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Abstract. In this present study, we intend to determine the Padovan, Perrin and Pell-Padovan dual quaternions
with non-negative and negative subscripts. In line with this purpose, we construct some new properties such as;
special determinant equalities, new recurrence relations, matrix formulas, Binet-like formulas, generating functions,
exponential generating functions, summation formulas, and binomial properties for these special dual quaternions.
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1. Introduction

Over the years, researchers have taken a strong interest in special numbers. Many studies have been done and are
ongoing on the special numbers (or sequences), which are different orders such as second-order (Fibonacci, Jacobsthal,
Pell, Horadam and etc.), third-order (Tribonacci, Tribonacci-Lucas, Padovan, Perrin, Pell-Padovan and etc.), and the
other higher-order recurrence sequences (Tetranacci, Pentanacci, and etc.).

The Padovan sequence (A000931 in [33] and see [4, 25, 26, 29–31, 39, 40]), the Perrin sequence (A001608 and
A078712 in [33] and see [22, 27, 29–31]) and the Pell-Padovan sequence (A066983 in [33], see [1, 2, 7–9, 30–32, 37])
are the sequences of integers. They are the third-order linear recurrence sequences and defined recursively, as follows,
respectively:

Pn+3 = Pn + Pn+1, P0 = P1 = P2 = 1, ∀n ∈ N, (1.1)
Rn+3 = Rn + Rn+1, R0 = 3,R1 = 0,R2 = 2, ∀n ∈ N, (1.2)
Tn+3 = 2Tn+1 + Tn, T0 = T1 = T2 = 1, ∀n ∈ N. (1.3)

The initial values of the Padovan numbers can be given as P0 = 0, P1 = 0, P2 = 1, ∀n ∈ N in some studies. If
Padovan, Perrin and Pell-Padovan numbers are extended to negative subscripts, the following recurrence relations are
given ∀n ∈ Z+:

P−n = P−(n−3) − P−(n−1),

R−n = R−(n−3) − R−(n−1),

T−n = T−(n−3) − 2T−(n−1).
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It should be noted that, the recurrence relations (1.1), (1.2), (1.3) are valid ∀n ∈ Z. This situation can be checked from
Table 1, which includes several values of the Padovan, Perrin and Pell-Padovan numbers.

Table 1. Some values of the Padovan, Perrin and Pell-Padovan numbers

n ... −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 ...

Pn ... −1 1 0 0 1 0 1 1 1 2 2 3 4 ...

Rn ... −2 4 −3 2 1 −1 3 0 2 3 2 5 5 ...

Tn ... 25 −15 9 −5 3 −1 1 1 1 3 3 7 9 ...

Matrix sequences of Padovan and Perrin numbers are examined in the studies [45–48]. Also, matrix representations
of the Padovan numbers (see [20, 28, 34–36, 44]) and Perrin numbers (see [19, 20, 24, 34]) are studied.

On the other hand, the famous mathematician W. R. Hamilton investigated quaternions in 1843, [15]. Quaternion al-
gebra is associative and non-commutative 4-dimensional Clifford algebra. The set of all real quaternions is represented
by H = {q = q0 + iq1 + jq2 + kq3; q0, q1, q2, q3 ∈ R}, where i, j, k are quaternionic units which satisfy the following
rules:

i2 = j2 = k2 = i jk = −1, i j = − ji = k, jk = −k j = i, ki = −ik = j.

Dual quaternions are examined by Majernik [23] and determined by the set:

HD = {q = q0 + iq1 + jq2 + kq3; q0, q1, q2, q3 ∈ R} ,

where i, j, k are quaternionic units which satisfy the following rules ( [12, 23]):

i2 = j2 = k2 = i jk = 0, i j = ji = jk = k j = ki = ik = 0. (1.4)

By means of dual quaternions, one can express the Galilean transformation in one quaternionic equation, [23]. Quater-
nions with special number components are examined in many research: Fibonacci quaternions [16], Pell quaternions
and Pell-Lucas quaternions [6], Jacobsthal quaternions [41], the Horadam quaternions [14], generalized Tribonacci
quaternions [5], Padovan, Perrin and Pell-Padovan quaternions [5, 10, 11, 13, 42], generalized dual Fibonacci quater-
nions [49], the dual third order Jacobsthal quaternions and dual third order Jacobsthal-Lucas quaternions [3].

In this paper, we investigate the Padovan, Perrin and Pell-Padovan dual quaternions with non-negative and negative
subscripts. This study is organized into 4 sections; in the first two sections, we remark on some of the definitions
and properties concerning the Padovan, Perrin and Pell-Padovan numbers and also the dual quaternions. In Section 3,
we introduce the Padovan and Perrin dual quaternions, and then we construct new special properties for them. More-
over, we give special determinant equalities, recurrence relations, matrix formulations, Binet-like formulas, generating
functions, exponential generating functions, summation formulas, and also binomial properties. As for Section 4, we
examine the Pell-Padovan dual quaternions and the similar concepts relating to them. In Appendix A, we give some
necessary information and notations regarding the Padovan, Perrin and Pell-Padovan numbers.

2. Preliminaries

The characteristic equation of the Padovan and Perrin numbers is x3 − x − 1 = 0 with roots r1, r2, r3, where
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and r1 + r2 + r3 = 0, r1r2r3 = 1, r1r2 + r1r3 + r2r3 = −1. The ratio of two consecutive Padovan or Perrin numbers
converges to the value r1 ≈ 1.3247... which is named plastic ratio1 [26]: lim

n→∞

Pn+1
Pn

= lim
n→∞

Rn+1
Rn
≈ 1.3247... According to

these, ∀n ∈ Z, Binet-like formulas for Padovan and Perrin numbers are as follows:

Pn = arn
1 + brn

2 + crn
3, (2.1)

Rn = rn
1 + rn

2 + rn
3,

where a =
(r2 − 1)(r3 − 1)

(r1 − r2)(r1 − r3)
, b =

(r1 − 1)(r3 − 1)
(r2 − r1)(r2 − r3)

, c =
(r1 − 1)(r2 − 1)

(r3 − r1)(r3 − r2)
, [45, 47, 48].

The characteristic equation of the Pell-Padovan numbers is x3 − 2x − 1 = 0. The roots of this equation are
r̃1 = (1 +

√
5)/2, r̃2 = (1 −

√
5)/2, r̃3 = −1, where r̃1 + r̃2 + r̃3 = 0, r̃1̃r2 + r̃1̃r3 + r̃2̃r3 = −2, r̃1̃r2̃r3 = 1. Thereafter,

∀n ∈ Z, the Binet-like formula of the Pell-Padovan numbers is given by:

Tn = w1̃rn
1 + w2̃rn

2 − r̃n
3, (2.2)

where w1 = (
√

5 − 1)/
√

5, w2 = (
√

5 + 1)/
√

5, [37].
Additionally, the dual quaternion q ∈ HD is written as q = S q +

−→
V q, where S q = q0 is called the scalar part and

−→
V q = iq1 + jq2 + kq3 is called the vector part. Also for q, p ∈ HD, the algebraic operations are given as:

∗ q = p⇔ q0 = p0, q1 = p1, q2 = p2, q3 = p3,
∗ q ± p = q0 ± p0 + i (q1 ± p1) + j (q2 ± p2) + k (q3 ± p3) ,
∗ λq = λq0 + iλq1 + jλq2 + kλq3, λ ∈ R,
∗ qp = q0 p0 + i (q0 p1 + q1 p0) + j (q0 p2 + q2 p0) + k (q0 p3 + q3 p0) ,

whereby the rules (1.4) in the multiplication of any two dual quaternions. Thus, this implies that S q±p = S q ± S p

and
−→
V q±p =

−→
V q ±

−→
V p. The conjugate of q is q = q0 − iq1 − jq2 − kq3. Then, q = S q −

−→
V q. Also, the norm q is:

Nq = qq = qq = q2
0.

3. Padovan and Perrin Dual Quaternions

In this section, we investigate the Padovan and Perrin dual quaternions with non-negative and negative subscripts.
Also, we obtain various features and relations associated with them.

Definition 3.1. ∀n ∈ N, the nth Padovan and the nth Perrin dual quaternions are defined as follows:

P̂n = Pn + iPn+1 + jPn+2 + kPn+3, (3.1)

R̂n = Rn + iRn+1 + jRn+2 + kRn+3, (3.2)

respectively. Besides, ∀n ∈ Z+, the −nth Padovan and the −nth Perrin dual quaternions with negative subscripts are
given by:

P̂−n = P−n + iP−n+1 + jP−n+2 + kP−n+3,

R̂−n = R−n + iR−n+1 + jR−n+2 + kR−n+3,

respectively. Here, Pn and Rn are the nth Padovan and nth Perrin numbers, P−n and R−n are the −nth Padovan and
−nth Perrin numbers with negative subscripts, and i, j, k are quaternionic units that satisfy the rules (1.4). The set of all
Padovan and Perrin dual quaternions are represented with P̂D and R̂D, respectively.

∀n ∈ Z, several values of the Padovan and Perrin dual quaternions can be seen in Table 2.

1The plastic ratio was originally worked on by Gérard Cordonnier in 1924.
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Table 2. Some values of P̂n and R̂n for n ∈ Z

n P̂n R̂n
...

...
...

−3 i + k 2 + i − j + k3
−2 1 + j + k 1 − i + j3
−1 i + j + k −1 + i3 + k2
0 1 + i + j + k2 3 + j2 + k3
1 1 + i + j2 + k2 i2 + j3 + k2
2 1 + i2 + j2 + k3 2 + i3 + j2 + k5
3 2 + i2 + j3 + k4 3 + i2 + j5 + k5
...

...
...

Throughout this study,
• the examined properties of the Padovan dual quaternions are also valid for Perrin dual quaternions in some

parts, so we omit them. However, we give Binet-like formulas, generating functions, exponential generating
functions separately.

• some proofs are omitted in the theorems which include more than one property since they can be obtained like
the others.

Let consider P̂n = Pn + iPn+1 + jPn+2 + kPn+3 , P̂m = Pm + iPm+1 + jPm+2 + kPm+3 ∈ P̂D, ∀n ∈ Z. Then, Pn is called
scalar and iPn+1 + jPn+2 + kPn+3 is called vector parts of P̂n. The conjugate of P̂n is given by:

P̂n = Pn − iPn+1 − jPn+2 − kPn+3. (3.3)

Addition (also subtraction) of P̂n and P̂m is P̂n ± P̂m = Pn ± Pm + i(Pn+1 ± Pm+1) + j(Pn+2 ± Pm+2) + k(Pn+3 ± Pm+3).
Multiplication by a scalar is as follows: λP̂n = λPn + iλPn+1 + jλPn+2 + kλPn+3, λ ∈ R. Also, multiplication of P̂n and
P̂m is given by using equation (1.4):

P̂nP̂m =PnPm + i (PnPm+1 + Pn+1Pm) + j (PnPm+2 + Pn+2Pm) + k (PnPm+3 + Pn+3Pm) . (3.4)

Theorem 3.2. The recurrence relations for Padovan and Perrin dual quaternions with non-negative and negative
subscripts are given as follows:

P̂n+3 = P̂n + P̂n+1, ∀n ∈ N, (3.5)

R̂n+3 = R̂n + R̂n+1, ∀n ∈ N, (3.6)

P̂−n = P̂−(n−3) − P̂−(n−1), ∀n ∈ Z+, (3.7)

R̂−n = R̂−(n−3) − R̂−(n−1), ∀n ∈ Z+.

Proof. Using equations (1.1) and (3.1), we have:

P̂n + P̂n+1 =Pn + Pn+1 + i (Pn+1 + Pn+2) + j (Pn+2 + Pn+3) + k(Pn+3 + Pn+4)

=Pn+3 + iPn+4 + jPn+5 + kPn+6

=P̂n+3.

The others can be obtained similarly. �

It should be noted that, equations (3.1), (3.2), (3.5) and (3.6) are valid ∀n ∈ Z.
Inspired by the study [21], we find a way to compute nth and −(n + 1)th term of Padovan dual quaternions in the

following Theorem 3.3. The proof is clear using equations (3.5) (for part (i)) and (3.7) (for part (ii)) via the study [21].
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Theorem 3.3. ∀n ∈ N, the following determinant equalities can be given.

(i) P̂n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

P̂0 −1 0 0 0 . . . 0 0
P̂1 0 −1 0 0 . . . 0 0
P̂2 0 0 −1 0 . . . 0 0
0 1 1 0 −1 . . . 0 0
...

. . .
. . .

. . .
. . .

. . .
...

...

0 0 0 0 0
. . . 0 −1

0 0 0 0 0
. . . 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

,

(ii) P̂−(n+1) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

P̂−1 −1 0 0 0 . . . 0 0
P̂−2 0 −1 0 0 . . . 0 0
P̂−3 0 0 −1 0 . . . 0 0
0 1 0 −1 −1 . . . 0 0
...

. . .
. . .

. . .
. . .

. . .
...

...

0 0 0 0 0
. . . −1 −1

0 0 0 0 0
. . . 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

.

Example 3.4. Using the above theorem, the 5th term of the Padovan dual quaternion can be obtained as:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

P̂0 −1 0 0 0 0
P̂1 0 −1 0 0 0
P̂2 0 0 −1 0 0
0 1 1 0 −1 0
0 0 1 1 0 −1
0 0 0 1 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
6×6

= 3 + i4 + j5 + k7 = P̂5.

Theorem 3.5. ∀n ∈ Z, the following properties are satisfied:
(i) P̂n − iP̂n+1 − jP̂n+2 − kP̂n+3 = Pn,

(ii) P̂n + iP̂n+1 + jP̂n+2 + kP̂n+3 = 2P̂n − Pn,

(iii) P̂nP̂n = P2
n,

(iv) P̂n + P̂n = 2Pn,

(v) P̂n − P̂n = 2P̂n − 2Pn,

(vi) P̂2
n = P2

n + i2PnPn+1 + j2PnPn+2 + k2PnPn+3 = 2PnP̂n − P2
n,

(vii) P̂n

2
= P2

n − i2PnPn+1 − j2PnPn+2 − k2PnPn+3 = 3P2
n − 2PnP̂n.

Proof. (i) Using equations (1.4) and (3.1), we have:

P̂n − iP̂n+1 − jP̂n+2 − kP̂n+3 =Pn + iPn+1 + jPn+2 + kPn+3 − i (Pn+1 + iPn+2 + jPn+3 + kPn+4)

− j (Pn+2 + iPn+3 + jPn+4 + kPn+5) − k (Pn+3 + iPn+4 + jPn+5 + kPn+6)

=Pn.

(ii) Using equations (1.4) and (3.1), we get:

P̂n + iP̂n+1 + jP̂n+2 + kP̂n+3 =Pn + iPn+1 + jPn+2 + kPn+3 + i (Pn+1 + iPn+2 + jPn+3 + kPn+4)

+ j (Pn+2 + iPn+3 + jPn+4 + kPn+5) + k (Pn+3 + iPn+4 + jPn+5 + kPn+6)

=2P̂n − Pn.

(iii) Considering equations (1.4), (3.1) and (3.3), we obtain:

P̂nP̂n = (Pn + iPn+1 + jPn+2 + kPn+3) (Pn − iPn+1 − jPn+2 − kPn+3) = P2
n.

�
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Theorem 3.6. ∀n ∈ Z, the following properties are satisfied:

(i) P̂nP̂m − P̂nP̂m = 2(PnP̂m + PmP̂n − 2PnPm),

(ii) P̂nP̂m + P̂nP̂m = 2PnPm,

(iii) P̂nP̂m − P̂nP̂m = 2(PmP̂n − PnP̂m),

(iv) P̂nP̂m + P̂nP̂m = 2PnPm.

Proof. (i) Considering equations (1.4), (3.1), (3.3) and (3.4), we have:

P̂nP̂m − P̂nP̂m = (Pn + iPn+1 + jPn+2 + kPn+3) (Pm + iPm+1 + jPm+2 + kPm+3)

− (Pn − iPn+1 − jPn+2 − kPn+3) (Pm − iPm+1 − jPm+2 − kPm+3)

=2
[
Pn (iPm+1 + jPm+2 + kPm+3) + Pm (iPn+1 + jPn+2 + kPn+3)

]
=2

(
PnP̂m + PmP̂n − 2PnPm

)
.

(ii) Using equations (1.4), (3.1), (3.3) and (3.4), we obtain:

P̂nP̂m + P̂nP̂m = (Pn + iPn+1 + jPn+2 + kPn+3) (Pm + iPm+1 + jPm+2 + kPm+3)

+ (Pn − iPn+1 − jPn+2 − kPn+3) (Pm − iPm+1 − jPm+2 − kPm+3)

=2PnPm.

�

Thanks to the study [4], we obtain some recurrence relations for Padovan dual quaternions:

Theorem 3.7. ∀n ∈ Z, the recurrence relation

P̂n = ρaP̂n−a + σaP̂n−2a + P̂n−3a

is obtained with (ρa, σa) such that ρa, σa ∈ Z, 1 ≤ a ≤ 8, a ∈ N (see in Table 3).

Table 3. Some recurrence relations for Padovan dual quaternions

a (ρa, σa) P̂n = ρaP̂n−a + σaP̂n−2a + P̂n−3a

1 (0, 1) P̂n = P̂n−2 + P̂n−3

2 (2,−1) P̂n = 2P̂n−2 − P̂n−4 + P̂n−6

3 (3,−2) P̂n = 3P̂n−3 − 2P̂n−6 + P̂n−9

4 (2, 3) P̂n = 2P̂n−4 + 3P̂n−8 + P̂n−12

5 (5,−4) P̂n = 5P̂n−5 − 4P̂n−10 + P̂n−15

6 (5, 2) P̂n = 5P̂n−6 + 2P̂n−12 + P̂n−18

7 (7, 1) P̂n = 7P̂n−7 + P̂n−14 + P̂n−21

8 (10,−5) P̂n = 10P̂n−8 − 5P̂n−16 + P̂n−24

Proof. For a = 4, using equation (3.1) and the fourth row of Table 6, we obtain:

2P̂n−4 + 3P̂n−8 + P̂n−12 =2Pn−4 + 3Pn−8 + Pn−12 + i (2Pn−3 + 3Pn−7 + Pn−11)

+ j (2Pn−2 + 3Pn−6 + Pn−10) + k (2Pn−1 + 3Pn−5 + Pn−9)

=Pn + iPn+1 + jPn+2 + kPn+3

=P̂n.

Considering the other values a, the proof is conducted by the same way. Hence, this concludes the proof. �
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Theorem 3.8. ∀n ∈ Z, the relations between Padovan and Perrin dual quaternions hold:

(i) R̂n = 3P̂n−5 + 2P̂n−4,

(ii) R̂n = P̂n−5 + 2P̂n−2,

(iii) P̂n−1 = 1
23

(
R̂n−3 + 8R̂n−2 + 10R̂n−1

)
.

Proof. The proofs are clear, so we omit them. �

Theorem 3.9. ∀m, n ∈ N, the following relations can be given:
(i) P̂m−3P̂n−3 + P̂m−1P̂n−2 + P̂m−2P̂n−1 = 2P̂m+n−1 − Pm+n−1,

(ii) P̂m−3R̂n−3 + P̂m−1R̂n−2 + P̂m−2R̂n−1 = 2R̂m+n−1 − Rm+n−1,

(iii) R̂m−3R̂n−3 + R̂m−1R̂n−2 + R̂m−2R̂n−1 = 8P̂m+n−5 + 8P̂m+n−8 + 2P̂m+n−11 − 4Pm+n−5 − 4Pm+n−8 − Pm+n−10,

(iv) R̂m−3R̂n−3 + R̂m−1R̂n−2 + R̂m−2R̂n−1 = 4R̂m+n−3 + 2R̂m+n−6 − 2Rm+n−3 − Rm+n−6.

Proof. (i) Using equations (1.4), (A.4) and (3.1), we have:

P̂m−3P̂n−3 + P̂m−1P̂n−2 + P̂m−2P̂n−1 =Pm−3Pn−3 + Pm−1Pn−2 + Pm−2Pn−1

+ i (Pm−2Pn−3 + Pm−3Pn−2 + Pm−1Pn−1 + PmPn−2 + Pm−2Pn + Pm−1Pn−1)

+ j (Pm−1Pn−3 + Pm−3Pn−1 + Pm−1Pn + Pm+1Pn−2 + Pm−2Pn+1 + PmPn−1)

+ k(PmPn−3 + Pm−3Pn + Pm−1Pn+1 + Pm+2Pn−2 + Pm−2Pn+2 + Pm+1Pn−1)

=P̂m+n−1 + iPm+n + jPm+n+1 + kPm+n+2

=2P̂m+n−1 − Pm+n−1.

The other parts can be seen using equation (A.4). �

Theorem 3.10. ∀m, n ∈ N, the following relations are satisfied:
(i) P̂m−3P̂−n−3 + P̂m−1P̂−n−2 + P̂m−2P̂−n−1 = 2P̂m−n−1 − Pm−n−1,

(ii) P̂m−3R̂−n−3 + P̂m−1R̂−n−2 + P̂m−2R̂−n−1 = 2R̂m−n−1 − Rm−n−1,

(iii) R̂m−3R̂−n−3 + R̂m−1R̂−n−2 + R̂m−2R̂−n−1 = 4R̂m−n−3 + 2R̂m−n−6 − 2Rm−n−3 − Rm−n−6,

(iv) P̂−m−3P̂−n−3 + P̂−m−1P̂−n−2 + P̂−m−2P̂−n−1 = 2P̂−m−n−1 − P−m−n−1,

(v) P̂−m−3R̂−n−3 + P̂−m−1R̂−n−2 + P̂−m−2R̂−n−1 = 2R̂−m−n−1 − R−m−n−1,

(vi) R̂−m−3R̂−n−3 + R̂−m−1R̂−n−2 + R̂−m−2R̂−n−1 = 8P̂−m−n−5 +8P̂−m−n−8 +2P̂−m−n−11−4P−m−n−5−4P−m−n−8−P−m−n−10,

(vii) R̂−m−3R̂−n−3 + R̂−m−1R̂−n−2 + R̂−m−2R̂−n−1 = 4R̂−m−n−3 + 2R̂−m−n−6 − 2R−m−n−3 − R−m−n−6.

Proof. The proofs are straightforward to obtain by using Definition 3.1 and equations (1.4), (A.4). �

Theorem 3.11. ∀m, n ∈ Z+ such that m < n, the following relations are given:
(i) P̂m−1P̂n−m + P̂m+1P̂n−m+1 + P̂mP̂n−m+2 = 2P̂n − Pn,

(ii) P̂m−1R̂n−m + P̂m+1R̂n−m+1 + P̂mR̂n−m+2 = 2R̂n − Rn.

Proof. Definition 3.1 and equations (1.4), (A.6) can be used for the proof. �

Theorem 3.12. ∀m, n ∈ Z+ such that m ≤ n, we have the following relations:

(i)
? P̂2m−1P̂2(n−m) + P̂2mP̂2(n−m)+2 + P̂2m+1P̂2(n−m)+1

∗ P̂2mP̂2(n−m)−1 + P̂2m+1P̂2(n−m)+1 + P̂2m+2P̂2(n−m)

}
= 2P̂2n − P2n,

(ii)
? P̂2m−1P̂2(n−m)+1 + P̂2mP̂2(n−m)+3 + P̂2m+1P̂2(n−m)+2

∗ P̂2mP̂2(n−m) + P̂2m+1P̂2(n−m)+2 + P̂2m+2P̂2(n−m)+1

}
= 2P̂2n+1 − P2n+1.

Proof. The proofs are obvious from Definition 3.1 and equations (1.4), (A.7). Alternatively, Theorem 3.11 can be
used. �

Theorem 3.13. ∀m, n ∈ Z+ such that m < n, the following relations can be given:
(i) P̂2m−1R̂2(n−m) + P̂2mR̂2(n−m)+2 + P̂2m+1R̂2(n−m)+1 = 2R̂2n − R2n,

(ii)
? P̂2m−1R̂2(n−m)+1 + P̂2mR̂2(n−m)+3 + P̂2m+1R̂2(n−m)+2

∗ P̂2mR̂2(n−m) + P̂2m+1R̂2(n−m)+2 + P̂2m+2R̂2(n−m)+1

}
= 2R̂2n+1 − R2n+1,
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(iii) P̂2mR̂2(n−m)+1 + P̂2m+1R̂2(n−m)+3 + P̂2m+2R̂2(n−m)+2 = 2R̂2n+2 − R2n+2,

(iv) P̂2mP̂2(n−m)+1 + P̂2m+1P̂2(n−m)+3 + P̂2m+2P̂2(n−m)+2 = 2P̂2n+2 − P2n+2,

(v) P̂m−1P̂n−m+1 + P̂mP̂n−m+3 + P̂m+1P̂n−m+2 = 2P̂n+1 − Pn+1,

(vi) P̂m−1R̂n−m+1 + P̂mR̂n−m+3 + P̂m+1R̂n−m+2 = 2R̂n+1 − Rn+1,

(vii) P̂mP̂n−m+1 + P̂m+1P̂n−m+3 + P̂m+2P̂n−m+2 = 2P̂n+2 − Pn+2,

(viii) P̂mR̂n−m+1 + P̂m+1R̂n−m+3 + P̂m+2R̂n−m+2 = 2R̂n+2 − Rn+2.

Proof. Using Definition 3.1 and equations (1.4), (A.8), the proofs are clear. Also, Theorem 3.11 can be used. �

Theorem 3.14. ∀n ∈ Z+, the followings are obtained:

(i)

 0 0 1
1 0 0
1 1 0


n 

P̂1

P̂0

P̂2

 =


P̂n+1

P̂n

P̂n+2

 ,
(ii)

 0 1 0
1 0 1
1 0 0


n 

P̂1 P̂0 P̂−1

P̂2 P̂1 P̂0

P̂0 P̂−1 P̂−2

 =


P̂n+1 P̂n P̂n−1

P̂n+2 P̂n+1 P̂n

P̂n P̂n−1 P̂n−2

 ,
(iii)

(
P̂0 P̂1 P̂2

) 0 0 1
1 0 1
0 1 0


n

=
(

P̂n+1 P̂n+2 P̂n

)
,

(iv)

 −1 0 1
1 0 0
0 1 0


n 

P̂−2

P̂−1

P̂0

 =


P̂−n−2

P̂−n−1

P̂−n

 ,
(v)

 −1 0 1
1 0 0
0 1 0


n 

P̂0 P̂−1 P̂−2

P̂1 P̂0 P̂−1

P̂2 P̂1 P̂0

 =


P̂−n P̂−n−1 P̂−n−2

P̂−n+1 P̂−n P̂−n−1

P̂−n+2 P̂−n+1 P̂−n

 ,
(vi)

(
P̂−2 P̂−1 P̂0

) −1 1 0
0 0 1
1 1 0


n

=
(

P̂−n−2 P̂−n−2 P̂−n

)
.

Proof. The proofs are clear through mathematical induction. �

For the construction of the following formulas and binomial properties for Padovan and Perrin dual quaternions, we
utilize the studies [45–48].

Theorem 3.15. ∀n ∈ Z, the Binet-like formulas for Padovan and Perrin dual quaternions can be given as:

P̂n = aarn
1 + bbrn

2 + ccrn
3, (3.8)

R̂n = arn
1 + brn

2 + crn
3, (3.9)

where a = 1 + ir1 + jr2
1 + kr3

1, b = 1 + ir2 + jr2
2 + kr3

2, c = 1 + ir3 + jr2
3 + kr3

3.

Proof. Considering equations (2.1) and (3.1), we have:

P̂n = arn
1 + brn

2 + crn
3 + i

(
arn+1

1 + brn+1
2 + crn+1

3

)
+ j

(
arn+2

1 + brn+2
2 + crn+2

3

)
+ k

(
arn+3

1 + brn+3
2 + crn+3

3

)
=

(
1 + ir1 + jr2

1 + kr3
1

)
arn

1 +
(
1 + ir2 + jr2

2 + kr3
2

)
brn

2 +
(
1 + ir3 + jr2

3 + kr3
3

)
crn

3

= aarn
1 + bbrn

2 + ccrn
3.

Equation (3.9) can be obtained similarly. �
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Theorem 3.16. The generating functions for Padovan and Perrin dual quaternions with non-negative and negative
subscripts are as follows:

∞∑
n=0

P̂nxn =
P̂0 + P̂1x +

(
P̂2 − P̂0

)
x2

1 − x2 − x3
, (3.10)

∞∑
n=0

R̂nxn =
R̂0 + R̂1x +

(
R̂2 − R̂0

)
x2

1 − x2 − x3
, (3.11)

∞∑
n=0

P̂−nxn =
P̂0 +

(
P̂−1 + P̂0

)
x +

(
P̂−2 + P̂−1

)
x2

1 + x − x3
,

∞∑
n=0

R̂−nxn =
R̂0 +

(
R̂−1 + R̂0

)
x +

(
R̂−2 + R̂−1

)
x2

1 + x − x3
. (3.12)

Proof. Suppose that,
∞∑

n=0
P̂nxn = P̂0 + P̂1x + P̂2x2 + ... + P̂nxn + ... is generating function of P̂n. Then, we can write:

(
1 − x2 − x3

) ∞∑
n=0

P̂nxn =P̂0 + P̂1x +
(
P̂2 − P̂0

)
x2 +

(
P̂3 − P̂1 − P̂0

)
x3 + . . . +

(
P̂n+3 − P̂n+1 − P̂n

)
xn+3 + . . .

By the recurrence relation (3.5), we have equation (3.10). The proof of equation (3.11) is similar.

With similar thought, assume that
∞∑

n=0
P̂−nxn = P̂0 + P̂−1x + P̂−2x2 + . . . + P̂−nxn + . . . is the generating function of

P̂−n. By the recurrence relation (3.7), we obtain the following equality:

∞∑
n=0

P̂−nxn =P̂0 + P̂−1x + P̂−2x2 +

∞∑
n=3

P̂−(n−3)xn −

∞∑
n=3

P̂−(n−1)xn

=P̂0 + P̂−1x + P̂−2x2 + x3
∞∑

n=0

P̂−nxn − x
∞∑

n=2

P̂−nxn

=P̂0 + P̂−1x + P̂−2x2 + x3
∞∑

n=0

P̂−nxn − x

 ∞∑
n=0

P̂−nxn − P̂0 − P̂−1x


=P̂0 +

(
P̂−1 + P̂0

)
x +

(
P̂−2 + P̂−1

)
x2 + x3

∞∑
n=0

P̂−nxn − x
∞∑

n=0

P̂−nxn.

Then, we have:

∞∑
n=0

P̂−nxn =
P̂0 +

(
P̂−1 + P̂0

)
x +

(
P̂−2 + P̂−1

)
x2

1 + x − x3
.

Equation (3.12) can be seen in the same way. �
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Theorem 3.17. The exponential generating functions for Padovan and Perrin dual quaternions with non-negative and
negative subscripts are given by:

∞∑
n=0

P̂n
yn

n!
= aaer1y + bber2y + ccer3y,

∞∑
n=0

R̂n
yn

n!
= aer1y + ber2y + cer3y,

∞∑
n=0

P̂−n
yn

n!
= aae

y
r1 + bbe

y
r2 + cce

y
r3 ,

∞∑
n=0

R̂−n
yn

n!
= ae

y
r1 + be

y
r2 + ce

y
r3 .

Proof. By using the equation (3.8), we get as follows:
∞∑

n=0

P̂n
yn

n!
=

∞∑
n=0

(
aarn

1 + bbrn
2 + ccrn

3

) yn

n!

= aa
∞∑

n=0

rn
1

yn

n!
+ bb

∞∑
n=0

rn
2

yn

n!
+ cc

∞∑
n=0

rn
3

yn

n!

= aa
∞∑

n=0

(r1y)n

n!
+ bb

∞∑
n=0

(r2y)n

n!
+ cc

∞∑
n=0

(r3y)n

n!

= aaer1y + bber2y + ccer3y.

The other equalities can be shown in the same way. �

Theorem 3.18. ∀n ∈ N, ∀k,m, t ∈ Z+ and, t ≥ m, the following summation formula is obtained:
k−1∑
n=0

P̂mn+t−1 =
P̂mk+m+t−1 + P̂mk−m+t−1 − P̂mk+t−1(Rm − 1) − P̂m+t−1 − P̂t−m−1 + P̂t−1(Rm − 1)

Rm − R−m

. (3.13)

Proof. By utilizing equation (3.8), we have:
k−1∑
n=0

P̂mn+t−1 =

k−1∑
n=0

(
aarmn+t−1

1 + bbrmn+t−1
2 + ccrmn+t−1

3

)
= aart−1

1

 rmk
1 − 1
rm

1 − 1

 + bbrt−1
2

 rmk
2 − 1
rm

2 − 1

 + ccrt−1
3

 rmk
3 − 1
rm

3 − 1

 .
Then, we obtain:

k−1∑
n=0

P̂mn+t−1 =
aaA1 + bbA2 + ccA3

Rm − R−m

,

where
Ai =

(
rmk+t−m−1

i + rmk+t+m−1
i + rmk+t−1

i (1 − Rm) − rt+m−1
i − rt−m−1

i + rt−1
i (Rm − 1)

)
for i = 1, 2, 3. Finally, using equation (3.8), we have equation (3.13). �

Theorem 3.19. ∀k ∈ Z+, the following summation formula hold:
k−1∑
n=0

P̂−mn−t−1 =
P̂−mk+m−t−1 + P̂−mk−m−t−1 − P̂−mk−t−1(R−m − 1) − P̂m−t−1 − P̂−t−m−1 + P̂−t−1(R−m − 1)

R−m − Rm

.

Proof. The proof can be shown similarly to proof of the Theorem 3.18. �
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Theorem 3.20. ∀k, n ∈ N, the following binomial properties hold:

(i)
k∑

n=0

(
k
n

)
P̂n = P̂3k,

(ii)
k+1∑
n=0

(
k + 1

n

)
P̂n =

k∑
n=0

(
k
n

) (
P̂n + P̂n+1

)
.

Proof. (i) From the equation (3.8), we have:
k∑

n=0

(
k
n

)
P̂n =

k∑
n=0

(
k
n

) (
aarn

1 + bbrn
1 + ccrn

1

)
= aa

k∑
n=0

(
k
n

)
rn

1 + bb
k∑

n=0

(
k
n

)
rn

2 + cc
k∑

n=0

(
k
n

)
rn

3

= aa(1 + r1)k + bb(1 + r2)k + cc(1 + r3)k

= aar3k
1 + bbr3k

2 + ccr3k
3

= P̂3k.

�

Corollary 3.21. ∀k, n ∈ N, the following binomial properties are satisfied:

(i) P̂3(k+1) = P̂3k +
k∑

n=0

(
k
n

)
P̂n+1, (ii) R̂3(k+1) = R̂3k +

k∑
n=0

(
k
n

)
R̂n+1.

Theorem 3.22. ∀n ∈ N and, ∀k ∈ Z+, the following property can be given:

P̂3(k+2) = 3P̂3(k+1) − 2P̂3k + P̂3(k−1).

Proof. Using Theorem 3.20, equation (3.5) and the binomial properties, the proof is clear. �

Considering the summation formulas given in the study [38], the following summation formulas for Padovan dual
quaternions can be given:

Theorem 3.23. ∀k, n ∈ N, the following summation formulas are obtained:

(i)
k∑

n=0
P̂n = P̂k+5 − P̂4,

(ii)
k∑

n=0
P̂2n = P̂2k+3 − P̂1,

(iii)
k∑

n=0
P̂2n−1 = P̂2k+2 − P̂0,

(iv)
k∑

n=0
P̂2n+1 = P̂2k+4 − P̂2,

(v)
k∑

n=0
P̂3n = P̂3k+2 − P̂−1,

(vi)
k∑

n=0
P̂3n+1 = P̂3k+3 − P̂0,

(vii)
k∑

n=0
P̂3n+2 = P̂3k+4 − P̂1,

(viii)
k∑

n=0
P̂5n = P̂5k+1 − P̂−4,

(ix)
k∑

n=0
P̂5n+1 = P̂5k+2 − P̂−3,

(x)
k∑

n=0
P̂5n+2 = P̂5k+3 − P̂−2.

Proof. The proof is clear. �

Theorem 3.24. ∀k, n ∈ Z+, the following summation formulas are satisfied:

(i)
k∑

n=1
P̂−n = −P̂−k+4 + P̂4,

(ii)
k∑

n=1
P̂−2n = −P̂−2k+1 + P̂1,

(iii)
k∑

n=1
P̂−2n−1 = −P̂−2k + P̂0,

(iv)
k∑

n=1
P̂−2n+1 = −P̂−2k+2 + P̂2,
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(v)
k∑

n=1
P̂−3n = −P̂−3k−1 + P̂−1,

(vi)
k∑

n=1
P̂−3n+1 = −P̂−3k + P̂0,

(vii)
k∑

n=1
P̂−3n+2 = −P̂−3k+1 + P̂1,

(viii)
k∑

n=1
P̂−5n = −P̂−5k−4 + P̂−4,

(ix)
k∑

n=1
P̂−5n+1 = −P̂−5k−3 + P̂−3,

(x)
k∑

n=1
P̂−5n+2 = −P̂−5k−2 + P̂−2.

Proof. (i) Via the recurrence relation (3.7), we get:

P̂−1 = P̂2 − P̂0

P̂−2 = P̂1 − P̂−1

...

P̂−(k−1) = P̂−(k−4) − P̂−(k−2)

P̂−k = P̂−(k−3) − P̂−(k−1).

Then, we have:
k∑

n=1

P̂−n = − P̂−k+2 − P̂−k+1 + P̂2 + P̂1 = −P̂−k+4 + P̂4.

The other parts can be seen similarly. �

4. Pell-Padovan Dual Quaternions

In this section, we investigate Pell-Padovan dual quaternions with non-negative and negative subscripts using similar
methods adopted in the previous section.

Definition 4.1. ∀n ∈ N, the nth Pell-Padovan dual quaternion is defined as:

T̂n = Tn + iTn+1 + jTn+2 + kTn+3. (4.1)

Besides, ∀n ∈ Z+, the −nth Pell-Padovan dual quaternion with negative subscripts is defined as:

T̂−n = T−n + iT−n+1 + jT−n+2 + kT−n+3,

where Tn is the nth Pell-Padovan number, T−n is the −nth Pell-Padovan number and i, j, k are quaternionic units that
satisfy the rules in equation (1.4). The set of all the Pell-Padovan dual quaternions2 is represented by T̂D.

It is quite obvious to realize that algebraic operations for Pell-Padovan dual quaternions are familiar with the previ-
ous section.
∀n ∈ Z, we give some examples of values of the Pell-Padovan dual quaternions in Table 4.

Table 4. Some values of T̂n and T̂−n

n T̂n T̂−n
0 1 + i + j + k3 1 + i + j + k3
1 1 + i + j3 + k3 −1 + i + j + k
2 1 + i3 + j3 + k7 3 − i + j + k
3 3 + i3 + j7 + k9 −5 + i3 − j + k
...

...
...

2It should be noted that, equation (4.1) is valid ∀n ∈ Z.
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Theorem 4.2. The following recurrence relation for Pell-Padovan dual quaternions holds:

T̂n+3 = 2T̂n+1 + T̂n, ∀n ∈ N. (4.2)

Also, the recurrence relation for the Pell-Padovan dual quaternions with negative subscripts is satisfied:

T̂−n = T̂−(n−3) − 2T̂−(n−1), ∀n ∈ Z+. (4.3)

Proof. Taking into account equations (1.3) and (4.1), we obtain:

2T̂n+1 + T̂n =2Tn+1 + Tn + i(2Tn+2 + Tn+1) + j(2Tn+3 + Tn+2) + k(2Tn+4 + Tn+3)
=Tn+3 + iTn+4 + jTn+5 + kTn+6

=T̂n+3.

Recurrence relation (4.3) can be shown in the same manner. �

The recurrence relation (4.2) is valid ∀n ∈ Z, as well.

Theorem 4.3. ∀n ∈ N, the following determinant equalities can be given.

(i) T̂n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T̂0 −1 0 0 0 . . . 0 0
T̂1 0 −1 0 0 . . . 0 0
T̂2 0 0 −1 0 . . . 0 0
0 1 2 0 −1 . . . 0 0
...

. . .
. . .

. . .
. . .

. . .
...

...

0 0 0 0 0
. . . 0 −1

0 0 0 0 0
. . . 2 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

,

(ii) T̂−(n+1) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T̂−1 −1 0 0 0 . . . 0 0
T̂−2 0 −1 0 0 . . . 0 0
T̂−3 0 0 −1 0 . . . 0 0
0 1 0 −2 −1 . . . 0 0
...

. . .
. . .

. . .
. . .

. . .
...

...

0 0 0 0 0
. . . −2 −1

0 0 0 0 0
. . . 0 −2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

.

Proof. The proof is obvious with equations (4.2) (for part (i)), (4.3) (for part (ii)) and the study [21]. �

Example 4.4. Let us consider the −8th term of the Pell-Padovan dual quaternion by using the method presented in
Theorem 4.3. ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

T̂−1 −1 0 0 0 0 0 0
T̂−2 0 −1 0 0 0 0 0
T̂−3 0 0 −1 0 0 0 0
0 1 0 −2 −1 0 0 0
0 0 1 0 −2 −1 0 0
0 0 0 1 0 −2 −1 0
0 0 0 0 1 0 −2 −1
0 0 0 0 0 1 0 −2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
8×8

= 74 + i(−41) + j25 + k(−15) = T̂−8.

Theorem 4.5. ∀n ∈ Z, the following is satisfied:

T̂n+2 = T̂n+1 + T̂n − (−1)n(1 − i + j − k).

Proof. Using equations (A.9) and (4.1), the proof is completed. �
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Theorem 4.6. ∀n ∈ Z, the following properties hold:T̂n = −T−n+2 + 2 + iT−n+1 + j (−T−n + 2) + kT−n−1; if n is odd,

T̂n = T−n+2 + i (−T−n+1 + 2) + jT−n + k (−T−n−1 + 2) ; if n is even.

Proof. By using the equation (4.1) and (A.10), the proof can be completed. �

Theorem 4.7. ∀n ∈ Z, the below properties hold:

(i) T̂n − iT̂n+1 − jT̂n+2 − kT̂n+3 = Tn,

(ii) T̂n + iT̂n+1 + jT̂n+2 + kT̂n+3 = 2T̂n − Tn,

(iii) T̂nT̂ n = T 2
n ,

(iv) T̂n + T̂ n = 2Tn,

(v) T̂n − T̂ n = 2T̂n − 2Tn,

(vi) T̂ 2
n = T 2

n + i2TnTn+1 + j2TnTn+2 + k2TnTn+3 = 2TnT̂n − T 2
n ,

(vii) T̂ n

2
= T 2

n − i2TnTn+1 − j2TnTn+2 − k2TnTn+3 = 3T 2
n − 2TnT̂n.

Proof. (iv) Taking into account equation (4.1) and the conjugate of T̂n, we have:

T̂n + T̂ n =(Tn + iTn+1 + jTn+2 + kTn+3) + (Tn − iTn+1 − jTn+2 − kTn+3)
=2Tn.

(v) From equation (4.1) and conjugate of T̂n, we obtain:

T̂n − T̂ n =(Tn + iTn+1 + jTn+2 + kTn+3) − (Tn − iTn+1 − jTn+2 − kTn+3)

=2T̂n − 2Tn.

(vi) From equations (1.4) and (4.1), we have:

T̂ 2
n =(Tn + Tn+1i + Tn+2 j + Tn+3k)(Tn + Tn+1i + Tn+2 j + Tn+3k)

=T 2
n + i2TnTn+1 + j2TnTn+2 + k2TnTn+3

=2TnT̂n − T 2
n .

(vii) Considering equation (1.4) and conjugate of T̂n, we get:

T̂
2

n =(Tn − iTn+1 − jTn+2 − kTn+3)(Tn − iTn+1 − jTn+2 − kTn+3)

=T 2
n − i2TnTn+1 − j2TnTn+2 − k2TnTn+3

=3T 2
n − 2TnT̂n.

�

Theorem 4.8. ∀n ∈ Z, the following properties hold:

(i) T̂nT̂m − T̂ nT̂ m = 2
(
TnT̂m + TmT̂n − 2TnTm

)
,

(ii) T̂nT̂m + T̂ nT̂ m = 2TnTm,

(iii) T̂nT̂ m − T̂ nT̂m = 2
(
TmT̂n − TnT̂m

)
,

(iv) T̂nT̂ m + T̂ nT̂m = 2TnTm.

Proof. (iii) Using equations (1.4), (4.1), and conjugate of T̂n, we have:

T̂nT̂ m − T̂ nT̂m =(Tn + iTn+1 + jTn+2 + kTn+3)(Tm − iTm+1 − jTm+2 − kTm+3)
− (Tn − iTn+1 − jTn+2 − kTn+3)(Tm + iTm+1 + jTm+2 + kTm+3)

=2(TmT̂n − TnT̂m).
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(iv) Considering equations (1.4), (4.1), and conjugate of T̂n, we obtain:

T̂nT̂ m + T̂ nT̂m =(Tn + iTn+1 + jTn+2 + kTn+3)(Tm − iTm+1 − jTm+2 − kTm+3)
+ (Tn − iTn+1 − jTn+2 − kTn+3)(Tm + iTm+1 + jTm+2 + kTm+3)

=2TnTm.

�

Inspired by the study [4], we obtain some recurrence relations as follows:

Theorem 4.9. ∀n ∈ Z, the recurrence relation

T̂n = ρaT̂n−a + σaT̂n−2a + T̂n−3a

is obtained with (ρa, σa) such that ρa, σa ∈ Z; 1 ≤ a ≤ 10; a ∈ N (see in Table 5).

Table 5. Some recurrence relations for Pell-Padovan dual quaternions

a (ρa, σa) T̂n = ρaT̂n−a + σaT̂n−2a + T̂n−3a

1 (0, 2) T̂n = 2T̂n−2 + T̂n−3

2 (4,−4) T̂n = 4T̂n−2 − 4T̂n−4 + T̂n−6

3 (3, 5) T̂n = 3T̂n−3 + 5T̂n−6 + T̂n−9

4 (8,−8) T̂n = 8T̂n−4 − 8T̂n−8 + T̂n−12

5 (10, 12) T̂n = 10T̂n−5 + 12T̂n−10 + T̂n−15

6 (19,−19) T̂n = 19T̂n−6 − 19T̂n−12 + T̂n−18

7 (28, 30) T̂n = 28T̂n−7 + 30T̂n−14 + T̂n−21

8 (48,−48) T̂n = 48T̂n−8 − 48T̂n−16 + T̂n−24

9 (75, 77) T̂n = 75T̂n−9 + 77T̂n−18 + T̂n−27

10 (124,−124) T̂n = 124T̂n−10 − 124T̂n−20 + T̂n−30

Proof. For a = 3, by using equation (4.1) and the third row of Table 7, we obtain:

3T̂n−3 + 5T̂n−6 + T̂n−9 =3Tn−3 + 5Tn−6 + Tn−9 + i(3Tn−2 + 5Tn−5 + Tn−8) + j(3Tn−1 + 5Tn−4 + Tn−7)
+ k(3Tn + 5Tn−3 + Tn−6)

=Tn + iTn+1 + jTn+2 + kTn+3

=T̂n.

The other recurrence relations can be obtained similarly. �

Theorem 4.10. ∀n ∈ Z+, the followings are satisfied:

(i)

 0 1 0
0 0 1
1 2 0


n 

T̂0

T̂1

T̂2

 =


T̂n

T̂n+1

T̂n+2

 ,
(ii)

 0 0 1
1 0 0
0 1 −2


n 

T̂−1

T̂0

T̂−2

 =


T̂−n−1

T̂−n

T̂−n−2

 ,
(iii)

(
T̂1 T̂2 T̂0

) 0 2 1
1 0 0
0 1 0


n

=
(

T̂n+1 T̂n+2 T̂n

)
,

(iv)
(

T̂0 T̂−1 T̂−2

) 0 0 1
1 0 0
0 1 −2


n

=
(

T̂−n T̂−n−1 T̂−n−2

)
,
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(v)

 0 1 0
2 0 1
1 0 0


n 

T̂1 T̂0 T̂−1

T̂2 T̂1 T̂0

T̂0 T̂−1 T̂−2

 =


T̂n+1 T̂n T̂n−1

T̂n+2 T̂n+1 T̂n

T̂n T̂n−1 T̂n−2

 ,
(vi)

 −2 0 1
1 0 0
0 1 0


n 

T̂0 T̂−1 T̂−2

T̂1 T̂0 T̂−1

T̂2 T̂1 T̂0

 =


T̂−n T̂−n−1 T̂−n−2

T̂−n+1 T̂−n T̂−n−1

T̂−n+2 T̂−n+1 T̂−n

 .
Theorem 4.11. ∀n ∈ Z, the Binet-like formula for Pell-Padovan dual quaternions is given as:

T̂n = dw1̃rn
1 + ew2̃rn

2 − f r̃n
3, (4.4)

where d = 1+ ĩr1 + j̃r2
1 + k̃r3

1, e = 1+ ĩr2 + j̃r2
2 + k̃r3

2, f = 1+ ĩr3 + j̃r2
3 + k̃r3

3 and r̃1, r̃2, r̃3 are the roots of the characteristic
equation x3 − 2x − 1 = 0 of Pell-Padovan numbers.

Proof. From equations (2.2) and (4.1), we obtain:

T̂n =w1̃rn
1 + w2̃rn

2 − r̃n
3 + i

(
w1̃rn+1

1 + w2̃rn+1
2 − r̃n+1

3

)
+ j

(
w1̃rn+2

1 + w2̃rn+2
2 − r̃n+2

3

)
+ k

(
w1̃rn+3

1 + w2̃rn+3
2 − r̃n+3

3

)
=

(
1 + ir̃1 + j̃r2

1 + k̃r3
1

)
w1̃rn

1 +
(
1 + ĩr2 + j̃r2

2 + k̃r3
2

)
w2̃rn

2 −
(
1 + ĩr3 + j̃r2

3 + k̃r3
3

)
r̃n

3

=dw1̃rn
1 + ew2̃rn

2 − f r̃n
3.

�

Theorem 4.12. The generating functions for Pell-Padovan dual quaternions with non-negative and negative subscripts
are given as follows, respectively:

∞∑
n=0

T̂nxn =
T̂0 + T̂1x +

(
T̂2 − 2T̂0

)
x2

1 − 2x2 − x3
, (4.5)

∞∑
n=0

T̂−nxn =
T̂0 +

(
2T̂0 + T̂−1

)
x +

(
2T̂−1 + T̂−2

)
x2

1 + 2x − x3
. (4.6)

Proof. Let presume that
∞∑

n=0
T̂nxn = T̂0 + T̂1x + T̂2x2 + · · · + T̂nxn + · · · is generating function of the Pell-Padovan dual

quaternions. By performing the necessary calculations, we obtain:(
1 − 2x2 − x3

) ∞∑
n=0

T̂nxn =T̂0 + T̂1x +
(
T̂2 − 2T̂0

)
x2 +

(
T̂3 − 2T̂1 − T̂0

)
x3 + · · · +

(
T̂n+3 − 2T̂n+1 − T̂n

)
xn+3 + · · ·

Eventually, utilizing equation (4.2), we obtain equation (4.5). With similar thought, equation (4.6) is obtained. �

Theorem 4.13. The exponential generating function of Pell-Padovan dual quaternions with non-negative and negative
subscripts are as follows:

∞∑
n=0

T̂n
yn

n!
= dw1ẽr1y + ew2ẽr2y − f ẽr3y,

∞∑
n=0

T̂−n
yn

n!
= dw1e

y
r̃1 + ew2e

y
r̃2 − f e

y
r̃3 .

Proof. Using equation (4.4), we have:
∞∑

n=0

T̂n
yn

n!
=

∞∑
n=0

(
dw1̃rn

1 + ew2̃rn
2 − f r̃n

3

) yn

n!

=dw1

∞∑
n=0

r̃n
1

yn

n!
+ ew2

∞∑
n=0

r̃n
2

yn

n!
− f

∞∑
n=0

r̃n
3

yn

n!

=dw1ẽr1y + ew2ẽr2y − f ẽr3y.

The other equality can be shown by using the similar way. �
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The proofs of the following theorems can be conducted by mathematical induction. By utilizing [38], we give the
following summation formulas in the following theorems.

Theorem 4.14. ∀n,m ∈ N, the following summation properties hold:

(i)
m∑

n=0
T̂n =

1
2

(
T̂m+2 + T̂m+1 + T̂m + T̂0 − T̂1 − T̂2

)
,

(ii)
m∑

n=0
T̂2n = T̂2m+1 + m(T̂2 − T̂1 − T̂0) + T̂0 − T̂1,

(iii)
m∑

n=0
T̂2n+1 =

1
2

(
T̂2m+3 + T̂2m+2 − T̂2m+1 + 2m(−T̂2 + T̂1 + T̂0) − T̂2 + T̂1 − T̂0

)
.

Theorem 4.15. ∀n,m ∈ Z+, the following summation properties hold:

(i)
m∑

n=1
T̂−n =

1
2

(
−3T̂−m−1 − 3T̂−m−2 − T̂−m−3 + T̂2 + T̂1 − T̂0

)
,

(ii)
m∑

n=1
T̂−2n = −T̂−2m+1 + T̂−2m + m(T̂2 − T̂1 − T̂0) + T̂1 − T̂0,

(iii)
m∑

n=1
T̂−2n+1 =

1
2

(
T̂−2m+1 − 3T̂−2m − T̂−2m−1 + 2m(−T̂2 + T̂1 + T̂0) + T̂2 − T̂1 + T̂0

)
.

5. Conclusions

In this article, we bring together the properties of dual quaternions and Padovan, Perrin and Pell-Padovan num-
bers. We identify the Padovan, Perrin and Pell-Padovan dual quaternions with non-negative and negative subscripts by
examining well-known relations and identities.
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Appendix A. Basic Concepts for Padovan, Perrin and Pell-Padovan Numbers

∀n ∈ Z, with initial values P0 = P1 = P2 = 1, we have Pn = ρaPn−a + σaPn−2a + Pn−3a, where ρa, σa ∈ Z, (ρa, σa)
for 0 ≤ a ≤ 8, a ∈ N, [4], (see in Table 6).

Table 6. Recurrence relations for Padovan numbers, [4]

a (ρa, σa) Pn = ρaPn−a + σaPn−2a + Pn−3a

1 (0, 1) Pn = Pn−2 + Pn−3
2 (2,−1) Pn = 2Pn−2 − Pn−4 + Pn−6
3 (3,−2) Pn = 3Pn−3 − 2Pn−6 + Pn−9
4 (2, 3) Pn = 2Pn−4 + 3Pn−8 + Pn−12
5 (5,−4) Pn = 5Pn−5 − 4Pn−10 + Pn−15
6 (5, 2) Pn = 5Pn−6 + 2Pn−12 + Pn−18
7 (7, 1) Pn = 7Pn−7 + Pn−14 + Pn−21
8 (10,−5) Pn = 10Pn−8 − 5Pn−16 + Pn−24

http://oeis.org/
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Table 6 is also valid for ∀n ∈ Z and Perrin numbers. ∀n ∈ Z, we have (see [45, 47, 48]):
Rn = 3Pn−5 + 2Pn−4,

Rn = 2Pn−2 + Pn−5,

Pn−1 =
1
23

(Rn−3 + 8Rn−2 + 10Rn−1).

(A.1)

Also, the nth power of third-order Padovan matrices Q and Q̂ are as (see [45–48]):

Q =

 0 1 0
0 0 1
1 1 0

 , Qn =

 Pn−5 Pn−3 Pn−4
Pn−4 Pn−2 Pn−3
Pn−3 Pn−1 Pn−2

 , ∀n ∈ N, (A.2)

Q̂ =

 −1 0 1
1 0 0
0 1 0

 , Q̂n =

 P−n−5 P−n−3 P−n−4
P−n−4 P−n−2 P−n−3
P−n−3 P−n−1 P−n−2

 , ∀n ∈ N. (A.3)

∀m, n ∈ N, the relations regarding the Padovan and Perrin numbers are obtained, [45, 47, 48]:



Pm−3Pn−3 + Pm−1Pn−2 + Pm−2Pn−1 = Pm+n−1,

Pm−3Rn−3 + Pm−1Rn−2 + Pm−2Rn−1 = Rm+n−1,

Rm−3Rn−3 + Rm−1Rn−2 + Rm−2Rn−1 = 4Pm+n−5 + 4Pm+n−8 + Pm+n−11,

Rm−3Rn−3 + Rm−1Rn−2 + Rm−2Rn−1 = 2Rm+n−3 + Rm+n−6,

Pm−3P−n−3 + Pm−1P−n−2 + Pm−2P−n−1 = Pm−n−1,

Pm−3R−n−3 + Pm−1R−n−2 + Pm−2R−n−1 = Rm−n−1,

Rm−3R−n−3 + Rm−1R−n−2 + Rm−2R−n−1 = 2Rm−n−3 + Rm−n−6,

P−m−3P−n−3 + P−m−1P−n−2 + P−m−2P−n−1 = P−m−n−1,

P−m−3R−n−3 + P−m−1R−n−2 + P−m−2R−n−1 = R−m−n−1,

R−m−3R−n−3 + R−m−1R−n−2 + R−m−2R−n−1 = 4P−m−n−5 + 4P−m−n−8 + P−m−n−11,

R−m−3R−n−3 + R−m−1R−n−2 + R−m−2R−n−1 = 2R−m−n−3 + R−m−n−6.

(A.4)

Using the initial values P0 = 0, P1 = 0, P2 = 1, the Padovan matrix is identical to the matrix which is presented in
(A.2). Qn is defined as (see [35]):

Qn =

 Pn−1 Pn+1 Pn

Pn Pn+2 Pn+1
Pn+1 Pn+3 Pn+2

 , ∀n ≥ 3. (A.5)

From equation (A.5), ∀m, n ∈ Z+ such that m < n, the following are obtained (see [34, 35]):{Pn = Pm−1Pn−m + Pm+1Pn−m+1 + PmPn−m+2,

Rn = Pm−1Rn−m + Pm+1Rn−m+1 + PmRn−m+2.
(A.6)

With P0 = 0, P1 = 0, P2 = 1, the new third-order square matrices are examined in [28] and (A.6) is obtained by using
these new matrices. ∀n,m ∈ Z+ such that m ≤ n, we have ( [36]):

P2n = P2m−1P2(n−m) + P2mP2(n−m)+2 + P2m+1P2(n−m)+1,

P2n = P2mP2(n−m)−1 + P2m+1P2(n−m)+1 + P2m+2P2(n−m),

P2n+1 = P2m−1P2(n−m)+1 + P2mP2(n−m)+3 + P2m+1P2(n−m)+2,

P2n+1 = P2mP2(n−m) + P2m+1P2(n−m)+2 + P2m+2P2(n−m)+1,

(A.7)

by using

Q∗1 =

 0 1 0
0 1 1
1 0 1

 , (
Q∗1

)n
=

 P2n−1 P2n P2n+1
P2n+1 P2n+2 P2n+3
P2n P2n+1 P2n+2

 .
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∀n,m ∈ Z+ such that m < n the following relations are given, [20]:

R2n = P2m−1R2(n−m) + P2mR2(n−m)+2 + P2m+1R2(n−m)+1,

R2n+1 = P2m−1R2(n−m)+1 + P2mR2(n−m)+3 + P2m+1R2(n−m)+2,

R2n+1 = P2mR2(n−m) + P2m+1R2(n−m)+2 + P2m+2R2(n−m)+1,

P2n+2 = P2mP2(n−m)+1 + P2m+1P2(n−m)+3 + P2m+2P2(n−m)+2,

R2n+2 = P2mR2(n−m)+1 + P2m+1R2(n−m)+3 + P2m+2R2(n−m)+2,

Pn+1 = Pm−1Pn−m+1 + PmPn−m+3 + Pm+1Pn−m+2,

Rn+1 = Pm−1Rn−m+1 + PmRn−m+3 + Pm+1Rn−m+2,

Pn+2 = PmPn−m+1 + Pm+1Pn−m+3 + Pm+2Pn−m+2,

Rn+2 = PmRn−m+1 + Pm+1Rn−m+3 + Pm+2Rn−m+2.

(A.8)

The Pell-Padovan matrix is examined in [7, 37], utilizing Kalman’s matrix formula in [18], such that (see [29, 43]): 0 2 1
1 0 0
0 1 0

 .
The other type of Pell-Padovan matrix can be seen in [7]. Summation formulas of these special numbers are also
examined in the study [38]. Then, ∀n ∈ Z, we have (see in Table 1), [33]:

Tn+2 = Tn+1 + Tn − (−1)n, (A.9)

and {Tn = − T−n+2 + 2; if n is odd,
Tn =T−n+2; if n is even.

(A.10)

Additionally, if Tn is the nth Pell-Padovan number, and then Tn = ρaTn−a + σaTn−2a + Tn−3a is obtained with (ρa, σa)
such that ρa, σa ∈ Z; 1 ≤ a ≤ 10; a ∈ N; n ∈ Z, (see in Table 7), [17].

Table 7. Some recurrence relations for Pell-Padovan numbers, [17]

a (ρa, σa) Tn = ρaTn−a + σaTn−2a + Tn−3a

1 (0, 2) Tn = 2Tn−2 + Tn−3
2 (4,−4) Tn = 4Tn−2 − 4Tn−4 + Tn−6
3 (3, 5) Tn = 3Tn−3 + 5Tn−6 + Tn−9
4 (8,−8) Tn = 8Tn−4 − 8Tn−8 + Tn−12
5 (10, 12) Tn = 10Tn−5 + 12Tn−10 + Tn−15
6 (19,−19) Tn = 19Tn−6 − 19Tn−12 + Tn−18
7 (28, 30) Tn = 28Tn−7 + 30Tn−14 + Tn−21
8 (48,−48) Tn = 48Tn−8 − 48Tn−16 + Tn−24
9 (75, 77) Tn = 75Tn−9 + 77Tn−18 + Tn−27

10 (124,−124) Tn = 124Tn−10 − 124Tn−20 + Tn−30
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