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The aim of this study is to examine the development of pre-service mathematics teachers'
proof-writing skills in teaching activities based on the van Hiele model. The study was
carried out with 10 pre-service mathematics teachers studying in the first year of the
primary school mathematics teaching programme. In the study, teaching experiment
design, one of the qualitative research methods, was adopted since it was aimed to reveal
the effectiveness of the van Hiele model on pre-service mathematics teachers' proof-
writing skills. For this purpose, qualitative data collection tools (personal interviews,
pre-service teachers' worksheets, and researcher field notes) were used to collect data.
The development of pre-service mathematics teachers' proof-writing skills was
discussed within the scope of teaching stages and levels in the van Hiele model. As a
result of the study, it was seen that the pre-service mathematics teachers' proof-writing
skills were supported by a developmental process in the van Hiele model, and they were
able to reach the van Hiele-4 level in proof-writing. It was concluded that knowledge
and inquiry, guidance/directed orientation, explicitation/interpretation, free guidance
and integration, which are the components of the teaching environment in the van Hiele
model, are effective in supporting the pre-service mathematics teachers
developmentally. In line with these results, suggestions were made to support the
development of van Hiele geometric thinking in geometry learning of pre-service
mathematics teachers.
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Ogretim Deneyi

Bu calismanin amaci, van Hiele modeline dayali 6gretim etkinliklerinde matematik
Ogretmeni adaylarinin ispat yazma becerilerindeki gelisimlerinin incelenmesidir. Calisma,
ilkogretim matematik 6gretmenligi programu birinci simifinda dgrenim gérmekte olan on
Ogretmen adayiyla gerceklestirilmistir. Calismada, van Hiele modelinin 6gretmen
adaylarimin ispat yazma becerilerindeki etkiliginin ortaya konulmast amaglandigindan nitel
aragtirma yontemlerinden Ogretim deneyi deseni benimsenmistir. Bu amagla nitel veri
toplama araclari (bireysel goriismeler, 6gretmen adaylarimn ¢alisma kagitlar: ve arastirmact
alan notlar1) veri toplanmasi igin kullamlmustir. Ogretmen adaylarimn ispat yazma
becerilerinin gelisimleri van Hiele modelinde yer alan &gretim asamalar1 ve diizeyleri
kapsaminda ele alinmistir. Calisma sonucunda, VH modelinde 6gretmen adaylarimin ispat
yazma becerilerinin gelisimsel bir siire¢ ile desteklendigi ve ispat yazmada van Hiele-4
diizeyine erigebildikleri goriilmiistiir. Matematik 6gretmen adaylarimin gelisimsel olarak
desteklenmesinde ise van Hiele modelinde yer alan bilgi ve sorgulama, rehberlik
etme/destekleyici yonlendirme, agiklama/yorumlama, serbest yonlendirme ve entegrasyon
Ogretim ortami unsurlari etkili oldugu sonucuna ulagilmistir. Bu sonuglar dogrultusunda
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Matematik Ogretmeni matematik 6gretmen adaylarinin geometri 6grenimlerinde van Hiele geometrik diistinme
Aday1 gelisimlerini destekleyici dnerilerde bulunulmustur.
Giris

1spat, matematiksel bilginin olusumu, gelisimi ve iletilmesi igin gerekli olmakla birlikte
matematigi anlamanin temelini olusturmaktadir (Stylianides, 2007). Wu (1996) matematigin ne
oldugunu bilmek isteyen herkesin bir ispati1 nasil yazacagmi anlamasi ve Ogrenmesi gerektigini
belirtmektedir. Benzer sekilde Hanna (2000) ispati, matematikteki en 6énemli arag¢ olarak gormdiis ve
ispatsiz bir matematigin matematik olmadigini savunmustur. Bu sonuglar dogrultusunda Ulusal
Matematik Ogretmenleri Konseyi (National Council of Teachers of Mathematics [NCTM], 2000) akil
ylirlitme ve ispat yapmay1 okul matematiginde temel beceriler arasina dahil etmistir. Bu nedenle ispat,
her diizeydeki okul matematigi ve smifinin dogal ve devam eden bir pargas1 haline gelmistir (Knuth,
2002). Bu dogrultuda iiniversite matematik miifredatinda da ispat gerekli bir bilesen olarak

vurgulanmuistir.

fleri diizey matematik ve geometri &gretiminin temel amaci Ogrencilere ispat becerisi
kazandirmaktir (Weber, 2001). Matematik ve geometriyi bilmenin 6ziinde ispat olmasina ragmen
matematik 6gretmeni adaylarinin ispat1 anlama ve ispat yazmada zorluk yasadiklar: (Almeida, 2000;
Jones, 2000; Giiler, Ozdemir ve Dikici, 2012; Moore, 1994; Stylianides, Stylianides, ve Philippou, 2007)
ve ispat becerilerinin yeterli diizeyde olmadig1 (Jones, 2000; Stylianides, Stylianides, ve Philippou, 2004)
goriilmektedir. Senk (1985) calismasinda geometrik ispatlamada 6grencilerin tiimdengelimli ispatlarin
gerekliligini fark edemediklerini ve ispat tiirlerini yazmada yetersiz olduklarini belirtmistir. Benzer
sekilde Dimakos, Nikoloudakis, Ferentinos, ve Choustoulakis (2007) arastirmalarinda &grencilerin
geometride formel ispat yazmada zorluk yasadiklarini ortaya koymuslardir. Bununla birlikte geometri
miifredatinin 6nemli bir hedefi olan ispat yapmanin 6grenciler tarafindan onemsiz gorildiigii ve
zorlanildig1 sonuglarina ulasilmistir (Dimakos ve digerleri, 2007). Bu ¢alismada, geometri konularinin
ogretiminde gerceklestirilecek olan van Hiele modeline dayali 6gretim deneyi ile matematik 6gretmeni
adaylarinin  geometrik  ispatlardaki ispat yazma becerilerindeki gelisimin incelenmesi
hedeflenmektedir. Bu sayede 6gretmen adaylarinin geometrik ispat yazmalarinda van Hiele modelinin
etkililigi ortaya konularak alanyazina katki sunulacaktir. Bu amagla bu ¢alismada asagidaki arastirma

sorusuna cevap aranmigtir:

1. Matematik Ogretmeni adaylarmmin geometrik ispat yazma becerilerinde van Hiele

Modeli’nin etkililigi nedir?
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Kuramsal Cerceve
Geometrik Ispat

Geometri, sekil ve wuzayr matematiksel bir bakis agisiyla incelemektedir. Geometri,
matematiksel aksiyomlara dayanan ve ispatla gerekcelendirilen ifadelerden olusan bilgi yapisidir
(Kotzé, 2007). Tleri diizey matematik ve geometri 6gretiminin temel amaci 6grencilere ispat becerisi
kazandirmaktir (Weber, 2001). Geometri 6gretimi ve 6zellikle geometrik ispat 6gretiminin 6nemi bir¢ok
iilkenin matematik miifredatinda vurgulanmaktadir (Milli Egitim Bakanlig1 [MEB], 2018, NCTM, 2000;
Shanghai Education Committee, 2004). Okul matematiginde geometri, 6grencilerin tiimdengelimli
diislince gelisimini desteklemektedir (Howse ve Howse, 2014). Bu destek geometrik ispat ile
saglanmakla birlikte geometrik ispat, Ogrencilerin geometri kavramlarini gorsellestirmelerine,
anlamalarina ve smiflandirmalarma olanak saglamaktadir (Bell, 1976). Ogrencilerin geometri
Ogretimlerindeki gelisimleri daha ileri egitime hazirlik olarak ilkokul ve ortaokuldan itibaren
matematik 6gretmenleri tarafindan desteklenmelidir. Fuys (1985), geometri 6gretiminin 6grencilere
kazandirdigy iki ana hedefinin oldugunu belirmektedir: Tiimdengelimsel akil yiiriitme becerisinin
gelisimi ve tiimdengelimin matematikteki roliinii anlamaktir. Tiimdengelimsel akil yiiriitme ve ispat
yapmay1 0grenmek matematik icin onemlidir fakat ispatin yer aldig1 geometri konularinda 6grencilerin
sadece %30'unun ispat yapabildigi goriilmektedir (Clements ve Battista, 1992). McCrone ve Martin
(2004) calismalarinda, 6grencilerin geometrik ispatlarda diisiik ispat semalarinda yer aldiklarini ortaya
koymuslardir. Benzer sekilde Sevgi ve Orman (2020) ¢alismasinda 8. simif 6grencilerinin orta diizeyde
ispat becerilerine sahip olduklari sonucuna ulasmislardir. Bu dogrultuda, 6grencilerin geometrik ispat
yapmada yetersiz kaldiklar1 goriilmektedir. Geometri Ogretimi yoluyla ogrencilerin diisiince
gelisimlerini desteklemek icin 6ncelikle matematik 6gretmenlerinin ve adaylarinin geometrik ispat

yazma becerilerine sahip olmalar1 gerekmektedir.

Matematik ve geometriyi bilmenin 6ziinde ispat olmasina ragmen matematik 6gretmeni ve
adaylarinin ispati anlama ve ispat yazmada zorluk yasadiklari (Almeida, 2000; Jones, 2000; Knuth, 2002;
Moore, 1994; Stylianides ve digerleri, 2007) ve ispat becerilerinin yeterli diizeyde olmadig: (Jones, 2000;
Stylianides ve digerleri, 2004) goriilmektedir. Varghese (2008) matematik boliimii mezunu olan 17
Ogretmenle gerceklestirdigi calismasinda “bir cokgenin dis agilarinin dlgiileri toplaminin 360° oldugunu
ispatlaymn” Onermesine yonelik ispat yazmalarim istemistir (s. 58). Verilen 14 yamttan sadece iki
Ogretmenin ispati sematik ve sozel formda, iki Ogretmenin ise sembolik formda yazabildikleri
goriilmiistiir. Diger 6gretmenler ise diyagram kullanarak, s6zlii veya sembolik olarak kismen dogru
veya yanlis sekilde ispatlarin1 yapmuslardir. C)gretmen ve Ogretmen adaylarmnin ispat yapmada
zorlanmalarinin yani sira ispat yazmanin ne oldugu konusuna dair sinirli bir anlayisa sahip olduklar:
ve deneysel varsaymmlari gegerli ispatlar olarak algiladiklar1 goriilmektedir. Goetting (1995)

calismasinda ilkogretim matematik 6gretmeni adaylarinin geometride ¢izim yolu ile gerceklestirilen
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ornekleri ve ¢oziimleri ispat olarak kabul etme egiliminde olduklarmni gostermistir. Benzer sekilde
Knuth (2002), “herhangi bir ii¢genin i¢ acilariin Olgiilerinin toplami 180¥dir” Onermesi igin, 5
matematik 6gretmeninin 6rnek yolu ile agiklamalarimi gecerli ispat olarak diistindiiklerini ifade
etmistir. Calismada yer alan 6gretmenlerden biri ise bu yolun gecerli bir ispat oldugunu fakat formal
olmadigini belirtmistir. Dickerson (2008) ise lise matematik Ogretmenlerinin ispat anlayislarim
incelemis ve geometride gorsel ispatin yeterli ayrint1 icermedigi i¢in 0gretmenler tarafindan kabul
edilemez oldugunu bildirmistir. Ozetle, yapilan galismalarda matematik 6gretmeni ve adaylarinin
geometride ispat yazma konusunda zorluk yasadiklar1 goriilmektedir. Bu ytizden geometrik ispat
yazma konusunda yasanan zorluklarin giderilmesi ve ispat yazma becerilerinin gelisimini destekleyen
calismalar gerceklestirilmis ve oneriler sunulmustur. Bu 6nerilerden bazilari; ders anlatmak (Wahlberg,
1997), 6rnek kullanimi ile soyutlama diizeyini azaltmak (Sowder ve Harel, 2003), ispatlar1 sinifta sunma
(Freedman, 1983; Reisel, 1982), diyagram ve teknoloji kullanma (Hadas, Hershkowitz, ve Schwarz, 2000;
Mariotti, 2000), matematikteki belirsizliklerden 6gretimde yararlanmadir (Zaslavsky, 2005). Fakat bu

onerilerin geometrik ispat 6gretiminde yer verilmesi ve etkililiginin goriilmesi gerekmektedir.
Van Hiele Modeli

Ogrencilerin ispatlar1 anlama, olusturma ve basarili olabilmelerini etkileyen pek cok faktor
oldugu icin 6grencilerin ispat bilgilerini, anlayislarini ve gegerli ispat yazma becerilerinin gelisimine
iliskin gesitli modeller (Balacheff, 1988; Dreyfus, 1999; Hanna, 2000; Knuth, Choppin, Slaughter, ve
Sutherland, 2002; Marrades ve Gutierrez, 2000; Martin ve McCrone, 2009; Raman ve Weber, 2006;
Sowder ve Harel, 1998) gelistirilmistir. Bu modeller arasinda geometrik diisiince gelisiminin ispatla
sonuglanan ilerlemesini actklayan van Hiele modelidir (Fuys, 1985). van Hiele (VH) modeli, geometrik
akil yiiriitmenin ve ispatin ¢ocuklarda dogal olarak olusmadigmi bir dizi diizey ile desteklenmesi
gerektigini belirtir (van Hiele, 1984). VH modeli, 6grencilerin geometrik kavram gelisimlerini ve
ilerlemelerini ortaya koyan geometrik diisiinme diizeylerini ve geometrik diisiince gelisimini
destekleyen Ogretim siirecini tanimlamaktadir. VH modeli ti¢ parcali bir modeldir: (1) Geometrik
diisiince gelistikce gelisen ardisik ve ayrik bes seviyeyi tanumlar, (2) geometrik kavramlara iliskin
anlayis1 ortaya koyar, (3) geometri 6gretiminde asamali gelisim i¢in bir rehber sunar (Wu, 1994). VH
modeline gore sirali ve hiyerarsik yapida olan bes geometrik diisiince diizeyi vardir. VH-1 (tanima),
sekillerin isimlerinin 6grenildigi ve fiziksel goriiniimlerine bagli olarak tamimlamanin yapildig:
diizeydir. Bu diizeydeki 6grenci geometrik bir sekli biitiin olarak ele alir, tanir ve adlandirir. Ogrenci,
temel geometrik kavramlarin Ozelliklerini dikkate almadan bir biitlin olarak algilar, gorsel
degerlendirmeler yolu ile akil yiiriitiir (Burger ve Shaughnessy, 1986). Ogrenci heniiz geometrik
kavramlarin tanimlarini ve 6zelliklerini anlamamistir. Ornegin, 6grenci dikdortgenin yamuktan farkli
bir sekil oldugunu taniyabilir fakat detayli olarak sekillerin 6zelliklerine dayali ¢ikarimda bulanamaz.

VH-2 (analiz)’de geometrik sekiller ozellikleri dogrultusunda tamimlanir. Bu diizeyde o6grenci
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geometrik sekillerin tanimlarini bilmez fakat “tiim tiggenlerin ii¢ kenari, tiim dortgenlerin dort kenari
vardir” gibi ortak Ozelliklerin farklilasan temel noktalarina gore geometrik sekilleri siniflandirabilir
(Knight, 2006). Ornegin, bu diizeydeki ogrenci tiim dortgenlerin ozelliklerini listeleyebilir,
tanimlayabilir fakat karenin neden dikdortgen oldugunu dikdortgenin de neden paralelkenar oldugu
gibi geometrik sekillerin hentiz farkli sinifa dahil olabilecegini anlayamayabilir. VH-3 (soyutlama),
geometrik sekillerin mantiksal iliskilere gore simiflandirildig: diizeydir (Burger ve Shaughnessy, 1986).
Ogrenci bir seklin 6zellikleri dogrultusunda bir geometrik sekil smnifi ya da smniflar1 arasinda karsilikh
iligkiler kurar ve smiflandirma yapabilir. Ornegin, &grenci bir dikddrtgenin paralelkenarin tiim
Ozelliklerine sahip oldugu icin paralelkenar oldugunu bilir. VH-4 (tiimdengelim), bu diizeyde
tiimdengelimin onemi anlasilir ve varsayimlarin, tanimlarin, teoremlerin ve ispatin rolleri kavranir.
Aksiyomatik sistemlerin Ozelliklerinin anlasildig1 ve ispatin yapilabildigi diizeydir. Bu diizeyde
Ogrenciler geometrik sekil ve terimlerin tanimlarini anlar ve varsayimlarda bulunabilir. C)grenci bir
seklin belirli bir geometrik sekli niteleyebilmesi i¢in gerek ve yeter kosullar1 ifade edebilir (Hershkowitz,
Bruckheimer, ve Vinner, 1987). Ornegin, dgrenci bir seklin dértgen olmasi igin dort kenari olmast
yeterlidir ancak paralelkenar olmas: icin karsilikli kenarlarnin es ve paralel olmasi gerektigi
varsayiminda bulunabilir ve bu varsayimini ispatlayabilir. Son olarak VH-5 (matematiklestirme)’te
geometrideki aksiyomatik sistemler tam olarak kavranmis olunur ve soyut c¢ikarimlar yapilabilir
(Battista ve Clements, 1995). Oklid dis1 geometri gibi farkli aksiyomatik sistemler anlasilir ve bu
sistemlere iligskin karsilastirmalar yapilabilir. Ornegin, dgrenci aksiyomlar1 ve tanimlari manipiile
etmenin sonuglarini analiz edebilir. de Villiers (1987), geometride tiimdengelimli akil yiiriitmenin ilk
olarak kavramlarin ozellikleri arasinda mantiksal iliskinin kuruldugu VH-3'te oldugunu o&ne
siirmektedir. VH-1 ve VH-2'de yer alan 6grenciler ise deneysel gozlemlerinin gegerliliginden siiphe
duymadiklari i¢in formal ispata gerek gormemektedirler (Battista ve Clements, 1995; de Villiers, 1987;

Senk, 1989; van Dormolen, 1977).

VH modeli 6grencilerin geometriyi nasil anladiklarinin ortaya konulmasinda kabul gérmiis bir
modeldir (Burger ve Shaughnessy, 1986; Fuys, Geddes, ve Tischer, 1988; Usiskin, 1982). Bunun yan sira
bazi arastirmacilar (Clements, Battista, Sarama, ve Swaminathan, 1997; Sarama ve Swaminathan, 1997)
ise modelin kiiclik yas ¢ocuklarinin geometri algisini tam olarak kapsamadigini ifade etmislerdir.
Clements ve Battista (1992), VH modelde Diizey 1’den 6nce Diizey 0’1 tanimlamis ve dahil etmiglerdir.
VH-0 (bilis-6ncesi), diizeyinde Ogrenciler bazi geometrik sekilleri gorsel oOzelliklerine gore
adlandirabilir fakat ayni sinif igerisinde yer alan geometrik sekilleri ve isimleri karistirabilir (Clements
ve Battista, 1992). Bu calismanin hedef kitlesi matematik 6gretmeni adaylar1 oldugu icin van Hiele

(1984) tarafindan tanimlanan diizeyler (1-5) temel alinmistir.

VH modeline gore 6grenciler tiim seviyeleri sirasiyla gegerlerse geometrik ispat yazmada

basarili olabilirler. Yani 6grencilerin (n) diizeyinde basarili olabilmeleri icin (n-1) diizeyinde basaril
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olmalar1 gerekmektedir (Usiskin, 1982). Bu sebeple Ogrencilerin iist seviyeye hazirlanmalar:
gerekmektedir. Bir seviyeden diger seviyeye olan ilerleme yas veya olgunluga gore degil 6grencinin
i¢cinde bulundugu 6grenme ortamina baglidir. Bu dogrultuda VH modelinde 6grencilerin bir seviyeden
diger seviye/lere gegislerindeki Ogretim siirecini tanimlanmistir (van Hiele, 1984): (1) bilgi ve
sorgulama, (2) rehberlik etme/destekleyici yonlendirme, (3) agiklama/yorumlama, (4) serbest
yonlendirme ve (5) entegrasyon. Bu 6gretim unsurlarinin dgretim siirecine dahil edilerek uzun siireli
gerceklestirilecek bir ogretim plani izlenmelidir. Bilgi ve sorgulama siirecinde, Ogrencilere ilgili
geometrik kavramlar sunularak grencilerin bu kavramlara iliskin bilgileri ortaya cikarilir. Ogrencilerin
geometrik sekillere iliskin yapmis olduklar1 aciklamalar: sorgulanarak agiklama ve gerekgelendirmede
bulunmalari, bu sayede 6gretmenlerini ve arkadaslarini ikna etme becerileri desteklenir. Rehberlik etme
veya destekli yonlendirmede, 6grenciler geometrik sekillerin ortitk o6zelliklerini kesfederler. Bu
asamada Ogretmen Ogrencilere destekleyici gorevler vererek 6grencilerin yeni geometrik kavramlarin
ozelliklerini ve iligkilerini fark etmelerini destekler. Ogrenciler tarafindan baglama iliskin iligkiler
kesfedilir ve tartisilir, 6gretmen ise yonlendirici sorular yoneltir: “Eskenar bir dortgen kosegeni
dogrultusunda katlandiginda ne olur?”. Bir diger asama olan aciklama ve yorumlamada 6grencilerin
kesfettikleri iligkileri matematiksel olarak temsil etmeleri saglanir. van Hiele (1984), 6grencilerin
geometrik kavrama iliskin 6zellikleri tanidiktan sonra matematiksel dil ve sembol kullaniminin daha
etkili oldugunu belirtmektedir. Bu dogrultuda ogrencilerin kesiflerinin ardindan 6gretmen “fark
ettiginiz sekil ve 6zelliklerin ne anlama geldigini tartisalim. Kosegenler simetri gizgilerinin tizerindedir.
iki simetri cizgisi vardir ve karsilikli acilar birbirine esittir. Kdsegenler tepe agilarini ikiye boler”
seklinde matematiksel dil ve terminolojiye yer verir. Bu asamadan sonra dgrencilerin daha karmasik
gorevlerde bagimsiz olarak galismalar1 beklenmektedir. Ogrenciler geometrik kavramlarin iligkilerine
daha hakimlerdir fakat bazi durumlarda karmasik yapilarin tanimlanmasinda destege ihtiyag
duymaktadirlar. Bu faaliyetlerde dgretmenin destegi daha agik ucludur. Ornegin bir gretmen soyle
diyebilir: Sadece iki kenar1 verilmis olan bir eskenar dortgeni nasil olusturabilirsiniz? Bu asamada
ogrencilerin calismalarini kendilerinin yapabilmesi i¢in daha agik uglu bir yonlendirme yapilmaktadir.
Ogretim siirecindeki son evre ise entegrasyondur. Bu asamada yeni bir bilginin 6gretimi degil
ogrencilerin  edindikleri bilgileri farkli baglamlarda kullanmalari ve yapilandirmalar:
hedeflenmektedir. VH modeline gore, 6grencinin bulundugu 6grenme ortaminda sunulan 6grenme
firsatlari, drnekler ve uygulamalar ilerlemeyi destekleyen énemli unsurlardir. Ogrenenlerin dncelikle
VH modelinin hangi geometrik seviyesinde olduklarinin belirlenerek buna uygun bir geometri 6gretimi
ile zenginlestirilmelidir (Clements, 2003). Bu dogrultuda gerceklestirilecek bu c¢alisma ile matematik
Ogretmeni adaylarinin geometri konularinda ispat yazma konusunda etkili bir 6gretim ile ispat yazma

becerilerinin gelistirilmesi hedeflenmistir. Bu ¢alisma ile matematik 6gretmeni adaylariin ispat yazma
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becerilerinin gelisiminde etkili bir geometri Ogrenme ortaminin diizenlenmesine katkida

bulunulacaktir.
Yontem

Bu calisma, nitel arastirma olarak desenlenmistir. Nitel arastirmalar, gesitli olgu ve durumlarin
derinlemesine incelenmesine ve biitlinciil bir yaklasimla degerlendirilmesine olanak saglamaktadir
(Fraenkel ve Wallen, 2009). Calismada, VH modelinin matematik 6gretmeni adaylarinin geometrik
ispat yazma becerilerine iliskin etkililiginin ortaya konulmasi amaglandig; icin nitel yontemlerden biri

olan 6gretim deneyi benimsenmistir.

Ogretim deneyi, belirli bir 6grenme hedefi dogrultusunda planlanan dgretim etkinliklerinin
arastirmaci/6gretmen tarafindan uygulanmasini icermektedir (Cobb, 2000). Ogretim deneyi, gelisimsel
bir arastirma bi¢imi olmasi bakimindan bir miidahalenin uygulanmasi yoluyla gerceklestirilir. Bu
dogrultuda 6gretme deneyinde gerceklestirilen pek ¢ok dgretme olayi ve klinik goriismeler mevcuttur
(Yackel, Gravemeijer, ve Sfard, 2015). Bu yontemde belirli bir 6grenme hedefi dogrultusunda
arastirmacilar tarafindan hazirlanan, planlanan ve gelistirilen “6gretim” etkinlikleri yer almakta ve
uygulanmasi planlanan katilimcilar ile “deney”imlenmektedir. Uygulama siirecinde arastirmaci ve
katilimeilar arasinda uzun siireli etkilesim s6z konusudur. Ogretim deneyinde veriler genellikle niteldir
ve Ogretim uygulamalariin kayitlari, klinik goriismeler, gozlemler, yansitici giinliikler ve ¢alisma
kagtlari nitel verileri olusturmaktadir (Cobb, 2000). Nitel verilerin elde edilmesinin takibinde, 6gretim
etkinlikleri 6grencilerin 6grenme hedeflerini desteklemedeki etkililigi incelenmek icin analiz edilir.
Ogretim deneyi yinelemeli bir siire¢ igermektedir. Ogretim etkinlikleri, hedeflenen grenme hedeflerini
daha iyi saglayacak sekilde uygulanir, analiz edilir ve gelistirilir. Ogretim deneyinin tamamlanmasinin
ardindan 6gretim deneyi boyunca toplanan tiim veriler geriye doniik olarak analiz edilir. Bu ¢calismada,
geometri Ogretiminde VH modeli 6grenme etkinliklerinin gelistirilmesi, uygulanmasi ve 6gretmen
adaylarinin ispat yazma beceri durumlarmin gelisimlerinin analiz edilmesi ile VH modelinin

etkililiginin ortaya konulmasi saglanacaktir (Sekil 1).

Planlama > Uygiﬂama> Degerlendjrme> Plarﬂama> Uygulama > Degerlendirme> gi?:ﬁ?
amamlama
Gecmise Déniik Analiz |

Sekil 1. Bu calismada gerceklestirilen 6gretim deneyi modeli.

Calisma Grubu

Calisma, bir devlet iiniversitenin ilk6gretim matematik 6gretmenligi programinda 6grenim
gormekte olan birinci sinif 6grencileri ile gergeklestirilmistir. Bu amagla 57 matematik 6gretmeni aday:
arasindan 10 kisi calismaya dahil edilmistir. Ogretmen adaylarinin ¢alismaya dahil edilmesinde amaclh

orneklem kullanilmigtir. Ogretmen adaylarinin calismaya katilmaya goniillii olmalar1 ve farkli VH
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diizeyinde olmalari &lgiit olarak belirlenmistir. Ogretmen adaylarinin VH diizeylerinin belirlenebilmesi
amaciyla arastirmacilar tarafindan 10 geometrik ispat sorusunun yer aldigi form uygulanmigtir.
Ogretmen adaylarmin vermis oldugu yanitlar degerlendirilerek geometrik ispat yapmada zorlanan,
hatali ispatlama yapan ve ispat yerine 6rneklendirme yolu ile gegerli ispat yaptigini diisiinen 6gretmen
adaylar1 ¢alismaya dahil edilmistir. Bu sayede geometrik ispatlamada VH-0 ve VH-1 diizeylerindeki
O0gretmen adaylarinin ¢alismada yer almalar1 saglanmistir. Katilimcr 6gretmen adaylarmin gizliliginin

saglanmasi amaciyla 01, 02,...,010 seklinde kodlama yapilmistir.

Calismada yer alan Ogretmen adaylari birinci simifta 6grenim gormektedirler. Matematik
O0gretmenligi programinin birinci yariyilini tamamlamiglar ve Matematigin Temelleri-I, Analiz-I alan
derslerini almislardir. Bu alan dersleri kapsaminda 6gretmen adaylarinin matematikte ispat ve ispat
gesitlerine iliskin bilgileri olmakla birlikte ispat cesitlerini uygulamali olarak bu alan derslerinde
gerceklestirmislerdir. Calismanin gergeklestirildigi ikinci yariyilda 0gretmen adaylari, Matematigin
Temelleri-II, Analiz-II ve Soyut Matematik alan derslerinde 6gretim gormektedirler. Bu alan derslerinde
yogun sekilde ispat yapilmaktadir. Matematigin Temelleri-II dersinde ise geometrik kavramlarin
Ogretimi yer almakla birlikte 6gretmen adaylarinin geometrik kavram ve tamimlara iligskin bilgileri

mevcuttur.
van Hiele Modeli Ogretim icerigi

VH modeline dayali olarak arastirmacilar tarafindan 6gretmen adaylarinin geometrik diisiince

gelisimlerini saglamak ve dolayisiyla ispat yazma becerilerinin gelisimi ile sonlanan VH modelinde ileri

......

adaylar1 ile ders disi zamanlarda haftalik 2 saat olacak sekilde gerceklestirilmistir. Bu 0gretim

etkinlikleri Tablo 1’de sunulmaktadar.

Tablo 1. VH modeline dayali 63retim icerigi ve zaman ¢izelgesi

Hafta Ogretim etkinliklerinin icerigi

1 Etkinlik-1: Geometrik sekilleri isimlendirme
Bu etkinlikte Ogretmen adaylarmin geometrik sekilleri isimlendirme, tamimlama ve
Ozelliklerini dogrulama calismalar1 gergeklestirilir. Ardindan simf igi tartismalar yolu ile
sekilleri siniflandirma yapilir.
Etkinlik-2: Temel geometrik sekilleri isimlendirme
Bu etkinlikte tanimli ve tamimsiz kavramlar sunulur ve ardindan Oklid’in postulatlarina
iliskin tanimlamalar ve agiklamalar gergeklestirilir.

2 Etkinlik-3: Dogrularin birbirlerine gore durumlari ve agilarin 6zellikleri
Bu etkinlikte dogrularin durumlar1 ve agilarin 6zelliklerine yonelik &nermelerin ispati
gerceklestirilir. Bu ispatlarda ilk olarak 6gretmen adaylarinin temel geometrik ¢izimler yolu
ile ispat yazmalarina rehberlik edilir ardindan kendi agiklamalarini ve gerekgelendirmelerini
sunmada serbest yonlendirme yapilir.

3 Etkinlik-4: Uggenlerin Ozelliklerini tanimlama ve siniflandirma
Bu etkinlikte tiggenlerin ag1 ve kenar Ozelliklerinin tanimlanmasina ve buna bagh olarak
siiflandirmalar yapilir.

4 Etkinlik-5: Uggenlerin yardimc1 elemanlarinin 6zelliklerini tanimlama ve iliskilendirme
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Ogretmen adaylarinin {iggenlerde aclortay, kenarortay ve yiikseklik ozelliklerini
tanimlamalari ve ispatlamalar: gerceklestirilir.

5 Etkinlik-6: Uggenlerin alan Ozelliklerini tanimlama ve iligkilendirme
Uggenlerde alan bagntilarina iliskin dnermelerin ispati yapilir. Alan bagmtilarmmn
bulunmasinda iliskilendirme yapilir (dortgen, ¢cember ile)

6 Etkinlik-7: Cokgenlerin kose, kenar ve agi Ozelliklerini tanimlama, siniflandirma ve
mantiksal iligki kurma
Bu etkinlikte ¢okgenlerin o6zelliklerinin ispatlanmasi ve buna bagh olarak geometrik
sekillerin siniflandirmalar1 gergeklestirilir. Ardindan i¢biikey ve digbiikey dortgenlerin ag1
ozelliklerine iliskin 6nermelerin ispat1 gerceklestirilir.

7 Etkinlik-8 & 9: Dortgenlerin agi, kenar, kosegen Ozelliklerini tanmimlama, siniflandirma,
mantiksal iliski kurma ve ispatlama
Bu etkinlikte 6gretmen adaylarinin her bir dortgenin 6zelliklerini tanimlarlar, birbirlerinin
Ozellikleri arasinda iligski kurarlar, smiflandirma yaparlar (alt kiime ile) ve ¢ikarimlarimi
ispatlarlar.

8 Etkinlik: 10 & 11: Cember 6zelliklerini agiklama
Bu 6gretim etkinliginde ¢emberin kiris, teget ve yay ozellikleri 6gretmen adaylar tarafindan
tanimlanir ve ispatlarur. Ardindan bu oOzelliklere bagh olarak a¢i durumlarina iliskin
Onermelerin ispat1 gerceklestirilir.

Ogretim etkinliklerinin planlanmasinda VH modelindeki diizeyler ve van Hiele (1984)
tarafindan tanimlanan geometrik diisiincenin gelisimini destekleyen 6gretim ortami unsurlari temel
almmustir. Bunlar: (1) bilgi ve sorgulama, (2) rehberlik etme/destekleyici yonlendirme, (3)
aciklama/yorumlama, (4) serbest yonlendirme ve (5) entegrasyon seklindedir. Bu unsurlar ve VH
diizeyleri gozetilerek planlanan 6gretim etkinlikleri iki boyutlu (2B) geometrik sekillerin 6gretimini
kapsamaktadir. Etkinliklerde 6gretmen adaylarmin bireysel ¢alismalari hedeflenmis bu sebeple
geometri konularina iligkin bireysel galisma yapraklari olusturulmustur. Ogretmen adaylarinin bireysel
¢alismalariin ardindan smif igi tartismalar yolu ile gerceklestirdikleri ispatlarinin degerlendirmesi

yapilmistir.

Ogretim etkinliklerinde ilk olarak 2B geometrik sekillerin ortak 6zelliklerinin gretmen adaylar1
tarafindan tamimlama, analiz etme ve dogrulama yapabilme durumlarna iliskin etkinlikler
gergeklestirilmistir. Bu etkinligin takibinde Ogretmen adaylarmin VH diizeylerinde diisiince
gelisimlerini saglamak amaciyla dogrular, agi, iiggen, dortgen ve ¢ember konularina iliskin 6nermeler
sunulmustur. Bu konularda sunulan 6nermelerin ispatinda rehberli bir tartisma yolu ile birbirlerine
soru sorma ve ikna etmeye calismalari, gerekcelendirme yapmalar saglanmistir. Ardindan serbest
yonlendirme yolu ile 6gretmen adaylarinin edindikleri ispat yazma becerilerini farkli onermelerde

kullanmalar1 saglanmaistir.
Veri Toplama

Calismada veri toplama araglari olarak Ogretim deneyi Oncesi gerceklestirilen bireysel
goriismeler, 6gretim deneyi boyunca gergeklestirilen smif ici calismalarinin ses ve video kayitlari,

arastirmaci alan notlar1 ve 6gretmen adaylarinin bireysel ¢alisma kagitlar: yer almistir. Clements (2003)
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VH modelinin uygulanma oncesinde 0Ogrencilerin hangi geometrik seviyesinde olduklarmimn
belirlenerek buna uygun bir geometri 6gretimi yapilmasi gerektigini belirtmistir. Bu amagla 6gretim
deneyi oOncesi Ogretmen adaylarinin c¢alismaya dahil edilmesinde bireysel goriismeler
gerceklestirilmistir. Bu goriismeler Ogretmen adaylarinin 6gretim deneyi oncesi VH diizeylerini
belirlemek amaciyla gerceklestirilmistir. Bu amagla arastirmacilar tarafindan geometrik ispat yapma
gerektiren 10 sorunun yer aldig1 ispat formu hazirlanmistir. Formda yer alan sorularda arasinda
“sunulan geometrik sekilleri siniflandirimiz ve gerekgelendiriniz”, “paralel iki dogrunun bir kesenle
yaptif1 i¢ ters agi ciftlerinin Olgiileri birbirine esittir, ispatlayimiz” seklinde 6rnek durumlara yer
verilmistir. Formda yer alan sorularin kapsam gecerliligi ve anlasilabilirliginin degerlendirilmesi

amaciyla uzman goriisleri alinmis ve son hali verilmistir. Ogretmen adaylariyla gergeklestirilen bireysel

goriismeler sonucunda 6gretim deneyi 6ncesi VH diizeyleri belirlenmistir.

VH modeline dayal1 8 hafta gerceklestirilen smif calismalarinda ogrencilerin bireysel
calismalari ¢alisma kagtlar ile sinif i¢i uygulamalar ise ses ve video kayitlari ile kaydedilmistir. Bunun
yani sira arastirmacit ayni zamanda gozlemci olarak alan notlar1 kaydetmistir. Her bir geometri
konusuna iligskin ¢alisma kagitlar: arastirmacilar tarafindan olusturulmustur. Calisma kagitlarinda ilgili
geometri konusuna iliskin Onermelere yer verilmistir. Ardindan c¢alisma kagitlarinda yer alan
onermelerin kapsam ve diizeye uygunluklarinin degerlendirilmesi amaciyla uzman goriisii alinarak
diizenleme yapilmustir. Ogretim etkinliklerinde 0gretmen adaylarinin ¢alisma kagitlarinda sunulan
ilgili Onermeyi bireysel olarak ispatlamalari, ardindan smif igi tartismalar yolu ile aciklama,
gerekgelendirme ve genellemeye varmalari hedeflenmistir. Ogretmen adaylarmin gerceklestirmis

olduklar1 simif i¢i calismalar1 video ve ses kayitlari ile eksiksiz olarak kaydedilmistir.
Verilerin Analizi

Calismada, nitel veriler van Hiele (1984) tarafindan tanimlanan geometrik diisiince gelisim
diizeylerine gore analiz edilmistir. Bu sekilde daha 6nceden belirlenen temalar ¢ercevesinde verilerin
analiz edilmesi betimsel analiz olarak tanimlanmaktadir (Yildirnm ve Simsek, 2016). Bireysel
goriismeler, ses ve video kayitlari, 6gretmen adaylarnin ¢alisma kagitlar1 ve arastirmaci alan notlari
caligmanin nitel verilerini olusturmaktadir. Ogretim deneyi dncesi gerceklestirilen bireysel goriismelere
ait ses kayitlar1 yaziya gevrilmis ve her bir 6gretmen aday1 igin ayri ayri dosyalanmistir. Ogretim
etkinliklerine ait alan notlari, ses ve video kayitlar1 ise her bir etkinlik igin yaziya gevrilmis ve
dosyalanmistir. van Hiele (1984) tarafindan tanimlanan VH diizeyleri analizin tematik cercevesini
olusturmustur. Bu sayede kodlamalarin yapilacag: kategoriler belirlenmistir. VH diizeylerine yonelik
literatiirde (Daguplo, 2014; van Hiele, 1984; Senk, 1985) yapilan agiklamalar temel alinarak
arastirmacilar tarafindan bagimsiz olarak kodlamalar yapilmistir. Farkli veri kaynaklarindan elde
edilen verilerin karsilastirmasi ve teyit edilmesi sonucunda kodlamalar gerceklestirilmistir. Buna iliskin

ornek kodlama Tablo 2'de sunulmustur. Bagimsiz gerceklestirilen kodlamalarin ardindan



Sen C., & Giiler, G.

arastirmacilar bir araya gelmisler ve gerceklestirdikleri kodlamalar1 ve gerekgelerini karsilikli olarak
sunmuslardir. Kod degerlendirmesi sonrasinda tematik cergevesi olusturan VH diizeyleri

dogrultusunda kategorilere ulagilmistir.

Tablo 2. Analiz semast ve érnek kodlamalar

Diizey Kodlama

VH-1 O3: Dikdértgen sekline benzedigini soyleyebiliriz.

VH.2 Od: Herhangi bir dértgen hangi ozelligi saglarsa o simifa yerlestiririz. Ornegin
paralelkenarin ozelliklerini saglarsa, sekli bu sinifa yerlestiririz.

VH-3 O9: Kargilikl: kenarlar: birbirine paralel olan dortgene paralelkenar denir.

VH-4 or: :

Arastirmanin Gegerlik ve Giivenirligi

Bu arastirmanin gecerliligi amacli 6rneklem, veri cesitlemesi, uzman goriisii ve Ogretim
deneyinin detayli sunulmasi ile saglanmistir. Nitel arastirma olan bu calismada, farkli veri toplama
araglari olan goriisme, gozlem ve dokiimanlarin (6gretmen aday: ¢alisma kagitlar: ve arastirmact alan
notlar1) beraber kullanilmasi elde edilen verilerin teyidini sagladig1 icin inandiriciligr saglanmistir. Nitel
arastirmalarda katilimci 6zelliklerinin ve uygulama igeriginin detayli sunulmasi ile transfer edilebilirlik
saglanmaktadir (Yildirim ve Simsek, 2016). Bu calismada, 6gretmen adaylarinin 6zellikleri ve ge¢mis
deneyimleri ayn1 zamanda 6gretim deneyinin igeriginin detayli sunulmasi ile transfer edilebilirligi
saglanmistir. Bu sayede ¢alismanin benzer calismalara uyarlanabilirligi saglanmistir. Veriler, iki
aragtirmaci tarafindan ayr1 ayr kodlanarak tutarlik saglanmis ve gergeklestirilen bagimsiz kodlamalar
sonrasinda bir araya gelinerek fikir birligi saglanmis ve temalara ulasilmistir. Bu sayede ig tutarligin ve

gilivenirligin saglanmasi amaglanmuistir.
Arastirmanin Etik izinleri

Yapilan bu ¢alismada “Yiiksekogretim Kurumlari Bilimsel Arastirma ve Yayin Etigi Yonergesi”
kapsaminda uyulmasi belirtilen tiim kurallara uyulmustur. Yonergenin ikinci boliimii olan “Bilimsel
Arastirma ve Yayin Etigine Aykir1 Eylemler” bashg altinda belirtilen eylemlerden higbiri

gerceklestirilmemistir.

Etik kurul izin bilgileri:

Etik degerlendirmeyi yapan kurul adi1 = Yozgat Bozok Universitesi
Etik degerlendirme kararinin tarihi= 20 Ocak 2021

Etik degerlendirme belgesi say1 numarasi= 3198
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Bulgular

Calismanin bulgular1 (1) O0gretim deneyi Oncesi ve (2) VH modeline dayali 6gretim
etkinliklerinde 6gretmen adaylarinin ispat yazma becerilerinin diizeyleri olmak {izere iki asamada ele
alinmistir. Ogretim etkinlikleri 6ncesinde 6gretmen adaylarinin ispat yazma becerileri VH diizeyleri

kapsaminda degerlendirilmis ve sonuglar1 Tablo 3’te sunulmustur.

Tablo 3. Ogretim etkinlikleri 6ncesinde 63retmen adaylarinin ispat yazma diizeyleri

Diizey Katilima1
VH-1 01, 02, 03, O5
VH-2 04, 07, 08, O9
VH-3 06, 010

Tablo 3’te yer alan bulgulara bakildiginda, 6gretmen adaylarinin ispat yazma becerilerinin
cogunlukla VH-1 (n=4) ve VH-2 (n=4) diizeyinde oldugu goriilmektedir. Ogretim etkinlikleri 6ncesinde
gergeklestirilen bireysel goriismelerde Ogretmen adaylarina gegerli geometrik ispat yazmalarmin
hedeflendigi sorular yéneltilmistir. Ogretmen adaylarina yoneltilen sorulardan biri “iki dik agis: olan bir
iicgen olabilir mi?” sorusu olmustur. Bu soruya iliskin O2'nin agiklamas1 “olamaz ciinkii oldugu taktirde
iicgenin i¢ acilart toplami 180%°den fazla olur” seklinde olmustur. Benzer sekilde 05 de “ii¢genin i¢ acilar:
toplam1 180° oldugu icin olmaz” seklinde agiklamada bulunmustur. Ornek Ogretmen adaylarinin
acgiklamalarina bakildiginda tiggenin i¢ acilari toplami Ozelligini belirttikleri ve gecerli ispatlama
yapmadiklar: goriilmektedir. Buna dayali olarak 6gretim etkinlikleri dncesinde 6gretmen adaylarinin
geometrik diisiince gelisimlerinin diisiik diizeyde oldugu dolayisiyla gecerli ispat yazmada yetersiz
olduklar1 sonucuna ulagilmaktadir. Bunun yani sira O6 ve Ol10 &6gretmen adaylarmin
tiimdengelim/mantiksal ¢ikarim diizeyinde olduklar: goriilmektedir. Ayni 6rnek goriisme sorusuna
iliskin O6'nin agiklamalari

bir tiggenin koselerinden gegen bir ¢evrel cember ¢izdigimizde bu ii¢genin acilar1 ¢evre agilar

olurlar. Bu agilarin gordiikleri yay uzunluklar: a¢inin 6l¢iisiiniin iki katidir. Cember yayinin

olciisii 360° oldugunu biliyoruz, buradan sonuglar ii¢ noktanin dogru ile kesisimlerinin tiggen
belirtebilmesi i¢in iki dik a¢1 olamaz diyebiliriz

seklinde olmustur. Bu dogrultuda bu iki 6gretmen adaymin gegerli ispat yaziminin kabul edilen ilk
diizeyinde olduklar1 sonucuna ulasilmaktadir. Genel olarak 6gretmen adaylarmin 6gretim etkinlikleri
oncesinde ispat yazma becerileri degerlendirildiginde ispat yazma becerilerinin yetersiz oldugu, ispat

yazma konusunda zorlandiklar: ve kisith anlayisa sahip olduklar: sonucuna ulasilmaktadir.

Ogretmen adaylarinin ispat yazma becerilerinin gelisiminin hedeflendigi VH modeli gretim
deneyi siirecinde yer alan drnek uygulamalar ve 6gretmen adaylarinin ispat yazma diizeyleri asagida

sunulmustur.
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VH-1 Diizeyine iligskin Bulgular

Calismada, 0gretmen adaylarinin ilgili 6gretim etkinliklerinde cesitli geometrik kavramlari
tanimlamalari, agiklamalar1 ve siiflandirmalar: istenmistir. Bu uygulamalar VH modelinin bilgi ve
sorgulama asamasi dogrultusunda gerceklestirilmistir. Bu amagla, ilk olarak dgretmen adaylarinin
geometrik sekilleri (Sekil 2) incelemeleri ve ardindan adlandirma ve siniflandirma yapmalar:
istenmistir. Asagida Ogretmen adaylarinin sunulan geometrik sekillere iliskin 6rnek agiklamalari

sunulmustur.

¢
:

Sekil 2. Ogretim etkinliginde kullanilan &rnek geometrik sekiller.
Geometrik sekillerin 6zelliklerinin tanimlanmasi, agitklanmas: ve smiflandirilmasi etkinliginde
Ogretmen adaylarinin bilgileri sorgulanmaistir. Bu siirecte O2'nin
bu sekiller icin geometrik sekil diyebilir miyiz, emin degilim. c sekli dikd6rtgene benziyor ama
digerleri geometrik sekil degil bence” ve O3'iin aciklamasi “Bu mantikla diisiiniirsek d sekli

ticgene b sekli dik ii¢gene f ise dikdortgene benziyor diyebiliriz ama bunlar tamdigimiz
geometrik sekiller degiller

seklinde olmustur. O2 ve O3 kodlu 6gretmen adaylarinin geometrik sekillerin gériiniiglerine dayal
olarak oOzelliklerini tanimladiklarini ve yetersiz akil yiiriitmeleri sebebiyle VH-1 diizeyinde olduklari
goriilmektedir. Bu dogrultuda 6gretmen adaylarinin geometrik sekillerin 6zelliklerini bilmedikleri bu
sebeple neden-sonug iliskisi kuramadiklari, acgiklamalarinda ise gerekcelendirmede yapamadiklar:
goriilmektedir. Bu sonuglar dogrultusunda geometrik sekillerin siniflandirilmasinda O2 ve O3'iin akil

yliriitme becerilerinin sinirli oldugu soylenebilir.
VH-2 Diizeyine iliskin Bulgular

Ogretmen adaylarmin geometrik sekil ve kavramlara iligskin bilgileri dgretim etkinlikleri
siirecinde ortaya ¢ikarilmis ve bu bilgileri sorgulanmistir. Bu siiregte 6gretmen adaylarina yonlendirici
sorular ile rehberlik edilmis ve gerek duyulan durumlarda agiklamalarda bulunulmustur. Bazi
O0gretmen adaylarinin geometrik sekillerin tanimlarini bilmeden sadece geometrik sekillerin
Ozelliklerine dayali smiflandirmalarda bulunduklar1  goriilmektedir. Geometrik —sekillerin
simiflandiriimast etkinliginde O1 sunulan gérseldeki (Sekil 2) sekillere yonelik “tanidigimiz geometrik
sekillere benzemiyorlar. Tamdigimiz geometrik sekilleri kag kenar1 varsa ona gore; ticgen, dortgen, besgen, vb.

seklinde simiflandiriyoruz. Ama burada kenar tam olarak yok” seklinde aciklamada bulunmustur. Benzer
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sekilde O5 kodlu 6gretmen aday1 “a secenegi hari¢ diger sekillerin kenarlari diiz degil” agiklamasinda
bulunmustur. O1 ve O5'in agiklamasina bakildiginda geometrik sekillerin tanimlarina dayali olarak
degil ozelliklerine odaklanilarak agiklamada bulunduklari ve buna gore smiflandirma yaptiklar
goriilmektedir. Bu dogrultuda O1 ve O5 kodlu ogretmen adaylarmin geometrik sekilleri

smiflandirmada VH-2 diizeyinde olduklar goriilmiistiir.

Dértgenlerin simiflandirilmasi etkinliginde ise O4 ve O10 kodlu ogretmen adaylarmin,
dortgenlerin hiyerarsik yapisini olusturmada geometrik sekillerin Ozellikleri dogrultusunda

smiflandirma yaptiklar: goriilmektedir (Sekil 3).

Sekil 3. a) O4 ve b) O10 6gretmen adaylarinin dértgen smiflandirmalari.

Dortgenlerin hiyerarsik yapisina iliskin gerceklestirilen etkinlikte 04 ve 010 kodlu ogretmen
adaylarinin geometrik sekillerin Ozelliklerini detayli olarak listeledikleri ve bu oOzelliklere dayali
smiflandirma yaptiklart goriilmektedir. Sekil 3'te goriildiigii tizere, O4 ve O10 kodlu dgretmen
adaylarinin dortgenleri yamuk grubu, paralelkenar grubu, vb. olarak siniflandirdiklar: fakat simiflar
arasi baglantiy1 kuramadiklari goriilmektedir. Ogretmen adaylariin siniflandirma durumlar
sorgulandiginda O4 “herhangi bir dértgen hangi ozelligi saglarsa o sinifa yerlestiririz. Ornegin paralelkenarin
ozelliklerini saglarsa, sekli bu sinifa yerlestiririz” seklinde agiklamada bulunmustur. Etkinligin devaminda
Ogretmen adaylarina eskenar dortgen ve deltoid arasinda bir iliskinin olup olmadig1 sorgulanmigtir.
O3'iin buna iliskin agiklamast “deltoid dzel bir dortgendir fakat eskenar dortgen ile iliskilendirmesi yoktur”
seklinde olmustur. Benzer sekilde O7 kodlu 6gretmen aday1 da iliskilendirmede bulunamamis ve
“eskenar dortgen en ozellesmis dortgen, deltoid ise daha farkli Ozellikleri var, ortak ozellikleri yok gibi” seklinde
agiklamada bulunmustur. Bu dogrultuda 6gretmen adaylarinin dortgenleri siniflandirabildikleri fakat
sekilleri farkl1 bir snifin pargasi olarak goremedikleri sonucuna ulagilmaktadir. Buna bagli olarak O3,
04, O7 ve O10 kodlu &gretmen adaylarmin dértgenlerin hiyerarsik yapisini olusturmada VH-2
diizeyinde olduklar1 sonucuna ulasilmaktadir. Dortgenlerin tanimlanmasmin istendigi etkinlikte
ogretmen adaylarmin yapmis olduklar: tanimlarin gerek ve yeter kosul belirten ekonomiklik 6l¢iitiinii
saglamadig1 bunun yerine sekillerin 6zelliklerini ifade eden agiklamalardan olustugu goriilmektedir.
Ornegin, O6 kodlu 6gretmen adaymin paralelkenar tanimi “dért kenar: olan, karsilikl kenarlar: paralel ve

esit, i¢ acilart toplami 360°°dir” seklinde olmustur. Benzer sekilde 02 kodlu Ogretmen aday1 kare
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taruminda “dort kenari olan, kenarlari birbirine esit, karsilikli kenarlar: paralel, tiim agilar: birbirine egit ve 90°”
seklinde agiklamalarda bulunmustur. Buna bagli olarak 02 ve 06 kodlu Ogretmen adaylarinin
geometrik kavramlar1 tanimlamada gereginden fazla ozelligi ifade ettikleri ve bu sebeple VH-2

diizeyinde olduklar goriilmektedir.
VH-3 Diizeyine iliskin Bulgular

Geometrik kavramlara iligskin bilgilerin sorgulandig1 etkinlikte VH-2 diizeyinde olan 6gretmen
adaylarinin (02 ve O5) yani sira geometrik sekillerin tanimina dayali ¢ikarimda bulunup VH-3
diizeyinde olan Ogretmen adaylar1 da bulunmaktadir. Sekil 2’de sunulan geometrik sekillerin
siniflandirilmasina iliskin O5 kodlu 8gretmen aday1

noktalar ve bu noktalarin dogru parcalar ile kesisimlerinden olusuyorlar. Kag¢ kenarlilarsa

tiggen, dortgen, besgen, vs. denir. Yani ben su an ¢okgeni tanimladim. Bu tanima gore sadece a
sekli bir cokgendir diyebiliriz. Hatta i¢ biikey ¢okgen diye de 6zellestirebiliriz

seklinde agiklama yapmigtir. O7 kodlu 6gretmen aday1 ise “Evet, diger sekiller ise egrilerden olusuyor
bunlar da kapali egri oluyor” ve bu agiklamanin devaminda O10 kodlu 6gretmen aday1 “a sekli cokgen ama
digerlerini siiflandiramayiz” seklinde tanimdan yola ¢ikarak geometrik sekillerin siniflandirmasina
iliskin ¢ikarimda bulunmuslardir. Bu dogrultuda 05, O7 ve 010 Ogretmen adaylarinin ¢okgen, ig
biikey/dis biikey ve egri ozellikleri dogrultusunda gorselde yer alan sekillerin 6zelliklerine iliskin
karsilastirmalarda ve c¢ikarimda bulunduklari ve bu sebeple geometrik sekilleri adlandirma ve

smiflandirmada VH-3 diizeyinde yer aldiklari sonucuna ulasilmaktadar.

Dogrularin birbirlerine gére durumlarinin ve agilarmin 6zelliklerinin incelendigi etkinlikte
Ogretmen adaylarina dogrularin birbirlerine gore durumlarinin ve buna dayali olarak agilarin
Olctilerinin Ozelliklerinin incelenmesi istenmistir. Bu etkinlikte dogrularda belirtilen agi ciftlerinin
esitligi sorgulanmis ve 6gretmen adaylarinin ¢alismalarinda “acaba dogrularin ¢akismasi durumunda
ne olur?” veya “dogrularin paralelliginin farkli konumlarinda agilarin esitligi degisir mi?” gibi sorularla
serbest yonlendirmede bulunmustur. Sekil 4'te 04, O5, O7 ve O9 kodlu 6gretmen adaylarmin

sunduklar1 6rnek ¢ikarimlar yer almaktadir.
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Sekil 4. a) 04, b) O5, ¢) 07, d) O9 6gretmen adaylarinin dogrularin durumlari ve agi ciftlerine
iligkin agiklamalari.

Sunulan Orneklerde 6gretmen adaylarinin yapmis olduklar: agiklamalara ve kullandiklar:
ifadelere bakildiginda dogrularin paralellik ve kesisim durumlarina bagh olarak agilarin 6lgiilerinin egit
oldugu ¢ikariminda bulunduklar gériilmektedir. Bu ¢ikarimlarin arastirmaci tarafindan sorgulanmasi
{izerine dgretmen adaylar1 gerekcelendirmelerde bulunmuslardir. O4, O5, O7 ve 09 kodlu 6gretmen
adaylarinin gerekgelendirmelerine bakildiginda matematiksel sembol ve terminolojiyi dogru sekilde
kullandiklar1 ve gecerli ¢ikarimlarda bulunduklari goriilmektedir. Buna dayali olarak &gretmen
adaylarinin dogrularin birbirine gore durumlarindaki iliskileri inceleyerek farkli durumlardaki
Ozelliklerine iliskin informal ¢ikarimlarda bulunabildikleri ve bu sebeple 04, 05, O7 ve 09 kodlu

ogretmenlerin VH-3 diizeyinde olduklar1 sonucuna ulasilmaktadir.

Déortgenlerin siniflandirilmasi etkinliginde VH-2 diizeyinde yer alan 6gretmen adaylarinin yan:
sira geometrik sekillerin farkli smiflar1 arasinda iliskilendirme yapip VH-3 diizeyinde yer alan
ogretmen adaylari da bulunmaktadir. Sekil 5te O1 ve O8 kodlu 6gretmen adaylarmin dértgenlerin

hiyerarsik yapisina iliskin olusturduklar1 semalar: yer almaktadar.
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a)

Sekil 5. a) O1 ve b) O8 ogretmen adaylarinin dortgen siniflandirmalars.

Olusturulan smiflandirmalarda O1 kodlu dgretmen adaymin paralelkenar grubunu, kenar
uzunluklari esit ise->eskenar dortgen, eskenar dortgeni ise agilar1 90 olursa->kare olarak siniflandirdigi
ve smiflar arasi iligkilendirme yaptig1 goriilmektedir. Ayn1 zamanda paralelkenar grubunu ag1 agilari
90° olursa->dikdortgen, dikdortgeni ise kenarlari esit olursa->kare olarak siniflandirmistir. Sinflar arasi
iliskilendirmenin benzer sekilde O8 kodlu &gretmen aday: tarafindan da yapildigi goriilmektedir. Bu
dogrultuda O1 ve O8 kodlu 6gretmen adaylarmin dértgen sinuflarinda ve sinuflar arasinda
iliskilendirmede bulunabildikleri dolayisiyla VH-3 diizeyinde olduklari sonucuna ulasilmaktadir.
Uggenlerin smiflandirilmasi etkinliginde ise tiim 6gretmen adaylar1 egkenar iiggenin ayni zamanda
ikizkenar ii¢gen oldugunu, bu iiggenlerde tepe agisindan indirilen yiiksekligin, agiortay ve kenarortay
oldugunu belirtmislerdir. Bu dogrultuda tiim 6gretmen adaylarinin ti¢ggenlerin 6zellikleri arasindaki
iliskilerin farkinda olup ¢ikarimda bulunduklar: ve bu sebeple VH-3 diizeyinde olduklari sonucuna

ulasilmaktadir.

Ogretim etkinliklerinde iicgen ve dortgenlerde yer alan geometrik sekillerin 6gretmen adaylari
tarafindan tanimlanmast istenmistir. O1, 02 ve O9 kodlu 6gretmen adaylarinin tanimlarinda gerek ve
yeter kosullar1 belirttikleri bunun haricinde agiklamaya dayal: ifadelere yer vermedikleri goriilmektir.
O1 kodlu dgretmen adayinin {iggen kavramina iliskin tanimi “dogrusal olmayan ii¢ noktanin, dogru
parcalarinin kesisimi ile olusturdugu sekil” seklinde olmustur. Yamuk kavramini O2 kodlu 6gretmen aday1
“kargiliklt kenar ciftlerinden en az biri paralel olan dortgen” olarak tanimlamugtir. Benzer sekilde O9 kodlu
Ogretmen aday1 da “karsilikli kenarlari birbirine paralel olan dortgene paralelkenar denir” ifadesi ile
paralelkenar kavramii tanimlamistir. Bu dogrultuda O1, O2 ve 09 kodlu 6gretmen adaylarmin
geometrik kavramlara iliskin tanimlarinda gerek ve yeter kosullar: belirttikleri ve agiklama yapmayip
tanumlarinda ekonomiklik Olgiitiine dikkat ettikleri bu sebeple VH-3 diizeyinde olduklar1

goriilmektedir.
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VH-4 Diizeyine iligkin Bulgular

Ogretim etkinliklerinde 8gretmen adaylarina ispat yazma uygulamalari 6ncesi &nerme, teorem,
postulat ve aksiyom kavrami sunulmus ve 6gretmen adaylarinin bu kavramlara iliskilerin bilgileri
ortaya gikarilmigtir. Onerme ve teorem O7 tarafindan “teorem, dogrulugu kanitlanmis snermelerden olusur,
dnermeler ise dogru veya yanls olabilir dogruluguna ise ispatla bakilir” seklinde tanimlanmistir. O10 kodlu
O0gretmen aday1 ise aksiyomu “herkes tarafindan dogrulugu kabul edilen dnermeler” seklinde tanimlamis ve
O3 kodlu 6gretmen adayn ise “mesela Oklid'in aksiyomlarindan biri ayni seye esit seyler birbirine esittir”
seklinde aksiyomu Orneklendirmistir. Ardindan O0gretmen adaylarma postulat ve aksiyom
kavramlarinin benzer/farkli kullanimlarini tartismalari istenmistir. Buna yonelik olarak O6 kodlu
Ogretmen aday1 postulat ve aksiyom arasindaki fark: “postulat sadece bir bilim alaninda gegerlidir aksiyom
ise tiim alanlarda... Mesela Oklid geometrisindeki bes postulat Oklid geometrisinde gecerli” seklinde ifade
etmistir. O6 kodlu dgretmen adaymin agiklamasinin ardindan &gretmen adaylarmin Oklid disi
geometri ozelliklerini kargilagtirmalart amaciyla “Oklid’in postulatlarinmn tiimiinii hatirlhyor musunuz?
Sizce mantiksal hatanin oldugu durum var mi?” sorusu yoneltilmis ve O5 tarafindan “5. Postulatt: sanirim -
paralellik aksiyomu- celigkili bir durum vard: hatta bundan dolay: Oklid disi geometrinin cikist oluyordu”
seklinde aciklamada bulunmustur. Ogretmen adaylarinin yaptiklari agiklamalara bakildiginda O5, O6,
07 ve O10 kodlu dgretmen adaylarinin Oklid geometrisinde énerme, teorem, postulat ve aksiyom
kavramlari arasindaki iliskilerin farkinda olduklari fakat Oklid dis1 geometriyi kavrayamadiklari bu

sebeple VH-4 diizeyinde olduklar1 goriilmektedir.

Ogretim etkinliklerinde 6gretmen adaylarma gesitli 6nermeler sunulmus ve &gretmen
adaylarmin bu énermelerin dogrulugunu gostermeleri istenmistir. Ik olarak dogrularin 6zellikleri
konusunda &gretmen adaylarinin ispat yaptiklari goriilmektedir. O4, 06, O7 ve O8 kodlu dgretmen

adaylarinin geometrik ¢izimler yolu ile gergeklestirdikleri ispatlar1 Sekil 6’da sunulmustur.
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Sekil 6. a) O4, b) 06, ¢) O7 ve d) O8 ogretmen adaylarinin dogrularin 6zellikleri konusuna iliskin ¢izim

yolu ile ispatlari.

04 ve O8 kodlu 6gretmen adaylarinin bir aginin agiortayini, O6 ve O7 kodlu dgretmen adaylar
ise bir dogruya dik bir dogru ¢izimini ispatladiklar1 goériilmektedir. Buna dayal olarak 6gretmen
adaylarinin 6nermelerin dogruluklarinin farkli yollarla ispatlanabileceginin farkinda olduklar
goriillmektedir. O6 ve O7'nin farkli gizimler yolu ile bir dogruya dik bir dogrunun olusturulmasint
ispatladiklar: goriilmektedir. Sekil 6’da sunulan 6gretmen adaylarinin 6rnek ispat yazimlarinin gizimler
yolu ile gerceklestirdikleri goriilmektedir. Bunun yami sira iiggen konusu oOgretim etkinliginde
ogretmen adaylarina “bir iicgenin alanini kag farkli yolla bulabilirsiniz? bu yolunuz her zaman gegerli midir?
nasil karar verdiniz?” sorular1 yoneltilmis ve Ogretmen adaylarmnin ornek ispatlart Sekil 7’de

sunulmustur.

__

Sekil 7. a) O1 ve b) O3 6gretmen adaylarmin iicgenlerde alan hesaplanmasina iligkin ispatlari.

Sekil 7’de O1 ve O3 kodlu 6gretmen adaylarinin iiggenin alan hesaplamasina iliskin énermeleri
ve bu dnermelerine iliskin gergeklestirdikleri ispatlar1 yer almaktadir. Ogretmen adaylarmin ispat
yazimlarinda gerekge ve iddialarmi belirttikleri goriilmektedir. Ogretmen adaylar1 iiggenin alan
hesaplamasina iliskin farki 6nermeler sunmuslar ve farkli ispat yazimi gergeklestirmislerdir. Benzer
sekilde dértgenin alan hesaplamasia iliskin O4 ve O7 kodlu 6gretmen adaylarinin gergeklestirdikleri

ispatlar1 Sekil 8’de goriilmektedir.
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a) b)

Sekil 8. Dortgenlerde alan hesaplanmasina iliskin 6gretmen adaylarinin ispatlari.

Dértgenlerin alan hesaplamasinda O4 diizgiin olmayan bir dértgenin alan hesabini
“kosegenlerinin uzunluklar: ile bu kosegenlerinin olusturdugu acinin siniisii ile ¢arpimina esittir”
onermesinden yola cikarak ispatlamistir. O7 kodlu 6gretmen aday1 ise O4'{in bu ispatin1 6zellestirerek
bu hesaplamay1 eskenar dortgen seklinde ispatlamistir. Bu sayede 6gretmen adaylarmin geometrik
sekiller ve ozelliklerinin gesitli gruplar ile iliskilendirebildikleri ve bu iliskileri ispat yolu ile

dogruladiklar: goriilmektedir.

Ogretmen adaylarinin ispatlarmi iki kolonlu ve paragraf ispat bigimi olarak yazabildikleri
goriilmektedir. Ornegin, cember 6gretimi etkinliginde O9 kodlu 6gretmen adayr “esit uzunluktaki
kirislerin ayirdi§1 cember yaylart esit uzunluktadir” Onermesine iliskin ispatinin iki kolonlu oldugu
goriilmektedir (Sekil 9). Benzer sekilde gemberde yay-kiris 6zelliklerinin ispatinda O1 kodlu Ogretmen
aday1 iki kolonlu ispat bigimi ile ispatim yazarken O4 ve O7 kodlu 6gretmen adaylar1 paragraf ispat

bi¢imini kullanmiglardir.
a) b)
<) d)

Sekil 9. Cemberde teget-kiris-yay ozelliklerine iliskin 6gretmen adaylarmnin a) iki kolonlu ispat b) c) d)

paragraf ispat bigimi.
VH modeline dayali 0Ogretim etkinliklerinde sunulan Onermelerin dogruluklarinin
gosteriminde Ogretmen adaylarmin gecerli ispat yazabildikleri ve bu yazimlarinda farkli ispat

gosterimlerinden faydalandiklar: goriilmektedir. Bu dogrultuda 6gretmen adaylarinin farkli ispatlarin
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birbirlerine denkliginin farkinda olduklar1 sOylenebilir. Bu bulgular dogrultusunda Ogretmen
adaylarinin ispat yaziminda VH-4 diizeylerinde olduklari sonucuna ulasilmaktadir. Tiim VH modeline
dayal1 6gretim siirecinin genel degerlendirilmesinde 6gretmen adaylarinin ispat yazma becerilerinin

gelisimsel siireci Sekil 10’da sunulmustur.
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Sekil 10. VH modeline dayal1 6gretim etkinliklerinde 6gretmen adaylarinin ispat yazma becerilerinin
gelisimsel stireci.

VH modeline dayali 6gretim etkinliklerinde ilk olarak 6gretmen adaylarimin geometrik sekil ve
kavramlara iliskin bilgileri ortaya c¢ikarilmis ve sorgulanmistir. Geometrik sekillerin, {iggenlerin,
dortgenlerin simiflandirilmasinda VH-1 diizeyinde olan 6gretmen adaylarinin oldugu goriilmiistiir.
Ogretim siireci VH modeline dayali olarak gerceklestirilmis ve &gretim etkinliklerinde destekli
yonlendirmede bulunularak 6gretmen adaylarinin eksik bilgilerinin giderilmesi amaciyla arastirmaci
tarafindan agiklamalar yapilmistir. Bu asamada ise o6gretmen adaylarinin kavramlarin tamimlarina
dayali ¢ikarimda bulunabildikleri ve gerekcelendirme yapabildikleri bu sebeple VH-2 diizeyine
gecislerinin saglandig1 goriilmiistiir. Ogretmen adaylarina sunulan Onermelerin dogruluklarinin
tartisilmasinda ise serbest yonlendirme yapilmis ve bu siiregte 6gretmen adaylarinin tam olarak ispat
yazimi olarak kabul edilmeyen fakat akil yiiriitmelerine dayali mantiksal ¢ikarimda bulunabildikleri ve
bu sebeple VH-3 diizeyinde olduklar1 goriilmiistiir. Bu diizeyden sonra Ogretmen adaylarmin
entegrasyon saglamalar1 desteklenmis ve farkli geometri konularinda farkli baglamlarda olan
onermeler sunulmustur. Bu asamada ise 6gretmen adaylarinin gegerli ispat yazimi yapabildikleri ve
farkli yollarla ispat yazabildikleri goriilmiistiir (VH-4). Bu baglamda VH modeline dayal yapilan
Ogretim siirecinin Ogretmen adaylarmin VH diizeyleri arasinda geometrik diisiincelerini ve bu

dogrultuda ispat yazma becerilerinin gelisimini destekledigi sonucuna ulasilmaktadir.
Tartisma, Sonug ve Oneriler

Bu c¢alisma, VH modeline dayali 6gretimin matematik dgretmeni adaylarmin ispat yazma
becerilerine iligkin etkililiginin ortaya konulmasi amaciyla gerceklestirilmistir. Bu amagla 6ncelikle
Ogretim deneyi oncesi 6gretmen adaylarmin ispat yazmada gegerli olan VH diizeyleri belirlenmistir.
Ogretmen adaylarinin VH modeli 6gretim deneyi 6ncesi cogunlukla VH-1 ve VH-2 diizeylerinde
olduklari, ispata iliskin sirurl bilgi sahibi olduklar ve gegerli geometrik ispat yazmada zorlandiklar

ortaya konulmustur. Calismada ulasilan bu sonucun &gretmen adaylarinin geometrik ispat yazma
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konusunda gerceklestirilen ¢alismalarin sonuglar1 ile uyumlu oldugu goriilmiistiir (Almeida, 2000;
Jones, 2000; Knuth, 2002; Moore, 1994; Stylianides ve digerleri, 2007). Matematik 6gretmeni adaylarinin
O0gretim deneyi 6ncesi VH diizeylerinin ortaya konulmasinin ardindan ¢alismada VH modeline dayali
Ogretim deneyi gerceklestirilmis ve 6gretim deneyinde yer alan etkinliklerde 6gretmen adaylarinin VH
diizeyleri gelisimsel olarak degerlendirilmistir. Calismada, 6gretmen adaylarinin her zaman en iist VH
diizeyinde olmadiklarini gelisimsel bir ilerleme ile iist seviyelere ve hedeflenen tiimdengelimli
diisiinsel anlayisa ulasabildikleri sonucuna ulasilmistir. Bu degerlendirmeler sonucunda VH modelinin
Ogretmen adaylarimin ispat yazma becerilerinin gelisimlerinin VH-4 diizeyine desteklendigini
gostermistir. VH modelinde 6gretmen adaylarinin ispat yazma becerilerini inceleyen Daguplo (2014),
Ogretmen adaylarinin en {iist diizey olan VH-4 ve VH-5 seviyesine ulasabildiklerini belirtmistir. Aym
zamanda ¢alismadaki bulgulari incelendiginde 6gretmen adaylarinin her zaman ve her konuda ispat
yazma anlaminda en iist seviyede olmadiklar: goriilmektedir. Sonug olarak, 6gretmen adaylarinin ispat
yazma becerilerinin gelisimlerinin bir siire¢ oldugu ve VH modelinde yer alan 6gretim unsurlarinin
ogretmen adaylarmin geometrik diisiince gelisimini ve bu gelisimin ulasilan en iist seviyesi olarak ispat

yazma becerilerini destekledigi sonucuna ulasilmaktadir.

Ogretmen adaylarmin geometrik ispat yazmadaki diisiik performanslarinin giderilmesi, ispat
yazma becerilerinin gelistirilmesi icin ispat yazimu ile ilgili yapilacak farkli 6gretim etkinliklerinin ve
alistirmalarin kullanilmas: 6nerilmektedir (Daguplo, 2014; Sar1 Uzun ve Biilbiil, 2013). Bu baglamda
ogrencilere sunulan onerme-ispat uygulamalar1 onlarin akil yiiriitme becerilerini gelistireceginden
gecerli ispat yazma becerilerinin de gelisimini desteklemektedir (Ball ve Bass, 2003; Diezmann, Watters,
ve English, 2002). Bu calismada etkililigi incelenen VH modelinde 6gretmen adaylarinin geometrik
diisiince gelisimlerinin ve bu gelisimin en ileri asamasi olan ispat yazma becerilerinin gelisiminin
saglandigi sonucuna ulasilmaktadir. VH modelinde yer alan bilgi ve sorgulama, aciklama ve
yorumlama, destekli/serbest yonlendirme ve entegrasyon unsurlarinin geometrik diistince gelisimlerini
sagladig1 ve 6gretmen adaylarinin ispat yazma becerilerini gelistirdigi goriilmektedir. Sonug olarak,
Ogretmen adaylarmin stirekli ispatlamaya maruz kalmalarinin ve siirekli ispat etkinliginde yer
almalarinin ispat yazma becerilerini gelistirdigi anlamina gelmektedir. Buna bagli olarak geometri
Ogretimi VH modeline dayali bir diizende uygulandiginda 6gretmen adaylarinin tiimdengelimli
diistinme anlayislarinin desteklendigi goriilmektedir. VH modeline dayali 6gretim uygulamalarinda
matematik 6gretmenlerinin geometrik ispat yazmalarini inceleyen Jupri (2018) geometrik ispat
problemleri ile ugrasan dgretmenlerin ispat yazma ve problem ¢6zme becerilerinin gelistigini farkl
stratejiler ve ispat yontemleri ile ispat yazabildiklerini belirtmistir. Cesitli arastirmacilarinda belirttigi
gibi VH diizeylerinde bir seviyeden diger seviyeye gecis dogal gelisimin bir sonucu degil kisinin maruz
kaldig1 deneyimin kalitesine baglhidir. Bu ¢alismada da 6gretmen adaylarinin maruz kaldiklar: yazili

ispat etkinlikleri onlarin geometrik ispat yazma kapasitelerini giliclendirmistir. Benzer sekilde Armah,
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Cofie, ve Okpoti (2018) 6gretmen adaylarinin daha yiiksek VH diizeylerinde ¢alismalarini saglamak
i¢in Oonermelerin yer aldig1 ispat uygulamalarinin, 6gretmen adaylarinin akil yiiriitme ve tiimdengelimli

geometrik ispat yazmalarini destekledigini belirtmektedir.

Bu calisma, VH modeline dayali olarak tasarlanmis ve uygulanmis 6gretim etkinliklerinin
matematik 0gretmeni adaylarmin geometrik ispat yazma becerilerinde olumlu gelisim sagladiginm
ortaya koymaktadir. Bunun yani sira 6gretmen adaylarinin geometrik sekillere ve kavramlara iliskin
geometrik diisiincelerinin de katildiklar1 bir dizi 6gretim etkinligi sonucunda gelistigi goriilmektedir.
Benzer sekilde Yi ve digerleri (2020) calismalarinda VH modeline dayali 6gretim etkinlikleri
gerceklestirmisler ve bu 6gretimde matematik 6gretmeni adaylarinin geometri bilgilerinin gelisimini
incelemislerdir. Calismalar1 sonucunda VH modeline dayali geometri Ogretiminin Ogretmen
adaylarmnin geometri alan ve pedagojik alan bilgilerini gelistirdigi sonucuna ulasmislardir. Dolayisiyla
calismada ulasilan sonuglar, gerceklestirilen diger ¢alismalarin (Armah ve digerleri, 2018; Aslan-Tutak

ve Adams, 2015; Yilmaz ve Koparan, 2016) sonuglari ile uyumluluk gdstermektedir.

Bu ¢alismadan ulasilan sonuglar dogrultusunda ileride gerceklestirilecek calismalar igin

asagidaki oneriler sunulmustur.

1. Matematik 6gretmeni adaylarmnin geometri ogretimlerinin yer aldigi dersler igerik ve
kapsam agisindan revize edilebilir ve bu dersler VH modeline gore yeniden diizenlenebilir.

2. Geometri 0gretimi 6gretmen adaylarinin VH geometrik diisiinme gelisimlerini destekleyici
olmalidir. VH modelinde yer alan 6gretim siirecine uygun gergeklestirilecek 6gretim uygulamalari ile
Ogretmen adaylarinin tiim geometrik sekillerin 6zelliklerinin ve aralarindaki iliskilerin anlasilmasi
saglanmalidir. Bu sayede hedeflenen VH ileri diizeyinde yer alan ispat yazma becerilerinin gelisimine
de ulasilmaktadir.

3. VH modeline dayali gerceklestirilecek Oklid ve Oklid disi geometri Ogretimlerinde
Ogretmen adaylarinin ispat yazma becerilerinin daha genis kapsamli degerlendirilmesinin

saglanabilmesi i¢in daha fazla ¢alisma yapilabilir.
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Introduction

Proof, besides being a requirement for formation, development, and transmission of
mathematical knowledge, also forms the basis to understand mathematics (Stylianides, 2007). Wu (1996)
argues that anyone who is willing to learn what mathematics is should learn and understand how to
write proof. Similarly, Hanna (2000) considered proof as the most important tool in mathematics and
claimed that mathematics without proof is not mathematics. In line with these conclusions, the National
Council of Teachers of Mathematics (NCTM, 2000) included deduction and proof in basic skills of school
mathematics. Therefore, proof has become a natural and sustaining part of school mathematics and
courses on all levels (Knuth, 2002). Accordingly, proof has also been emphasised as a necessary

component of university mathematics curricula.

The basic goal of advanced mathematics and geometry teaching is to gain the students the
competency of proof skills (Weber, 2001). Despite proof is in the essence of knowledge of mathematics
and geometry, it is observed that pre-service mathematics teachers experience difficulties in
understanding the proof and writing the proof (Almeida, 2000; Jones, 2000; Giiler et al., 2012; Moore,
1994; Stylianides, Stylianides & Philippou, 2007) and their proof skills are not at a sufficient level (Jones,
2000; Stylianides et al., 2004). Senk (1985), in her study, asserted that the students are unable to recognise
the necessity of deductive proof in proving geometry and they are weak in writing the types of proof.
Likewise, Dimakos et al. (2007) suggested the students’ difficulties in writing formal proof in geometry.
It was concluded that, notwithstanding these shortcomings, the students view proof —an important goal
of the geometry curriculum - as trivial and experience difficulties (Dimakos et al., 2007). In this study,
it is aimed to examine the development of pre-service mathematics teachers' proof-writing skills in
geometry teaching activities by a teaching experiment based on the van Hiele model. Thus, the
effficiency of the van Hiele model in pre-service teachers’ geometry proof-writing skills shall be asserted
and a contribution in this matter shall be made to the literature. For this purpose, the study has sought

the answer to the following research question:
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1. How efficient is the van Hiele model in pre-service mathematics teachers’ geometric proof-

writing skills?
Theoretical Framework
Geometric Proof

Geometry analyses shapes and space with a mathematical viewpoint. Geometry is a knowledge
structure composed of expressions based on mathematical axioms and justified by proof (Kotzé, 2007).
A basic goal of advanced mathematics and geometry teaching is to gain the students the competency of
proof skills (Weber, 2001). The importance of teaching geometry and particularly, teaching geometric
proof is emphasised in the mathematics curricula of various countries (Ministry of National Education
[MoNE], 2018, NCTM, 2000; Shanghai Education Committee, 2004). In school mathematics, geometry
supports the students’” development of deductive thinking (Howse & Howse, 2014). This support
provided by geometric proof enables the students to visualise, understand, and classify geometric
concepts (Bell, 1976). Starting from elementary and mid-school, the students’ progress in their learning
of geometry should be assisted by their mathematics teachers as a preparation for advanced studies.
Fuys (1985) suggests that geometry teaching has two main goals for the students’ achievements:
Developing the skill of deduction and understanding the role deduction plays in mathematics. Learning
deduction and proof is important for mathematics, but it is observed that only 30% of the students are
capable of proof in geometry subjects involving proof (Clements & Battista, 1992). McCrone and Martin
(2004) had shown in their study that the students are placed in lower proof schemes for geometric proof.
Similarly, Sevgi and Orman (2020) concluded that 8th-grade students have mid-level proof skills.
Consequently, it is observed that the students suffer shortcomings in applying geometric proof. In order
to support the students’” cognitive development through teaching of geometry, foremost the

mathematics teachers and pre-service teachers are required to possess proof-writing skills.

Despite proof forms the very essence of knowing mathematics and geometry, it is observed that
the mathematics teachers and pre-service teachers experience difficulties in understanding proof and
writing proof (Almeida, 2000; Jones, 2000; Knuth, 2002; Moore, 1994; Stylianides et al., 2007) and their
proof skills are not at a sufficient level (Jones, 2000; Stylianides et al., 2004). In a study with 17 teachers
with mathematics degrees, Varghese (2008) asked them to write their proof for the expression ‘the sum
of the measured exterior angles of a polygon is 360" (p. 58). Of 14 answers given, only two teachers
could write the proof in schematic and verbal form, whereas two teachers could write in symbolic form.
Other teachers provided proof by using diagrams, verbally and symbolically, partially correct, and
partially wrong. It is seen that, in addition to the teachers’ and pre-service teachers’ difficulties in
applying proof, it is also observed that they have a limited understanding of what proof-writing actually

is and they perceive empirical assumptions as valid proof. Goetting (1995) showed that the elementary-
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school mathematics teachers have a tendency to accept examples and solutions drawn in geometry as
proof. Likewise, Knuth (2002) asserted that, for the expression ‘the sum of the measured interior angles
of any triangle is 180”. 5 mathematics teachers maintained that explanations by examples qualify as
valid proof. On the other hand, one of the teachers participating in the study mentioned that this is
indeed valid proof, but not a formal one. Dickerson (2008) researched the high-school mathematics
teachers’ conceptions of proof and reported that, since visual proof in geometry does not have sufficient
details, it is unacceptable for teachers. In short, the applied studies show that the mathematics teachers
and pre-service teachers experience problems with proof-writing. Accordingly, there have been studies
supporting elimination of difficulties in geometric proof-writing and development of proof-writing
skills and suggestions have been made. Some of these suggestions include giving lessons (Wahlberg,
1997), mitigating the level of abstraction by using examples (Sowder & Harel, 2003), presenting the
proofs in the classroom (Freedman, 1983; Reisel, 1982), using diagrams and technologies (Hadas et al.,
2000; Mariotti, 2000) and utilising mathematical ambiguities in teaching (Zaslavsky, 2005).
Nevertheless, it is required that such suggestions should be included in teaching the geometric proof

and their efficiency should be examined.
Van Hiele Model

Since various factors affecting the students’ understanding and development of proof and their
relevant success are at play, several models on development of the students’ knowledge and
understanding of proof and development of their proof-writing skills have been developed (Balacheff,
1988; Dreyfus, 1999; Hanna, 2000; Knuth et al., 2002; Marrades & Gutierrez, 2000; Martin & McCrone,
2009; Raman & Weber, 2006; Sowder & Harel, 1998). Of these models, the one that explains the
progression of geometric thinking that results in proof is the van Hiele model (Fuys, 1985). Van Hiele
(VH) model asserts that geometric deduction and proof are not naturall developed in children, but it
should be supported by a series of levels (van Hiele, 1984). VH model describes the students’ geometric
thinking levels that indicate their development and progression in geometric concepts and a learning
process that supports the students” development of geometric thinking. VH model is a tripartite model:
(1) It describes five successive and distinct levels that progress as the geometric thinking develops, (2)
it identifies the understanding of geometric concepts and (3) it provides guidelines for gradual
development in teaching geometry (Wu, 1994). According to the VH model, there are five levels of
geometric thinking in an ordered and hierarchical structure. VH-1 (recognition) is the level where the
names of the shapes are learned, and they are identified on the basis of their physical appearance. A
student on this level conceives, recognises, and names a geometric shape as a whole. The student
perceives a whole, without considering properties of geometric concepts, and deduces by the way of
visual assessments (Burger and Shaughnessy, 1986). The student has not yet understood the definitions

and properties of geometric concepts. For example, a student may recognise that the rectangle is a shape
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different than the trapezoid but is unable to make detailed deductions based on the shapes’ properties.
In VH-2 (analysis), geometric shapes are described on the basis of their properties. On this level, the
student does not know the definitions of geometric shapes but is able to classify geometric shapes based
on diverse basic aspects of their common properties, such as ‘all triangles have three sides, and all
rectangles have four sides” (Knight, 2006). A student on this level can, for example, list and define
properties of all rectangles, but may not yet understand how geometric shapes might be included in
diverse classes, such as why a square is a quadrangle or why a rectangle is a rhomboid. VH-3
(abstraction) is the level where geometric shapes are classified on the basis of logical relationships
(Burger & Shaughnessy, 1986). Based on a shape’s properties, the student is able to establish mutual
relationships between one or multiple certain geometric shape classes and to classify them. For example,
a student knows that the rectangle is a rhomboid because it has all properties of a rhomboid. VH-4
(deduction) is the level where the importance of deduction is understood and the roles of assumptions,
definitions, theorems and proof are understood. It is the level where axiomatic systems are understood
and applying proof is enabled. On this level, a student understands the definitions of geometric shapes
and terms and makes assumptions. The student is capable of expressing the necessary and sufficient
conditions to identify a geometric shape (Hershkowitz et al., 1987). For example, the student is able to
make the assumption that to become a quadrangle, it is sufficient for a shape to have four sides, but to
qualify as a rhomboid, its sides are required to be equilateral and parallel, and the student can prove
this assumption. Finally, on the VH-5 (rigour) level, the axiomatic systems in geometry are fully
understood and abstract deduction is enabled (Battista & Clements, 1995). Diverse axiomatic systems
such as non-Euclidean geometry are understood, and these systems can be compared. For example, the
student can analyse the outcomes of manipulating axioms and definitions. De Villiers (1987) suggests
that deduction in geometry is found in VH-3 where logical relationships between the properties of
concepts are first established. On the other hand, students on VH-1 and VH-2 see no use in formal proof,
because they do not doubt the validity of their empirical observations (Battista & Clements, 1995; de

Villiers, 1987; Senk, 1989; van Dormolen, 1977).

VH is an accepted model in assessment of how the students understand geometry (Burger &
Shaughnessy 1986; Fuys et al., 1985; Usiskin, 1982). Notwithstanding, certain researchers (Clements et
al., 1998; Sarama & Swaminathan, 1997) have argued that the model is not fully inclusive of younger
children’s geometric perception. Clements and Battista (1992) introduced and included a Level 0
preceding Level 1 in the VH. On the VH-0 (pre-recognition) level, the students can name certain
geometric shapes based on their visual properties, but they might confuse geometric shapes placed in
the same class and their names (Clements & Battista, 1992). Since this study has pre-service mathematics

teachers as its target group, levels (1-5) identified by van Hiele (1984) were taken as the basis.
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According to the VH model, the students may be successful in geometric proof-writing, given
that they pass all levels in the designated order. In other words, in order to be successful on the (n) level,
a student should have achieved success on the (n-1) level (Usiskin, 1982). Therefore, the students should
be prepared for the upper level. Progress from one level to the other depends on not age or maturity,
but the learning environment the student is in. Hence, the teaching phases in transition of the students
from one level to the other in the VH model was described (van Hiele, 1984): (1) knowledge and inquiry,
(2) guidance / directed orientation, (3) explicitation and interpretation, (4) free orientation and (5)
integration. A teaching plan with long-term implementation, which integrates these teaching
components, should be adopted. In the knowledge and inquiry phase, relevant geometric concepts are
presented to the students and their knowledge of these concepts is revealed. By inquiring the
explanations, the students give on geometric shapes, their explication and reasoning, hence their skills
to convince their teachers and classmates are supported. In the phase of guidance or directed
orientation, the student discovers implicit properties of geometric shapes. In this phase, the teacher
gives supportive tasks to the students and supports the students in recognition of the properties and
relationships of new geometric concepts. The student discovers and discusses context-based
relationships, and the teacher asks guiding questions: “What does it become when we fold an equilateral
triangle on its diagonal line?” In explicitation and interpretation, the following phase, the students are
made to mathematically represent the relationships they had discovered. Van Hiele (1984) asserts that,
after the students start to recognise the properties associated with a geometric concept, their use of
mathematical language and symbols become more efficient. Accordingly, following the students’
discoveries, the teacher should make room for mathematical language and terminology: ‘Let’s discuss
what the shapes and properties mean. Diagonals are on symmetrical lines. There are two symmetrical
lines, and the opposite angles are equal. A diagonal divides an apex angle into two’. Following this
phase, the students are expected to study independently on more complex duties. The students have
become more versed in relationships of geometric concepts, but in certain situations, they require
assistance for identifying complex structures. The teacher’s support for these activities is more open-
ended. For example, the teacher may say the following: ‘How can you form an equilateral triangle only
two sides of which are given?’ In this phase, the teacher provides a more open-ended orientation to
allow the students make their studies independently. The final phase in the teaching process is
integration. This phase aims at the students” use and structuring of their gained knowledge in diverse
contexts, not at teaching new knowledge. According to the VH model, learning opportunities, examples,
and practices presented in the student’s learning environment are important components of supporting
the progress. First, the learners’ geometric level on the VH model should be identified, and the learning
experience should be enriched with compatible geometry teaching (Clements, 2003). In this study made

to this end, it was targeted to improve the proof-writing skills of mathematics pre-service teachers in
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geometry subjects and to have them acquire efficient teaching. This study will contribute to
arrangement of geometry learning environments that are effective in the mathematics pre-service

teachers’ development of proof-writing skills.
Methodology

The study was designed as qualitative research. Qualitative research enables in-depth
examination of various phenomena and situations and their assessment with a holistic approach
(Fraenkel & Wallen, 2009). Since the study aims at revealing the VH model’s effectiveness on
mathematics pre-service teachers’ geometric proof-writing skills, the teaching experiment - a

qualitative method — was adopted.

Teaching experiment involves the researcher’s/teacher’s implementation of teaching activities
planned under a learning objective (Cobb, 2000). Teaching experiment, as a developmental form of
research, is implemented by applying an intervention. For this end, there are various teaching events
and clinical interviews applied under a teaching experiment (Yackel et al.,, 2015). In this method,
‘teaching activities” prepared, planned and developed — in line with a designated learning objective —
by researchers are included and their application is ‘experimented’ by the planned participants. The
researcher and the participants have a long-term interaction during the implementation procedure.
Data in a teaching experiment are usually qualitative and records of the teaching applications, clinical
interviews, observations, reflective diaries, and worksheets constitute the qualitative data (Cobb, 2000).
Subsequent to collection of qualitative data, teaching activities are analysed to assess their efficiency in
supporting the students’ learning objectives. Teaching experiment involves a repetitive process.
Teaching activities are applied, analysed, and developed for improved achievement of the learning
targets. Following completion of the teaching experiment, all data collected during the experiment are
analysed retrospectively. In this study, by developing and implementing VH-model learning activities
in geometry and analysing the pre-service teachers’ proof-writing skills, an assessment of the VH

model’s effectiveness shall be enabled (Figure 1).

Teaching

| Planning >Implementaﬁm> Assessment > Plannig >lmplementa.tion> Assessment > E’;I;egi';:?:l

Retrospective Analysis

Figure 1. Teaching experiment model implemented in this study

Participants

The study was conducted with first-grade students studying in the elementary-school
mathematics teaching programme of a state university. For this purpose, 10 persons from 57 pre-service
mathematics teachers were included in the study. Purposeful sampling was used in inclusion of the pre-

service teachers in the study. Voluntary participation and their diverse VH levels were designated as
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the inclusion criteria. A questionnaire composed of 10 geometric proof questions was applied by the
researchers to identify the pre-service teachers” VH levels. On assessment of the answers given by the
pre-service teachers, the ones that were considered to have difficulties in geometric proof or have made
erroneous proof or thought that exemplification instead of proof makes valid proof were included in
the study. Therefore, participation of pre-service teachers on VH-0 and VH-1 levels of geometric proof
in the study was assured. For privacy of the participating pre-service teachers, they were encoded as

P1, P2,...,P10.

Pre-service teachers participating in the study are studying in the first grade. They have
completed the first academic term of the mathematics teaching programme and they took the major
area courses Foundations of Mathematics-1 and Calculus-1. Under these courses, the pre-service teachers
gained knowledge on proof in mathematics and the types of proof and further, they had practically
made proof. In the second term, where this study is conducted, the pre-service teachers are studying
the major area courses of Foundations of Mathematics-1II, Calculus-II and Abstract Mathematics. These
courses intensively have practical proof. Moreover, the course Foundations of Mathematics-II included
teaching of geometric concepts and the pre-service teachers have knowledge on geometric concepts and

definitions.
Van Hiele Model Teaching Contents

Based on the VH model, the researchers had developed teaching contents to enable the pre-
service teachers’ improvement of geometric thinking and consequently, by developing their proof-
writing skills and to have them rank on the advanced levels of the VH model. The teaching contents
planned were implemented with the pre-service teachers on a schedule of 2 hours a week, during out-

of-school time. These teaching activities are presented in the Table 1.

Table 1. Teaching contents and the time schedule based on the VH model

Week Teaching activity contents

1 Activity-1: Naming geometric shapes
At this activity, the pre-service teachers study naming and describing geometric shapes and
verifying their properties. Afterwards, the shapes are classified through class discussions.
Activity-2: Naming basic geometric shapes
At this activity, defined and non-defined concepts are presented and afterwards, definitions
and explanations on Euclidean postulates are made.

2 Activity-3: Lines’ relative conditions and the properties of angles
At this activity, proof of propositions concerning the lines’ conditions and the properties of
angles is made. In these proofs, the pre-service teachers are first guided in proof-writing by
basic geometric drawings and afterwards, free orientation for presenting their proper
explanations and justifications is provided.

3 Activity-4: Defining and classifying triangles’ properties
At this activity, angle and side properties of triangles are defined and associated
classifications are made.

4 Activity-5: Defining and associating the triangles” auxiliary components
Pre-service teachers define and prove bisector, median and height properties of triangles.
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5 Activity-6: Defining and associating the triangles’ area properties
Proof of propositions concerning area relations in triangles is made. Associations (with
rectangle and circle) are made to find the relations.

6 Activity-7: Defining and classifying the polygons’ corner, side and angular properties and
making logical associations
At this activity, proof of polygons’ properties and associated classification of geometric
shapes are made. Afterwards, proof of propositions concerning angular properties of convex
and concave quadrangles is given.

7 Activity-8 & 9: Defining and classifying the quadrangles’ corner, side and angular properties
and making logical associations and proof
At this activity, the pre-service teachers define properties of each quadrangle, make
associations between their properties, classify them (with a subset) and prove their
deduction.

8 Activity-10 & 11: Explaining the circle’s properties
At this teaching activity, chord, tangent, and arc properties of the circle are defined and
proven by the pre-service teachers. Afterwards, proof of propositions concerning angular
conditions associated with these properties is made.

Planning of the teaching activities was based on the VH model levels and the learning
environment components described by Van Hiele (1984). These are (1) knowledge and inquiry, (2)
guidance / directed orientation, (3) explication / interpretation, (4) free orientation and (5) integration.
The teaching activities planned on the basis of these components and VH levels contain teaching of two-
dimensional (2D) geometric shapes. The activities were aimed at individual studies of the pre-service
teachers and to this end; individual worksheets on geometry subjects were developed. Following the

pre-service teachers’ individual studies, an assessment of their proofs was made with class discussions.

Under the teaching activities, first, activities on the pre-service teachers’ status of defining,
analysing, and verifying common properties of 2D geometric shapes were implemented. Subsequent
to this activity, to enable the pre-service teachers’ development of thinking on their respective VH levels,
propositions on lines, angle, triangle, quadrangle and circle subjects were presented. In proving the
propositions presented in these subjects, through guided discussions, the pre-service teachers were
made to ask questions and try to convince each other and to present their justifications. Afterwards,
through free orientation, the pre-service teachers were made to use their acquired proof-writing skills

in different propositions.
Data Collection

Data collection tools in the study are individual interviews pirior to the teaching experiment,
audio and video recordings of class activities implemented during the teaching experiment, the
researcher field notes and individual worksheets of the pre-service teachers. Clements (2003) argued
that, prior to implementing the VH model, the geometric levels of the students should be identified and
a geometry teaching compatible with these levels should be provided. Accordingly, individual
interviews were carried out the pre-service teachers at their inclusion in the study. The purpose of these

interviews had been to identify the pre-service teachers” VH levels prior to the teaching experiment. To
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serve this end, the researchers developed a proof questionnaire comprised of 10 questions that require
geometric proof. The questions included in the study represented exemplary situations such as ‘classify
the given geometric shapes and justify’ and ‘measurements of the internal reverse angle pairs two
parallel lines have with a secant are equal; justify.” Expert opinions were taken to assess the scope
validity and intelligibility of the questions included and the questionnaire was thus finalised.
Subsequent to individual interviews with the pre-service teachers, their VH levels prior to the teaching

experiment were identified.

At implementation of the 8-week class studies based on the VH model, the pre-service teachers’
individual studies were recorded on worksheets, whereas class practices were recorded on audio and
video. Furthermore, the researcher had taken simultaneous field notes as an observer. Worksheets
relating to each geometry subject were developed by researchers. Worksheets contained propositions
on geometry subjects. Afterwards, expert opinion on the worksheet propositions’ compatibility with
the scope and levels was taken and they were re-arranged. At the teaching activities, the objective had
been to have the pre-service teachers individually prove the relevant proposition on their worksheet
and then, make explanations and justifications through class discussions and reach a generalisation.

Class discussions held by the pre-service teachers were recorded on audio and video entirely.
Data Analysis

In the study, the qualitative data were analysed on the basis of geometric thinking development
levels described by Van Hiele (1984). Analysing the data in this way, under predesignated themes is
termed as descriptive analysis (Yildirim & Simsek, 2016). Individual interviews, audio and video
recordings, the pre-service teachers” worksheets and the researcher field notes constitute the qualitative
data of the study. Audio recordings from individual interviews held prior to the teaching experiment
were redacted and filed separately for each pre-service teacher. Notes and audio and video recordings
taken at teaching activities were redacted for each teaching activity and filed. VH levels identified by
Van Hiele (1984) had formed the thematic framework for analysis. Hence, categories of encoding were
designated. On the basis of remarks made in the literature on VH levels (Daguplo, 2014; van Hiele, 1984;
Senk, 1985), the researchers had made independent encoding. Encoding was applied consequent to
comparison and verification of data obtained from diverse data sources. The exemplary encoding for
the procedure is presented in the Table 2. Following such independent encoding, the researchers met
and mutually presented the codes they had developed and their justifications. Following an assessment

of the codes, categories compliant with VH levels in the developed thematic framework were shaped.
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Table 2. Analysis chart and exemplary encoding

Level Encoding

VH-1 P3: We can say that it resembles the shape rectangle.

VH-2 P4: If any sort of quadrangle meets a certain property, we place it in the associated class.
For example, if it meets the properties of a rhomboid, we classify it so.

VH-3 P9: A quadrangle with parallel opposite sides is named a rhomboid.

VH-4 P7: i

Validity and Reliability

Validity of this study was ensured by purposeful sampling, data variation, expert opinion, and
a detailed presentation of the teaching experiment. In this study that is qualitative research, since joint
use of diverse data collection tools — interview, observation, and documents (pre-service teachers’
worksheets and researcher field notes) — allows verifiability of obtained data, credibility was provided.
In qualitative research, transferability is provided by detailed presentation of the participants’
characteristics and the application contents (Yildirim & Simsek, 2016). In this study, transferability was
assured by a detailed presentation of the pre-service teachers’ characteristics and their past experiences
and of the teaching experiment contents. Thus, the study’s adaptability to similar studies was assured.
Data were encoded independently by two researchers for consistency and at a subsequent meeting, a
consensus was reached, and the themes were shaped. This had aimed at ensuring consistency and

reliability of the study.
Ethical Approval for the Study

This study complies with all rules stipulated under the ‘Directive on the Higher Education
Institutions Scientific Research and Publication Ethics.” None of the actions listed in the second section
of the Directive, namely the “Actions in Breach of Scientific Research and Publication Ethics,” were

conducted.

Ethics committee approval details:

Committee of ethical assessment: Yozgat Bozok University

Date of the ethical assessment decision: 20 January 2021

Ethical assessment document reference number: 3198
Findings

The findings of the study were assessed in two phases of the pre-service teachers’ proof-writing

skills: (1) prior to the teaching experiment and (2) during the VH-model teaching activities. Before the
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teaching activities, the pre-service teachers’ proof-writing skills were assessed under VH levels, and the

results were presented in the Table 3.

Table 3. Pre-service teachers’ proof-writing levels prior to the teaching activities

Level Participant
VH-1 P1, P2, P3, P5
VH-2 P4, P7, P8, P9
VH-3 Pe6, P10

An examination of the findings presented in the Table 3 reveals that the pre-service teachers’
proof-writing skills usually rank on the VH-1 (n=4) and VH-2 (n=4) levels. At individual interviews
organised prior to the teaching activities, the pre-service teachers were asked questions that aim at valid
geometric proof-writing. One of the questions asked to the pre-service teachers was “can there be a triangle
with two right angles?” To this question, P2 gave the explanation “no, because if it does, interior angles of the
triangle shall have a sum more than 180°." Likewise, P5 answered “since the interior angles of a triangle has the
sum of 180° degrees, no.” Explanations by the quoted pre-service teachers show that they are unable to
make valid proof, and they only assert the property of a triangle’s interior angles. Accordingly, it is
concluded that, prior to the learning activities, the pre-service teachers’ geometric thinking
development was on a low level and hence, they were weak in valid proof-writing. Nevertheless, it was
observed that pre-service teachers P6 and P10 were on the level of deduction / logical deduction. To the
same interview question, P6 gave the following explanation:

When we draw a circumcircle passing through the corners of a triangle, the angles of that

triangle become inscribed angles. Arc lengths opposed by these angles measure twice the angle.

We know that a circular arc measures 3600 and hence, intersection of three points with the line
indicating a triangle, we may say that there can’t be.’

Accordingly, it is concluded that these two pre-service teachers rank on the first accepted level
of valid proof-writing. When the pre-service teachers’ proof-writing skills prior to the teaching activities
are assessed generally, it is concluded that the pre-service teachers have insufficient proof-writing skills,

they have difficulties in proof-writing, and they have limited understanding.

Exemplary practices found in the VH-model teaching experiment procedure aiming at
development of the pre-service teachers’ proof-writing skills and the pre-service teachers’ proof-writing

levels are presented below.
Findings on the VH-1 Level

At the teaching activities under this study, the pre-service teachers were asked to describe,
explain and classify various geometric concepts. These practices were implemented on the basis of the
VH model’s knowledge and inquiry phase. Accordingly, the pre-service teachers were first asked to
examine the geometric shapes (Figure 2) and then, name and classify them. The exemplary explanations

given by the pre-service teachers on the geometric shapes are given below.
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Figure 2. Exemplary geometric shapes used at the teaching activity.

At the activity of describing, explaining, and classifying the geometric shapes’ properties, the
pre-service teachers’ knowledge was questioned. In this process, P2 gave the following answer: ‘I'm not
sure if we can call these shapes geometric shapes. The shape c resembles a rectangle, but I think the rest are not
geometric shapes.” P3’s explanation was as follows: ‘Moving from this logic, we can say that the shape d
resembles a triangle, b resembles a right triangle and f resembles a rectangle, but these are not the geometric shapes
we know of.” 1t is observed that the pre-service teachers Code P2 and P3 had described the properties
based on the geometric shapes’ appearances and given their insufficient deduction; they are placed on
the VH-1 level. Accordingly, the pre-service teachers are unaware of the geometric shapes’ properties
and therefore, they cannot establish a cause-and-effect relationship and in their explanations, they are
unable to make justifications. Based on these results, it may be argued P2 and P3 have limited deduction

skills in classification of geometric shapes.
Findings on the VH-2 Level

Pre-service teachers’ knowledge on geometric shapes and concepts were revealed during the
teaching activities process and their knowledge was questioned. In this process, the pre-service teachers
were guided with directed questions and when considered necessary, explanations were given. It was
observed that some pre-service teachers made classifications merely on the geometric shapes’
properties, without knowing the geometric shapes’ definitions. At the activity of classifying geometric
shapes, P1 made the following remarks on the shapes given in the presented visual (Figure 2): “They
don’t look like the geometric shapes we know. We classify the known geometric shapes on how many sides they
have: Triangle, quadrangle, pentagon, and the like. But these don’t really have sides.” Similarly, pre-service
teacher code P5 gave the explanation ‘a notwithstanding, these shapes don’t have straight sides.” P1 and P5’s
comments show that they brought explanations by focussing on the geometric shapes’ properties and
not their definitions and made classifications accordingly. Therefore, it was concluded that pre-service

teachers Code P1 and P5 were on the VH-2 level in classifying geometric shapes.

At the activity of classifying triangles, it was observed that the pre-service teachers Code P4 and
P10 made classifications based on the geometric shapes’ properties in developing a hierarchical order

of quadrangles (Figure 3).

162



KEFAD Cilt 23, (Ozel Say1), 2022

Figure 3. Quadrangle classifications of pre-service teachers a) P4 and b) P10.

At the activity implemented on the hierarchical structure of quadrangles, it was observed that
pre-service teachers Code P4 and P10 listed the geometric shapes’ properties in a detailed way and
made classifications based on these properties. As seen in the Figure 3, pre-service teachers Code P4
and P10 had classified the quadrangles in classes of rhombus, trapezoid etc., but they failed to establish
relations between the classes. When the pre-service teachers’ classifications were questioned, P4
brought the explanation ‘if any sort of quadrangle meets a certain property, we place it in the associated class.
For example, if it meets the properties of a rhomboid, we classify it so.” In the activity’s progression, pre-service
teachers were asked whether there is a relation between a rhombus and a deltoid. P3 gave the following
answer: ‘A deltoid is a specific quadrangle, but it has no relation to a rhombus.” Similarly, the pre-service
teacher code P7 also failed to establish any relation and answered ’‘a rhombus is the most specific
quadrangle, whereas a deltoid has different properties; it seems that they have no relation.” Accordingly, it is
concluded that the pre-service teachers were able to classify the quadrangles, but they failed to view
different shapes as parts of different classes. Therefore, the conclusion that pre-service teachers Code
P3, P4, P7 and P10 rank on the VH-2 level in establishing the hierarchical structure of the quadrangles
was reached. At the activity where the participants were asked to define the quadrangles, it was
observed that the definitions made by the pre-service teachers failed to meet the criterion of economy
that refers to the necessary and sufficient conditions and instead, they were composed of explanations
reiterating the shapes’ properties. For example, pre-service teacher code P6’s definition of a rhomboid
was ‘four sides and with parallel and equal opposite sides and the sum of its interior angles is 360°.” Similarly,
in the definition of a square, pre-service teacher code P2 made the following remarks: “four sides and
they’re equal, with parallel opposite sides and all of its angles are equal and measured 90°.” Accordingly, it is
observed that, in definition of geometric concepts, pre-service teacher codes P2 and P6 referred to an

excessive number of properties — that is, more than necessary — and therefeore placed on the VH-2 level.
Findings on the VH-3 Level

In the activity where knowledge of geometric concepts was questioned, pre-service teachers on

the VH-2 level (P2 and P5), as well as pre-service teachers who made deductions on definition of



Sen C., & Giiler, G.

geometric shapes and thus ranked on the VH-3 level had participated. On the classification of geometric
shapes presented in the Figure 2, pre-service teacher Code P5 made the following explanation:
‘They are composed of points and intersections of these points with the line segments.
Depending on how many sides they have, they're named as triangle, quadrangle, and pentagon

and so on. Here, I defined a polygon. Per definition, we can say that only the shape a is a
polygon. Even, to further specify, we can call it a concave polygon.’

On the other hand, pre-service teacher Code P7 said ‘yes, other shapes are composed of curves, and these are
simple curves’ and following this explanation, pre-service teacher Code P10 based its argument on the
definition 'shape a is a polygon, but we can’t classify the others’” and both made deductions on classification
of geometric shapes. Accordingly, it is concluded that pre-service teachers Code P5, P7 and P10 made
comparisons and deductions, on the basis of polygon, concave/convex and curve properties, concerning
the properties of the shapes presented in the visual and therefore, was placed on the VH-3 level in

naming and classifying geometric shapes.

At the activity where the lines’ relative conditions and the angles’ properties were studied, the
pre-service teachers were asked to examine the lines’ relative conditions and accordingly, the properties
of measured angles. In this activity, equality of the angle pairs depicted on the lines was questioned and
free orientation through questions such as ‘what happens if the lines intersect?” or ‘does a varied
position in the lines’ parallel condition cause a change in equality of the angles?’ Figure 4 represents the

exemplary deductions made by pre-service teachers Code P4, P5, P7 and P9.

a) b)

Figure 4. Explanations on the lines’ condition and angle pairs by pre-service teachers a) P4, b) P5, c) P7
and d) P9.

In the given examples, it is observed that explanations made, and expressions used by pre-
service teachers refer to their deduction that measured angles are equal in relation to the lines” parallel

and intersectional conditions. When the researcher questioned these deductions, the pre-service
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teachers made justifications. An examination of justifications by pre-service teachers Code P4, P5, P7
and P9 reveals that they had used mathematical symbols and terminology accurately and made valid
deductions. Accordingly, it is concluded that the pre-service teachers are able to examine the relations
of the lines’ relative conditions and make informal deductions for properties under different conditions

and therefore, pre-service teachers Code P4, P5, P7 and P9 are placed on the VH-3 level.

In the activity where quadrangles were classified, pre-service teachers on the VH-2 level, as well
as pre-service teachers who established relationships between different classes of geometric shapes and
thus ranked on the VH-3 level had participated. Figure 5 represents the charts developed by pre-service

teachers Code P1 and P8 on the hierarchical structure of quadrang]les.
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Figure 5. Quadrangle classifications of pre-service teachers a) P1 and b) P8.

The classifications developed show that pre-service teacher Code P1 classified the rhomboid
group on the basis of ‘equal side lengths->rhomboid” and the rhomboid on the basis of ‘measured angles
900->square” and established relationships between the classes. Additionally, P1 classified the rhomboid
group on the basis of ‘measured angles 90°->rectangle’ and the rectangle on the basis of ‘equal side
lengths->square.” It is observed that a similar association between classes was made by pre-service
teacher code P8. Accordingly, it is concluded that pre-service teachers Code P1 and P8 were able to
make associations within and between quadrangle classes and therefore, they are ranked on the VH-3
level. On the other hand, in the activity of classifying the triangles, all pre-service teachers indicated that
each equilateral triangle is also an isosceles and, in these triangles, the height drawn from the apex angle
is a bisector and median. Accordingly, it is concluded that all pre-service teachers are aware of the
relations between the properties of an angle and thus made deductions and therefore, were ranked on

the VH-3 level.

At the teaching activities, the pre-service teachers were asked to define the geometric shapes
placed amongst triangles and rectangles. It is seen that pre-service teachers Code P1, P2 and P9
presented necessary and sufficient conditions in their definitions but otherwise, they did not include

any expressions based on explication. Pre-service teacher code P1’s definition of the concept of a triangle
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had been “the shape formed by intersection of three non-linear points with line segments.” Pre-service teacher
code P2 defined the concept of a trapezoid as ‘a quadrangle at least one of its opposite side pairs are parallel.”
Similarly, pre-service teacher code P9 made a definition of the rhomboid by the expression ‘a rectangle
that has its opposite sides parallel to each other is called a rhomboid.” Accordingly, it is concluded that pre-
service teachers code P1, P2 and P9 had met the necessary and sufficient conditions in their definitions
of geometric concepts and by not giving any explanations, had taken heed of the economy criterion and

hence, they are placed on the VH-3 level.
Findings on the VH-4 Level

Prior to the proof-writing practices under the teaching activities, the pre-service teachers were
provided with the concepts of proposition, theorem, postulate and axiom and the pre-service teachers’
knowledge of these concepts was identified. P7 described proposition and theorem with the following
remarks: ‘A theorem is composed of propositions whose correctness is proven, whereas propositions may be correct
or incorrect and their correctness is verified by proof.” Pre-service teacher Code P10 axiom as ‘a proposition
whose correctness is agreed by everyone’ and Pre-service teacher Code P3 gave an example to axiom as
follows: “for example, one of the Euclidean axioms is that things that are equal to the same thing are equal.’
Afterwards, the pre-service teachers were asked to discuss similar/different uses of the concepts
postulate and axiom. For this purpose, pre-service teacher Code P6 described the difference between a
postulate and an axiom as follows: ‘A postulate is valid only in the scientific field, but an axiom, it is valid in
any field... For example, the five postulates of the Euclidean geometry are valid in the Euclidean geometry.’
Following pre-service teacher Code P6’s explanation, to have the pre-service teachers compare
properties of non-Euclidean geometry, the question ‘do you remember all of Euclidean postulates? Do you
think they have something logically erroneous?” and P5 answered ‘I guess it was the fifth postulate, the parallel
axiom, and it had something contradictory and therefore, it became the departure point for the non-Euclidean
geometry.” An observation of the pre-service teachers’ explanations suggests that pre-service teachers
Code P5, P6, P7 and P10 are aware of the relations between the concepts of proposition, theorem,
postulate, and axiom in the Euclidean geometry, but since they do not understand the non-Euclidean

geometry, they are placed on the VH-4 level.

At the teaching activities, the pre-service teachers were given various propositions and the pre-
service teachers were asked to show the correctness of these propositions. Pre-service teachers were
seen to have first made proof on the lines’ properties. Proofs made by pre-service teachers Code P4, P6,

P7 and P8 through geometric drawings are represented in the Figure 6.
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Figure 6. Proofs through drawing on the lines’ properties made by pre-service teachers a) P4, b) P6, c)
P7 and d) P8.

It is observed that pre-service teachers Code P4 and P8 had proven the bisector of an angle,
whereas pre-service teachers Code P6 and P7 had proven drawing a line rectangle to a line. Accordingly,
it is concluded that the pre-service teachers are aware of the option to prove the correctness of
propositions by various means. It is observed that the proof of a line rectangle to a line by P6 and P7
was made through different drawings. It is to be noted that the pre-service teachers’ exemplary proof-
writing given in the Figure 6 was made through drawings. Furthermore, at the teaching activity with
the subject of triangles, the pre-service teachers were asked the questions ‘how many ways can you use to
find the area of a triangle? Is that method always valid? How did you decide?” Pre-service teachers’ exemplary

proofs are given in the Figure 7.

a) b)

Figure 7. Triangle area calculation proofs by pre-service teachers a) P1 and b) P3.

Figure 7 features pre-service teachers Code P1 and P3’s propositions on calculating a triangle’s
area and their proofs relevant to these propositions. It is observed that the pre-service teachers indicated
justification and claims in their proof-writing. Pre-service teachers had presented different propositions
on calculating a triangle’s area and applied different proof-writing. Similarly, pre-service teachers Code

P4 and P7’s proofs on calculating a quadrangle’s area are seen in the Figure 8.
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a) b)

Figure 8. Pre-service teachers’ proofs on calculating the area in quadrang]les.

At calculating the quadrangles’ area, P4 presented the proof for calculation of an irregular
quadrangle based on the proposition that ‘it is equal to the product of its diagonals multiplied by the
siniis of the angle formed by these diagonals.” On the other hand, pre-service teacher Code P7 further
specialised this proof of P4 and had proven this calculation in the form of a rhombus. Therefore, it is
observed that the pre-service teachers are able to associate geometric shapes and their properties with

various groups and to verify such associations through proof.

It is observed that the pre-service teachers are able to write their proofs in the two-column and
paragraph proof forms. For example, at the circle teaching activity, it is seen that pre-service teacher
Code P9’s proof to the proposition ‘circular arcs divided by chords of equal length are of equal length’ is a two-
column proof (Figure 9). Likewise, in proof of the arc-chord properties, pre-service teacher Code P1
used two-column proof-writing, whereas pre-service teacher Code P4 and P7 used the paragraph form

of proof-writing.
a) b)
C) d)

Figure 9. pre-service teachers’ a) two-column and b) c) d) paragraph proof-writing on arc-chord

tangent properties in a circle.
At representation of the correctness of propositions presented at the VH-model teaching
activities, it is observed that the pre-service teachers are able to write valid proof and, in their writing,

make use of diverse representations of proof. Accordingly, it can be said that the pre-service teachers
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are aware of the equal validity different presentations of proof have. Based on these findings, it is
concluded that the pre-service teachers rank on VH-4 levels in proof-writing. The developmental
sequence of the pre-service teachers’ proof-writing skills under a general assessment of the entire VH-

model learning process is presented in the Figure 10.
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Figure 10. The developmental sequence of the pre-service teachers’” proof-writing skills at the VH-
model teaching activities

During the VH-model teaching activities, first, the pre-service teachers’ knowledfe of geometric
shapes and concepts were revealed and questioned. It was observed that certain pre-service teachers
ranked on the VH-1 level in classification of geometric shapes, triangles and quadrangles. The learning
process was implemented based on the VH model and through directed orientation at the teaching
activities, the researcher provided explanations to supplement the pre-service teachers’ insufficient
knowledge. In this phase, it was observed that the pre-service teachers are able to make deductions
based on the concepts’ definitions and therefore, their transition to the VH-2 level was enabled. While
discussing the correctness of the propositions provided to the pre-service teachers, free orientation was
applied and, in this process, it was observed that the pre-service teachers were able to make logical
deductions based on their rational thinking, but not accepted as proof-writing and hence, the pre-service
teachers were placed on the VH-3 level. Following this level, the pre-service teachers” integration effort
was supported and propositions with different contexts in diverse geometry subjects were presented.
In this phase, it was observed that the pre-service teachers were able to write valid proof and also, to
write them by different means (VH-4). Accordingly, it is concluded that the learning process
implemented on the basis of the VH model on the pre-service teachers’ improvement of their geometric

thinking over VH levels and therefore, the development of their proof-writing skills.
Discussion, Conclusion and Suggestions

This study was implemented to assess the effectiveness of a VH-model-based teaching on proof-
writing skills of pre-service mathematics teachers. Therefore, first the pre-service teachers’” VH levels
pertinent to proof-writing were identified prior to the teaching experiment. It was revealed that, prior
to the VH-model teaching experiment, most of the pre-service teachers were placed on VH-1 and VH-2
levels, had limited knowledge on proof and they had difficulties in writing valid geometric proof. This
finding of the study is seen as consistent with results of other studies on pre-service teachers’ geometric

proof-writing (Almeida, 2000; Jones, 2000; Knuth, 2002; Moore, 1994; Stylianides et al., 2007). Following
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identification of the VH levels the pre-service mathematics teachers had prior to the teaching
experiment, a VH-model teaching experiment was implemented under the study and at the activities of
the teaching experiment, the pre-service teachers’ VH levels were assessed on a developmental basis.
The study concluded that the pre-service teachers could not always rank on the highest VH level, but
by progressive improvement, they were able to reach higher levels and the targeted approach of
deductive thinking. Consequent to these assessments, the study has shown that the VH model
supported development of the pre-service teachers’ proof-writing to the VH-4 level. Daguplo (2014)
researched pre-service teachers’ proof-writing skills on the VH model and asserted that the pre-service
teachers were able to reach VH-4 and VH-5, the highest levels. Moreover, an examination of the study’s
findings reveals that the pre-service teachers could not rank on the highest levels for proof-writing at
all times and in all subjects. As a result, it is concluded that improvement of pre-service teachers’ proof-
writing skills is a process and the teaching components found in the VH model support pre-service
teachers’ development in geometric thinking and, as the highest level reached under this development,

their proof-writing skills.

Diverse learning activities and exercises on proof-writing have been suggested to eliminate pre-
service teachers’ low performance in proof writing and to improve their proof-writing skills (Daguplo,
2014; Sar1 Uzun & Biilbiil, 2013). In this context, proposition-proof practices presented to students shall
support their deductive skills and hence, their ability to write valid proof (Ball & Bass, 2003; Diezmann
et al., 2002). It is concluded that the VH model, the effectiveness of which is assessed in this study,
supports pre-service teachers’ development in geometric thinking and, as the highest level reached
under this development, their proof-writing skills. It is observed that the components of knowledge and
inquiry, guidance/supportive direction, explicitation/interpretation, free guidance, and integration
found in the VH model enable development of geometric thinking and improve pre-service teachers’
proof-writing skills. In conclusion, pre-service teachers’ constant exposure to proof and their continued
participation in proof activities improve their proof-writing skills. Accordingly, it is observed that, when
geometry teaching is implemented in an arrangement based on the VH model, pre-service teachers’
understanding of deductive thinking is supported. Jupri (2018), who researched mathematics teachers’
geometric proof-writing at teaching activities based on the VH model, argued that the teachers involved
with geometric proof problems had their proof-writing and problem-solving skills improved and they
were able to write proof with different strategies and proof methods. As suggested by various
researchers, transition from one stage to another on VH levels is not the result of a natural progress but
depends on the quality of personal exposure. In this study, the proof-writing activities the pre-service
teachers were exposed to strengthen their geometric proof-writing capabilities. Similarly, Armah et al.
(2018) suggest that the proof practices containing propositions to enable pre-service teachers’ studies to

higher VH levels support pre-service teachers’ deduction and deductive geometric proof-writing.
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This study attests that teaching activities designed and implemented on the basis of the VH
model make positive contributions to mathematics pre-service teachers’ geometric proof-writing skills.
Furthermore, it is observed that, consequent to a series of teaching activites they participate in, pre-
service teachers develop an improved understanding of geometric shapes and concepts. Similarly, Yi et
al. (2020) implemented VH-model teaching activities in their study and at these activities, examined the
development of mathematics pre-service teachers’ geometric knowledge. In their study, they reached
the conclusion that a VH-model geometry teaching improved pre-service teachers’ geometric subject
matter and pedagogic subject matter knowledge. Therefore, the conclusions of this study are seen as
consistent with conclusions reached in other studies (Armah et al., 2018; Aslan-Tutak & Adams, 2015;

Yilmaz & Koparan, 2016).

In line with the results obtained from the study, the following suggestions are made for future

studies:

1. Geometry courses for mathematics pre-service teachers may be revised in their contents and
scope and these courses may be re-arranged according to the VH model.

2. Geometry teaching should be supportive of pre-service teachers’” development of VH
geometric thinking. Pre-service teachers’ understanding of properties and mutual relations
of all geometric shapes should be supported through teaching activities implemented in
compliance with the learning process found in the VH model. Hence, improvement to the
targeted proof-writing skills placed on advanced VH levels shall be enabled.

3. At Euclidean and non-Euclidean geometry teaching activities based on the VH model,
further studies to enable broader assessment of pre-service teachers’ proof-writing skills

may be implemented.
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