam models. Via concise notation for the kinematic field, the governing differential
equations and the corresponding boundary conditions are reduced to a ‘fundamental
nucleo’ in terms of the displacement components. The fundamental nucleo does not
depend upon the approximation order. It is, therefore, assumed as a free parameter of
the formulation. This scheme is named Carrera’s Unified Formulation [22].

Higher-order beam theories can easily be implemented on the basis of the Carrera
Unified Formulation, and the accuracy of a large variety of beam theories can be
established in a hierarchical and/or axiomatic or asymptotic sense.Amodern form of
beam theories can therefore be constructed in a hierarchical manner. The number of
unknown variables is a free parameter of the problem. A 3D stress/strain field can be
obtained by an appropriate choice of these variables for any type of beam problem:
compact sections, thin-walled sections, bending, torsion, shear, localized loadings, static
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and dynamic problems [23]. More details and assessments concerning this unified
formulation can be found in the works of Carrera and co-workers [24-27].

In this paper, the linear static analysis of a rectangular cantilever beam with a hole of
different sizes on its cross-section uses the Carrera Unified Formulation (CUF) and both
Taylor and Lagrange expansion modelling approaches. To obtain the governing
equations and the Finite Element formulation, the Principle of Virtual Displacements is
employed. First, a study of convergence and assessment with available results is done
so as to evaluate the stability of the outcomes. Afterwards, consideration is given
separately to a cantilevered beam with compact cross-section, and for the presence of a
hole with different radius sizes on its cross-section, subjected to vertical concentrated
load. The outcomes obtained are introduced by means of figures and tables.

2. The carrera unified formulation (CUF) and finite element formulation

Consider a beam with length L, width b, and thickness h. The rectangular Cartesian
coordinate system is presented in Figure 1. Assume that the beam occupies the region:

-b/2<x<b/2,0<y<L—-h/2<z<h/2 1)
The general displacement vector is:

u(x,y,z) = [Ux Uy U" (2)
The stress, o;;, and strain, ¢;;, components are grouped as follows:

op = [022  Oxx sz]T,Ep = [€2z Exx Szx]T

0p =[02y Oxy Oyy]' e, =[E2y Exy Epy]" (3)

In Eq. (3), the subscript “‘p’” represents the terms lying on planes orthogonal to the
cross-section, while “‘n” represents the terms lying on the cross-section. In the case of
small displacement, the strain- displacement relations are expressed as

& = Dpu
&n = Dpu = (Dpg + Dny)u 4)

where @ is the symbol denoting the cross-sectional plane of the beam, and b,, D,q, and
D, are symbols denoting the linear differential operators given as follows:

a 9
00 3 0o 2 o 0 035
3 0z a
Dp=l5 0 0[Dnp=|g 2 go|:Dna=|5 0 O )
2 9 2 00 o 0o 2 o
0z dx @
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b
Figure 1. Coordinate system of beam model

The constitutive equations with respect to Hooke’s law are given by

o=_Ce (6)

In Eq. (6), the following notation is used: o is the stress vector, « is the strain vector, and

]fo|i|so Vi(.)oke’s law stiffness matrix. By using Eq. (3), Eq. (6) can be expressed as

0p = Cpp&p + Conn, 0y = Cppep + Gy @)

In the case of an isotropic material, the matrices C,,, C,,, C,,, and C,, are expressed as
follows:

5 C:11 C:12 0 3 y 0 0 Cp;s y Css ~0 0
Cop=|Cz Coz 0|, Cpu = Cr{p =10 0 Gyl Cin=10 (4 O (8)
0 0 Cg 0 0 O 0 0 Cs

The coefficients of matrix [E]U depend on the material properties and can be obtained
as a particular case of orthotropic material [28].

Within the scope of the Carrera Unified Formulation (CUF), the 3D displacement field
can be expressed as follows:

u=FEx2ul), t=123.... ,M = M(N) 9)

In Eq. (9), F.(x, z) are the expansion functions with respect to the coordinates x and z
on the cross-section, u,(y) is the vector of the generalized displacements depending on
the beam axis, M is the number of terms used in the expansion, the repeated indexes ¢
denote summation according to the Einstein notation, and v is the expansion order and a
free parameter of the formulation. The choice of the expansion functions E,(x, z) and the
number of terms M is completely arbitrary, in other words, different classes of functions
of any order can be taken into account to model the displacement field of a structure
above its cross-section. In this paper, both Taylor-like and Lagrange polynomials are
used to describe the expansion functions E.(x,z). In the Taylor-like case, as the
expansion order N increases, the number of terms M increases as well, and non-classical
effects, such as in-and out-of-plane warping of the cross-section, torsion, and transverse
shear deformation are accounted for. The expansion functions F.(x, z) are considered to
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consist of Mac Laurin’s polynomials. The expansion order N defines the polynomial
order. However, in the case of Lagrange expansions, the polynominal order is defined
by the number of nodes taken on the cross-section.

The vector of generalized displacements u.(y) can be interpolated by means of the shape
function n;(y) as follows:

u‘r(y) = Ni(y)qfi’ i= 1: 2' -----;NNE (10)

where q; Is the vector of nodal displacement, and N, is the number of nodes on the
element. The shape functions N;(y) are not given here, as they are well-known from the
literature [29].

In this paper, 1D finite elements with four nodes (B4) (that is, a cubic approximation
along the beam axis y) and nine-node Lagrange elements are used. It should be noted
that the number of nodes per element, Ny, depends on the convergence along the beam
axis, y, while the beam model order, N, depends on the expansion on the cross-section.
These are not related to each other and are completely independent.

In the static case, the principle of virtual displacements can be written as follows:

8Line = [(8&l 0, + 8&L0,)dAV = SLy; (11)
where §, L., and L., are the virtual variation operator, the strain energy, and the
external work, respectively. After substituting Egs. (4), (7), (9), and (10) into Eq. (11) ,
the following expression is obtained:

6Lint = qu‘iKijTSQSj (12)
where K97 is the stiffness matrix and for the sake of completeness, its components can
be seen in [30].

3. Numerical results

3.1. Convergence studies

Before analyzing the numerical results, a study of the convergence and assessment with
available results is performed. For this purpose, a rectangular cantilever beam subjected
to a vertical compressive force at the centroid of the end cross-section is considered.
The study is carried out first for the case of compact cross-section and then for the cases
of a hole on its cross-section.

For the convergence study, the maximum vertical displacement, u,, computed at the
centroid of the end cross-section is considered. An exact three-dimensional solution

obtained by [31] is given in the following formula:

u, = PL3/3EI, (13)
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3.1.1. Case 1: Compact cross-section

The geometry of the considered beam, the magnitude of the load, and the parameters of
the material of the beam are chosen as follows. The cross-section edge dimensions, b
and h, are equal to 0.04 m and 0.03 m, respectively. The length of the considered beam,
L, is equal to 1 m. The magnitude of the load, P, is equal to 100 N. The beam is made
of isotropic materials. Young’s modulus, E, is considered to be 10 GPa, and Poisson’s
ratio, v, is considered to be 0.25.

Compared results are shown in Table 1 which shows both the effect of the number of
elements in the axial discretization and the different refined beam models on maximum
vertical displacement, u_z, which is at the point [0,L,0] of the beam considered.

As the number of elements in the axial discretization and also the expansion order
increase for both Lagrange and Taylor type models, a sufficient alliance is observed
between the numerical results and those obtained from the exact solution.

It should be noted that four-node cubical elements (B4) in the axial discretization, and
nine-node quadrilateral Lagrange elements (L9) on the cross-section discretization are
used.

Table 1. Convergence of maximum vertical displacement, u,, at the point [0, L, 0] for the
compact cross-section case.

—u, x 1071 (m)
Axial
discretization Beam Models Ref.Sol.
(number of : ) Eq.
elements) Lagrange Expansion Taylor Expansion (13)
119 | 219 | 319 |N=1|N=2|N=3|N=4|N=5
1 B4 0.3580 | 0.3581 | 0.3581 | 0.3705 | 0.3580 | 0.3581 | 0.3581 | 0.3581
10 B4 0.3690 | 0.3691 | 0.3691 | 0.3705 | 0.3690 | 0.3691 | 0.3691 | 0.3691
20 B4 0.3695 | 0.3696 | 0.3696 | 0.3705 | 0.3695 | 0.3696 | 0.3696 | 0.3696 | 03703
30 B4 0.3696 | 0.3697 | 0.3697 | 0.3705 | 0.3696 | 0.3697 | 0.3697 | 0.3697
40 B4 0.3697 | 0.3697 | 0.3697 | 0.3705 | 0.3697 | 0.3697 | 0.3698 | 0.3698
45 B4 0.3697 | 0.3697 | 0.3698 | 0.3705 | 0.3697 | 0.3697 | 0.3698 | 0.3698

According to the convergence study for the compact rectangular case, a total of 40 B4
mesh elements in the axial discretization and 1 L9 Lagrange element on the cross-section
is chosen. Figure 2 shows the Taylor and Lagrange Expansion modelling approaches
for the 3D beam with compact cross-section. In the Taylor Expansion modelling
approach, an axis is defined and used to create the Finite Element discretization.
However, in the Lagrange Expansion modelling approach, the cross-section nodes can
be directly located along the surface contour of the 3D structure [32].
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3D Geomerty from CAD TE Modelkng

0—6—6—6 Beam Element
OBeam Node
® Lagrange Node

Figure 2. Geometrical considerations of the TE and LE modelling approaches.

3.1.2.Case 2: Cross-section with a hole

A hole with radius r on the cross-section is considered and shown in Figure 3. In the
numerical investigations, two cases are considered (where r=0.003 m and r=0.005 m)
and a total of 40 B4 mesh elements in the axial discretization and 40 L9 Lagrange
elements is used on the cross-section for the best convergence. It should be noted that
in order to provide the most appropriate convergence, the discretization procedure on
the cross-section is made by the packet program ABAQUS. The numerical results
obtained are given as follows. As can be seen from Table 2 and Table 3, a sufficient
alliance is observed between the numerical results and those obtained from the exact
solution. Figure 4 shows 40 L9 Lagrange elements on a cross-section with a hole.

i

| b i

Figure 3. The geometry of cross-section with a hole.

Figure 4. Lagrange Expansion Modelling on the cross-section with a hole.
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Table 2. Convergence of maximum vertical displacement,w,, at the point [0, L, 0] for the
case of r = 0.003 m.

—u, x 1071 (m)
Axial
discretization Beam Models Ref.
Sol. Eq.
(number of .
elements) Lagrange Taylor Expansion (13)
Expansion
40 L9 N=1 | N=2|N=3|N=4| N=5
0.3706
40 B4 0.3702 0.3708 | 0.3699 | 0.3700 | 0.3700 | 0.3701

Table 3. Convergence of maximum vertical displacement,w,, at the point [0, L, 0] for the
case of r = 0.005 m.

—u, x 1071 (m)
: Beam Models Ref.
Axial Sol. Eq
discretization | | 55range Taylor Expansion (13)
(number of Expansion
elements) 40 L9 N=1|N=2|N=3|N=4|N=5
0.3724
40 B4 0.3720 0.3725 | 0.3716 | 0.3717 | 0.3718 | 0.3718

3.2. Convergence studies
Thus, after the studies of the convergence and assessment with available results, the
problem can now be considered. The following cases are examined.

3.2.1. Case 1: Compact cross-section
The beam is chosen as mentioned before, except for the application point of the load
which is at [0,L, h/2]. The numerical results obtained are as follows:

Figure 5 shows the maximum values of the axial stress component o,, at the point of
clamped support (y =0) for a beam subjected to a vertical concentrated load for
different refined beam models. As is seen, the role of the higher-order model (Taylor
type model) is considerably more obvious than the Lagrange type model especially at
x=+b/2,z=+h/2. Figure 6 shows the maximum values of the shear stress component
o, at the midpoint of the beam (y = L/2) for the same loading case for different refined
beam models. As can be seen, the effect of the higher-order model here is also clearly
evident.
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Figure 5. Distribution of maximum axial stress component, 4,,, at y = 0 for different
refined beam models for (a) at x = 0, (b) at x = + b/4, (C) at x = + b/2.
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Figure 6. Distribution of maximum shear stress component, ,,, at y = L/2 for different
refined beam models for (a) at x = 0, (b) at x = + b/4, (C) at x = + b/2.
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Tables 4 and 5 show the maximum values of axial and shear stress components for
different refined beam models.

Table 4. Comparison of maximum axial stress component, ,,, obtained by using
different refined beam models.

y=0,z=—h/2
(ayy), . % 107(Pa)

Modet x=0 x=2b/4 x=1b/2

LE 1.6161 1.7000 1.9519
N=1 1.6666 1.6666 1.6666
N=2 1.7293 1.7293 1.7293
N=3 1.7601 1.8423 2.0893
N =4 1.7759 1.8587 2.1075
N=5 2.0115 1.8523 2.2516

Table 5. Comparison of maximum shear stress component,o,,, obtained by using
different refined beam models.

y=1L/2,2=0
(ayz)max x 10*(Pa)

Model x=0 x=+b/4 x=+b/2

LE 8.0453 8.8827 11.3400
N=1 8.7209 8.7400 8.8700
N =2 8.3975 8.9712 10.6370
N=3 10.7950 12.6320 15.0900
N=4 11.7950 12.6320 15.0900
N=5 11.7280 12.5190 15.6620
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3.2.2.Case 2: Cross-section with a hole
The case of r=0.003 m:

Figure 7 shows the maximum values of the axial stress component o,, at the point of
clamped support (y = 0), and Figure 8 shows the maximum values of the shear stress
component ¢,, at the midpoint of the beam (y =L1/2) for the same loading and for
different refined beam models.

As can be seen from both figures, the effect of higher-order beam models on the values
of the stress components, 6 yy and ¢ _yz, is also quite evident in the case of holes. The
stress component values obtained in the case of a hole are larger than those obtained for
the case where the cross-section is without a hole, most especially for the shear stress
component. The stress component values in the hole region on the cross-section must
be zero, as expected. However, there must be a sudden jump for the stress components
just above the hole. The obtained results are as expected.

25 x107 25 x107
2 —— LE
15}
1+
0.5F
©
£
e
1]
05F
1k
1.5}
2F
25 1 1 25 1 251 i i
0015 0  0.015 0.015 0 0.015 0015 0  0.015
z[m] z[m] z[m]
@ (b) (©

Figure 7. Distribution of maximum axial stress component, o,,, at y = o for different
refined beam models for (a) at x = 0, (b) at x = + b/4, (C) at x = + b/2.
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Figure 8. Distribution of maximum shear stress component, ,,, at y = L/2 for different
refined beam models for (a) at x = 0, (b) at x = + b/4, (C) atx = £ b/2.

Tables 6 and 7 show the maximum values of axial and shear stress components for the
case of r = 0.003 m for different refined beam models.

Table 6. Comparison of maximum axial stress component, ,,,, obtained by using
different refined beam models.

y=0,z=—h/2
Model (ayy), .. % 107(Pa)
x=0 x=1b/4 x=+b/2

LE 1.9987 1.9215 2.2811
N=1 1.6677 1.6677 1.6677
N=2 1.7308 1.7308 1.7308
N=3 1.7634 1.8420 2.0980
N=4 1.7788 1.8627 2.1148
N=5 2.0141 1.8569 2.2542
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Table 7. Comparison of maximum shear stress component,o,,, obtained by using
different refined beam models.

y=1/2,z=0
Model (02) e X 10*(Pa)
x=0 x=1+b/4 x=+b/2
LE 0 14.0900 16.4290
N=1 0 8.9395 8.9395
N=2 0 9.1630 10.8300
N=3 0 13.2730 15.5320
N=4 0 13.2730 15.5320
N=5 0 13.5320 16.1619

The case of r = 0.005 m:

Figure 9 shows the maximum values of the axial stress component o,, at the point of
clamped support (y = 0), and Figure 10 shows the maximum values of the shear stress
component o,, at the midpoint of the beam (y =L1/2) for the same loading and for
different refined beam models. The results obtained are shown below. Concerning the
results obtained, similar comments can be made as with the previous case.

? 107 i
25210 ; — 250 - oo yas L ;
—e—LE —e—LE —e—LE
2r ——N=1f] 2 ——N=1 2 — N1
>— N=2 ! > N=2 > N=2
15} N=31  15F N=3E 45 N=3
N=4 N=4 N=4
—a—N=5 —&—N=5 = N=5
1 1 1t
0.5 0.5f 0.5}
E
. O 0F of
&
A~
-0.5¢ 0.5+ -0.5F
At Ar AF
1.5} 1.5F 15}
2+ 2t 2F
25 1 i 1 _25 _25 1 L 1
0015 0 0.015 -0.015 0 0.015 0015 0 0.015
z[m] z[m] z[m]
(a) (b) (c)

Figure 9. Distribution of maximum axial stress component, o,,,, at y = 0 for different
refined beam models for (a) at x = 0, (b) at x = + b/4, (c)atx = + b/2.
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Figure 10. Distribution of maximum shear stress component, o,,,, at y = L/2 for
different refined beam models for (a) at x = 0, (b) at x = + b/4,(c)at x = + b/2.

Tables 8 and 9 show the maximum values of axial and shear stress components for the
case of r = 0.005 m for different refined beam models.

Table 8. Comparison of maximum axial stress component, ,,,, obtained by using
different refined beam models.

y=0,z=—h/2
Model (ayy),,,, X 107(Pa)
x=0 x=1h/4 x=1b/2

LE 2.0213 1.9469 2.3387
N=1 1.6757 1.6757 1.6757
N=2 1.7395 1.7395 1.7395
N=3 1.7753 1.8625 2.1243
N=4 1.7903 1.8773 2.1385
N=5 2.0258 1.8722 2.2666
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Table 9. Comparison of maximum shear stress component,o,,, obtained by using
different refined beam models.

y=1/2,2=0
Model (032) g X 10*(Pa)
Xx=0 x=+b/a x=+b/2
LE 0 16.7260 17.8143
N=1 0 9.3060 9.3060
N=2 0 9.5157 11.1906
N=3 0 14.4833 16.3866
N=4 0 14.4833 16.3865
N=5 0 15.4835 17.1510

In this paper, the effect of both the use of different order beam models and the presence
of a hole on the cross-section on the stress distribution were investigated. For the
Lagrange expansion model, according to the results obtained, the most significant
difference for both the maximum axial stress component, o,,,, and maximum shear stress
component, g, is seen on the cross-section at the point x = +b/2. This is illustrated by
the following Figure 11 and Figure 12.

25 %107

—&—no hole
—&—r=0.003m
r=0.005m

2}

_2'5 i i i i i
-0.015 0.01 -0.005 0 0.005 0.01 0.015

z [m]

Figure 11. Distribution of maximum axial stress component, ,,,, at x = b /2,
y = 0 for Lagrange Expansion model (LE).
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Figure 12. Distribution of maximum shear stress component, o, at x = £ b/2,y =

L/2 for Lagrange Expansion model (LE).

4. Conclusions

According to the foregoing analyses, the following main conclusions can be drawn:

In the case of compact cross-section, for the maximum axial stress component
,0,y, at the point of clamped support (y = 0), the role of the higher-order model
(Taylor type model) is considerably more obvious than the Lagrange type model
(LE) (Fig. 5).

In the case of compact rectangular cross-section, for the maximum shear stress
component, a,,, at the midpoint of the beam (y = L/2), the role of the higher-
order model (Taylor type model) is considerably more obvious than the Lagrange
type model (LE) (Fig. 6).

In the case of a small hole, as expected, the stress component values (s, and g, )
obtained are larger than those obtained in the case where the cross-section is
without a hole, most especially for the shear stress component (s,,).

In the case of a small hole, for the maximum axial stress component ,o,,, at the
point of clamped support (y=0), the role of the Lagrange type model is
considerably more obvious than the higher-order model (Taylor type model)
(Fig. 7 and Fig. 9).

In the case of a small hole, for the maximum shear stress component ,q,,, at the
midpoint of the beam (y=1L1/2), the role of the Lagrange type model is
considerably more obvious than the higher-order model (Taylor type model)
(Fig. 8 and Fig. 10).
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e It can be said that the use of Lagrange type expansions above the cross-section
represents an attractive solution to capture non-classical, local phenomena on the
cross-section.
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