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Abstract: Let pi,p2,ps,q be distinct primes and m = p1“'p2??p3*3. In this paper, it is shown that the
explicit expressions of primitive idempotents in the semi-simple ring R, = F,[z]/(z™ — 1) are the
trace function of explicit expressions of primitive idempotents from R i The minimal polynomials,
generating polynomials and minimum distances of minimal cyclic codes of length m over Fy are also
discussed. All the results obtained in [1], [3], [4], [5], [11] and [14] are simple corollaries to the results
obtained in the paper.

2010 MSC: 94B05, 94B15

Keywords: Cyclotomic cosets, Primitive idempotents, Cyclic codes, Trace function

1. Introduction

Let p1,p2,ps and ¢ be distinct primes and m = p1*'pe®2ps®s.Then R, = F,[z]/(z™ — 1) is a semi-
simple ring. Every cyclic code C of length m over Fj is a direct sum of minimal cyclic codes in R,,.
Therefore, we need to compute the minimal cyclic codes of length m over F,. A minimal cyclic code
always has a primitive idempotent generator [12, Theorem 1, Chapter 8|, therefore, the study of minimal
cyclic codes need the computation of explicit expressions of primitive idempotents in R,,. For m = p™,
Pruthi and Arora [13] obtained all the minimal cyclic codes of length m in Ryn = F,[2]/(zP" —1); q is
a primitive root modulo p™. In [7], Chen et al. studied the minimal cyclic codes of length I"™ over F,,
where [ is a prime divisor of ¢ — 1 and m is a positive integer. Many authors have worked to compute
the primitive central idempotents in semi-simple group algebra. In [2], Bakshi et al. have computed
primitive central idempotents in semi-simple group algebra F'G; F is finite fields and G is arbitrary
meta-cyclic group. In another paper [9], they developed an algorithm to compute the primitive central
idempotents in a semi-simple group algebra. Broche and Rio [6] developed a method to compute the
primitive central idempotents and the wedderburn decomposition of a semi simple finite group algebra of
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an abelian-by-supersolvable group G. Ferraz and Milies [8] discussed a simple method of computing the
idempotent generator of minimal abelain codes and discussed all the results as obtained in [1]. Sharma
et al. [15] gave an algorithm to compute all the primitive idempotents over F, in R,» by choosing
fp™~! as the order of ¢ modulo p™. Since m = p;“pa®2ps®3, therefore it is natural to ask that “Can
one use the explicit expressions of primitive idempotents from R, @i to compute the explicit expressions
of primitive idempotents in R,,?” In this regard Bakshi et al. [4] used trace function to compute the
explicit expressions of primitive idempotents in R,,; m = mimsy with gcd(Oml(q) Om, (g )) =1ord,
where O, (q) denotes the order of ¢ modulo m;. Kumar and Arora [10] defined a A-mapping to compute
the explicit expressions of primitive idempotents in R,,; m = pi'p5*...p%" with the help of primitive
idempotents from R «; in a single step under the following conditions:

(1) For each i, ¢ is a primitive root modulo p;*,

(ii) At most one prime factor of m is of the form 4k + 1 and the other prime factors of m are of the
form 4k + 3,

(iii) ged (¢(p"), o(p;")) =2, 1 <i#j <.

In this paper, we choose m = p;*pa®*2p3*®, where p;’s are distinct primes and, for each i,1 < 7 < 3,

Opfg (q) = %) and obtain the primitive idempotents and minimum distances of minimal cyclic codes

in R, over the finite field F,. This paper is organized as follows:

In Section 2, we use A- mapping to obtain the g-cyclotomic cosets and in Theorem 2.5, we count the
number of distinct g-cyclotomic cosets modulo m. In Section 3, the primitive idempotents are obtained.
In Theorem 3.5, we use A-mapping and in Theorem 3.6 we use Trace function to compute the primitive
idempotents in R,, with the help of primitive idempotents from R, i The minimal polynomials and
the generating polynomials of some cyclic codes of length m are obtalned in Section 4. In Section 5, we
give a lower bound on minimum distances of cyclic codes of length m. We include examples in the last
section. In Example 6.1, we choose m = 715 and count the total number of 3-cyclotomic cosets modulo
715. Then we obtain the explicit expression of #7'%(x) in R715 by A product of polynomials and by Trace
function (The explicit expressions of all primitive idempotents are shown in Appendix 1). In Example
6.2, the minimal cyclic codes of length 30 are discussed in Rzp = Fy[x]/(z3° — 1). All the results obtained
in [1], [3], [4], [5], [11] and [14] are simple corollaries to the results obtained in the paper.

2. Cyclotomic cosets modulo m

In this section we use A-mapping [10, Definition(2.2)] to compute the g-cyclotomic cosets modulo m
with the help of ¢":-cyclotomic cosets modulo p;*. Then we count the number of distinct g-cyclotomic
cosets modulo m. Throughout this paper pi,ps,p3 and ¢ are distinct primes, m = p;“tp*2p3*3, for

1<i <3, 0pilg) = 220 m; = 2, A ={0,1,2,...m — 1} and A; = {0,1,..,p%" — 1}, § is a fixed
primitive mth root of unity in some extension of Fy: and §; = ™ is a fixed primitive p;*¢th root of unity

in the same extension of Fj:. We denote the g-cyclotomic coset modulo m containing s;0 < s < m—1 by
C;ﬂ((l)

= {s,5q, 5¢°, - sq"~1}, where r is the smallest positive integer such that s¢" = s(mod m) and, for

a divisor 7 of r, C’;n(qz) = {s, sq%, 5¢*,. 5¢¢ 1)} denote the g¢’-cyclotomic coset modulo m containing
s.

Definition 2.1. [A-mapping] The mapping X\ from A x A x A3 — A defined by A(by, ba,b3) = bymy +
bama + bsms(mod m), where b; € A; is called the \-mapping. It is a one-one and onto mapping.

Lemma 2.2. Let vi,vo and vs be positive integers. If | = lem(vy,va,v3), l1 = lem(va, v3), lo = lem(vy,vs)
and I3 = lem(vy,v2) then, for 1 <i <3

(i) l; divides 1.

(ii) | divides v;l; and, if v;l; = u;l, where u; is some positive integer, then lylals = 12lem(uy, ug, u3).
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Theorem 2.3. Let q be an odd prime with ged(q,m) = 1. Further, let Op(q) = d, O, (q) = d;,

O «; (q)d;
v; = ’)”T. Then

m(q) U)\(Cpl (g™ sz Cpss(q%))’

aiq? az qﬂ azq’

where t = lem(vy, va, v3).

Proof. By Definition 2.1, for 1 € A | there exists (a1, a9,a3) € A1 X Ay x Az such that

)\((11, as, a3) =1.
As O,,(q) = d, therefore, multiplying (1) by ¢*;0 < k < d — 1, we get

A(alv az, a3) =1
)\(a1Qa asq, adQ) =q

Ma1¢®, a2q®, a3q*) = ¢*

Maig™™ ", asq™ ', asq
The left hand side of above equations has three columns namely

By = {a1,a1q,a1¢%,...,a1¢* 7},

B2 = {a2a a2qg, a2q2, .o 7a2qd_1}7
B3 = {a?n asq, Cl3q27 .. 7a3qd71}'
o1 (q)dl Pt (g"1) . .
As Oy, (¢) = dy and v; = —1——— therefore, the subset Call of By will repeat with the set

{(a27 a3)7 (ag(], (qu), (a2q27 a3q2)v LR (G‘qul_la a3qd1_1)}'

042 v
Similarly, the subset C%2 @) o B> will repeat with the set
{(a1,a3), (a1q, a3q), (a1¢*, asq®), ..., (a1q™ ", azq®™ ")}

asg Ve
and C?jg (%) of B3 will repeat with the set

{(a17a2)7 (G'IQ7 G‘QQ)a (a1q27 a’2q2)7 sy (alqd3_17a2qd3_l)}'

Hence

v3)

S a2 vy as
Cgll (q )ngj (¢ )ngg" (g

- {(ala a2, (],3), (alqa a29, a3q)a cey (alqdil

) a2qd717 a3qd71)}'

169
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Similarly, we get

aqp 1,1 X3 (qV3
p1*(q p3°(q"3)
Callq Ca2q X Cagq

- {(alv a2, a3)7 (alqa a24, a3q)a ceey (alqdil

aa2qd717 a3qd71)}'
As the set

d—1

{(alv az, a3)7 (alqa a29, a3q)a ceey (alq ) a2qd713 a3qd71)}

is finite, therefore, there exists a positive integer ¢; ¢ = lem(vy, vg, v3) such that

U(Cpll(ql) szz(q‘z) Cp33(q ))

a1q’? azq’ azq’

o

d—1

- {(ala asz, Clg), (a1Q7a2(J7a3Q)7 LEEE) (a’lq 7a’2qd717a3qd71)}'

o v
. P, q z .
Since C’a?qj( ) contains % elements, therefore,

aiq’ azq’? asq?

t—1
U (Cpll(q 1) CPQQ(QW) Cp33(q”3))
=0

contains d 7, elements. (By Lemma 2.2) 5 = d, therefore,

ai1q? azq? azq?

tU (Cpll(q 1) Cp22(q 2) de ))
i=0

= {(a1,a2,a3), (a1, a2¢, a3q), - .-, (a1g*~", azg” !, azg™ 1)}
Equivalently,
-1
)\(Csllql]( ng;(q”) 0(1:3;@1”3))
j=0
= M(a1,a2,a3), (a1¢, a29,a59), . .. (a1¢° 7", azq™ " agg™ )} = €79,

Corollary 2.4. Lets€ A. If a;s = b,pz (mod pj*) then

bng qJ b3p3 qf

Proof. By Theorem 2.3,

azq7 azgd

m(q) Pyt (a"1) ps 2 (¢"2) p5°(¢"3)
UA(Calqu x OP2 (0% o P )
therefore, for s € A, we have

t—1
cm@) — U )\(Cpl @) oPa? (@) o Cpss(q“3)>.

a1sq? azsqt azsq’
J=0
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If a;s = bip’ (mod p@*) then clearly

t—1
m(q) _ Py pz VQ) p;3 (qv3)>
cr = UOA(CM obzp o).
O
Theorem 2.5. Let g be an odd prime with ged(g,m) = 1. Further, let O, (q) = @, On(q) = d,
O o;(q)d;
Om,(q) = di, v; = % and lem(vy,ve,v3) = t. Then, the number of distinct g-cyclotomic cosets

modulo m s

3 o 3
M + Z ng(Opftl (q), Op;"j (q))OziOth'ﬂ’j + Z ;T + 1.

1<i<j<3 i=1

O _a; (q)d;
Proof. Since O,,,(q) =d, Op,,(q) = d;, v; = %, therefore, by Corollary 2.4,

al ’”1 @2 vo Qg v3g
m(q) _ Py (g P32 (q"2) p3°(q"3)
cr U)\(C e i e ).
2P>"q 3P3°q

Consequently, the number of distinct g-cyclotomic cosets modulo m is equal to the number of distinct
combinations of the form

t—1

o1 (g¥1) g2 g wvg
U )\(Cpl ﬁ(lq Opz ) X CP3 (g ))
o bipitqd bopl2 i bsps3 ¢d
]:

We now count all such combinations by considering the following cases:

Case (1): 0 < 8; < a; —1;1 < ¢ < 3. In this case the number of distinct choices for C’p Lﬁ(q ;)
bip;'q

a;v;T;. Therefore, the number of distinct combinations of the form

t—1 o r

U A(c”l ) P grY [1ioy ricivs
= @ baps2gi bspy? g7 t

J:

These g-cyclotomic cosets are of the form Cmg) 5y 855 8Cd(s, p1p2p3) = 1.
SP1 P32 Ps3
Case (2): /1 = 1,0 < 8y < as — 1,0 < 83 < a3 — 1. By choosing f; = al, we have fixed

1 (q ) = {0}. In other words we have a single choice of ¢"*-cyclotomic coset modulo p{*. Consequently,

blp
1 Pyt (q"1) » 2(11”2) p3°(q" *) ot pyt(¢¥1) P 2(q“ ) p3°(q"3)
UA(crm i xerz s e () = | a(eqt 0 s e i e ),
0 b1p b2p bsp iz bzp b3ps° g’

where to3 = vg =03 = gcd(Op;m (q), Opgs (q)) Therefore, the number of g-cyclotomic cosets mod m of
the form C a1 P2’ where ged(s, p1paps) =1, is gcd(Opgz (9), Opga (q))a2a3r2r3.

Case (3): 0 < 1 < ag — 1 [32 = 2,0 < B3 < az3 — 1. In this case the number of distinct ¢
cyclotomic cosets of the form C™ ﬁlpazpﬁg is ged (Op;n (g), Op;ta (q))alagrlrg.

Case (4): 0 < 1 < a3 —1,0 < B3 < ay — 1,83 = a3. In this case the number of distinct ¢
cyclotomic cosets of the form Cmgff 5y ag 18 ged (Op‘lll (), 0oz (q))aragrrs.
P22p;

=~
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Case (5): 1 = a1,02 = a2,0 < B3 < a3 — 1. For this case

U (Opl (q y Op;’tzﬂ(jw?) y Cb3p( ) _ A(Cpl % CSJSQ (q“2) % Cp§3 (q“g))

bapy? g baph® gl
Therefore, the number of cosets of the form Cmiql) oy ps IS i3T5,
SPy1 Py Ps3
Case (6): 31 = a1,0 < B2 < ag — 1,83 = az. In this case C™" alpﬁ%% is aora.
Case (7): 0 < 31 < aj — 1,82 = ag, 83 = az. In this case O™ ,31 oy g 1S OQTT.
SP1 P2 " P3

Case (8): 1 = a1, 2 = ag, f3 = ag. For this case

L_J (le(q”l y CPE“QB(;JU?) y CP?Z{(I“?)) _ A(Cg?l(q”l) % Cg?(tz”) » Cg?‘”’(tz”))_

baps2q’ baps®q

Therefore, Cy" (@ i5 1. As a result of above discussion, the number of distinct g-cyclotomic cosets modulo
m is

3 3
M 4 Z gcd(Op?i (q), Op;xj (q))aiajrirj + Z a;ri + 1.
1<i<j<3 i=1
O
Corollary 2.6. Let g be an odd prime with ged(q,m) = 1. Further, let Op;"i (9) = %?i), Onm(q) = d,
Om,(q) = di, v; = w and lem(vi,ve,v3) = t. If v1 = vo = wvs, then, the number of distinct

q-cyclotomic cosets modulo m s

H?Zl(TiOli’Ui + 1) + t— 1
p .

Proof. By Theorem 2.5,

3 3
-1 T 050,
HZ% + > ged(0,0(g), 0,2 (a))aicrir + > _airi+1.

1<i<j<3 i=1

Therefore, for lem(vi,v2,v3) =t and v1 = v2 = v3. As ged(O0,2: (q), 0,2 (2)) chm(Opqi (q), 0,2 (9)) =
k3 3 i i
0,0 (q) % O, (¢). Use the above result in Theorem 2.5, we have

(aqv1r1)(Qpvars) (agvsrs) N (aqv1r1)(uars)  (aqvir:)(osvsrs)

t t t +
(0421127’2)(0431)37”3) (041’0171) (042’027’2) (043’037"3)
t + t t t +1

Further solve it. We get

H?Zl(maivi + 1) + t— 1
P .
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3. Primitive idempotents in R,,

For 1 < i < 3, let 05’51((]%)(@) and GT(Q)(x) denote the primitive idempotents in R =
Fyo; [m]/(:z:pz‘ai —1) and R, = F,[z]/(z™ — 1) corresponding to C%" ") and 0@ respectively. In this

m(q) (z)

section, we give two different proofs to show that 65 can be computed with the help of suitably

chosen primitive idempotents 6% i(qvi)(xi) from R,e:. The composition of Cy" (@ helps in choosing these
05 Z(qvi)(xi). By Theorem 2.5,
t—1
cm™a@) — U )\(Cpl (" C«Pz (a%2) Cp3 %(q “3))

a1sq’ assqd azsql
Jj=0

therefore, in Theorem 3.5, we use A product of polynomials [Definition 3.1] and show that

t—1

= (e e ) (w2 ) ().

Jj=0

In Theorem 3.6, we use trace function Trp, ,|r, from Fy[z] to Fy[z] to show that
o (x) = T’I‘th \F, (051 Ha") (xm1 )952 (") (xmz)ggss (¢"3) (1,777,3 )) :

where 0% l(q%)(xmi) is the polynomial obtained from 6% z(qw)(xi) by replacing xz; by ™.
Definition 3.1. [A-product of xf 's| Let x1, 2,23 be three variables. Define

)\((alxiil)7 (a2mgz)7 (CQ%?)) _ a1a2a3x/\(b1’ bz, b3)’

where o; € Fye, by € A; and call it the X-product [10, Definition 3.1] of xf’ ’s.
Definition 3.2. Let f(z) = Y. a;a’ € Fy[z]. Then, the trace function Tre,r, @ Fyle] = Fyla] is
defined as
Tre,r, (f ZTTFAF ai)x
Further, for f(x),g(x), h(z) € Fylx], if

f(x)g(x)h(z) = Zcﬂ“i, then T'rg ,|F, (f(x)g(x)h(z)) = ZTTF (| F, (ci)w

. m(q) .
Definition 3.3. [3, Theorem 1] The 9;”(’1)(9;) = Z:nol €', where €; = ec = L(Zseci”@ §7%)

m
and § is a fized primitive mth root of unity in some extension of Fy, is a primitive idempotent in R,

corresponding to C’"L(Q)

Note 3.4. In the following theorems, § is a fixved primitive mth root of unity in some extension of Fiy
and therefore, 6; = 6™ is a primitive p;"th root of unity in the same extension of Fy.

Theorem 3.5. If A(a1,a2,a3) =1 and

t—1
C;n(q) _ U )\<Csllsq(;1”1) Cp22(quz) Cpss(qu))

assq? aszsq?
7=0
then

1 1 @2 a3z v3
am(q) Z)\(Qlﬂ (¢" ) )91’72 (¢"2 ( )91’3 (q )(1'3))7

sqd sqd sqd

where v; and t are same as defined in Theorem 2.3.

N
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Proof. First we compute the coefficient of z*
= Pyt (") P52 (q"2) P23 (¢"3)
Z )\(9533 <x1>95;j (‘T2)953j (LUg))
j=0

By Definition 3.3

ai pi—l
p; (g s .
98(’1]( )(xi)z Z €5, 251 <1 <3,
Si:()
where
(e .
; L (V1)
chi. 1 . sqd
Gsi = ESiqu = @ E 61 515¢ .
p; v
qJGC (q i)

Since 1 = A(ay, az,as), therefore, k = \(a1k, ask, azk). Then, by Definition 3.1 the coefficient of z* in

t—1
Pyt (d") ps” (a"2) ps°(q"3) :
(08 )0 (w20 () s
=0
t—1 Cp?l(qvl) Cp;w(q”?) Cp§3(q“3)
sqd sqi sqi
e{llk' eazk 6(13]6
=0
t—1
— 1 5 —a1ksq’ L s —asksq’
- aq 1 a2 2
=0 h ec” R Pz rec?? 032 (02)
sq sq
1 aaksag’
E —asksq
(po‘S 03 )
3 sqjec 3<q“3>
0; = 0™, therefore, we get
t—1 Cz{”(q”l) Cp§2<q“2) Cp§3<q”3>
€ sqj € qu € qu J—
a1k azk aszk -
Jj=0
-1 1 . . .
5—(m1 arksq’ +moasksq’ +mszasksq’)
a1, Qs E
P1'py p
=0 @1 v 5 X2,V 53 (4,
J (sqj,sqj,sqj)G(Cplj (q 1)ch2j (a 2)><Cp3j (a 3))
sq sq sq

— E i E 6—k(m1a1+m2a2+m3a3)sqj
m aq ag ag
v v2 v3
ry (g )chz (a )chg,_ (a ))
sqd

(quvsqgaSqJ)e(quj ad

— Z i Z 6—k)\(a1,a2,a3)sqj
- m

ot v ag o a3 v
i Pyt (a¥1) Py < (a¥2) p3° (q3)
(sqi,sqﬂ,qu)G(quj Xquj ><C3qj )

1 § ' §ksa’ (2)
m ay ag asg
; ; : (q¥1) (a¥2) (a¥3)
(sq7,sq7,sq7)€ (C:;j T C:jj N XC:SJ. K )

<.
Il
o
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Now we obtain the coefficient of ¥ in 67"(%) (x). By Definition 3.3, the coefficient of z* in HT(q)(x) is

cm(a) 1 _
€ =€, = — E o ks
m
SEcSm(Q)

1 _
_ E 5 ks
m
1(qv1) ch§‘2 (q¥2) ch?” (9“3))

seUizia(c™

aysqd agsqd agsqd

1 ksqd
=—> > g

) 1 v 2 vy g vg
quE)\(C'Zl (a )>< Py “(a )XCP3 (a ))

18q7 azsqj a3sq.j

Since s¢ = Ma1s¢?, azsq’, azsq’), therefore,

o= > o

p&1 (gv1 X2 (qv2 X3 (4V3
py - (q Py~ (q r3 (g
L A DI ))

J J J
A(a1sq7,a25q7 ,a3sq )GA(Calsqﬂ' ansql an s

— 1 § § §ksd’
m X1,V @2 v X3 gV
ry - (a 1)>< Py < (q Z)ch3 (a 3))

(alsq%azsqf,azsqj)e(c j j j
a1sq azsa azsa

-1y 3 ghsa’. (3)

al v ag v ag v
N Py (¢¥1) Py < (qV2) p3° (¢"3)
(sqﬂ,sqf,qu)e(quj xC2% xC3, )

By (2) and (3) we get that the coefficient of z* is same in Gf(q)(m‘) and in

t—1 .
SN w0 )
j=0

Hence
gm(a) (z) = tz_f)\(Gp?.l(qvl)(xl)Qp;z (qu)(xg)@p;g(qu)(.rg)).
s sqi sqi sqi
§=0
O

Theorem 3.6. If A(a1,a2,a3) =1 and

t—1

@ — [ Ja(Cni ™ < om ™) e i),
j=0

then
9;”('1) (13) =Trp JF (022‘1)‘1 (qzq)(xml)eggz(qu)(mm2)0§;3 (q”s)(l,mg))
qt17a ’

where v; and t are same as defined in Theorem 2.3.

ot
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Proof. Since t = lem(vy,v2,v3), the Fyoi C Fy and therefore, we can multiply Ggﬁl(qvl)(xml) €
Foo [m]a 9522(47’2) (xm2> € Fyo: [x} and ‘9533((1%)(377”3)

€ Fyos[z].
Let g5 (0™ (am)ghs™ (07 (gma)gis” (@) (gms) — §7 k.
We compute the coefficient of z* in
Ter, |, (95?1 (qvl)(zml)tgé’?(qw") (xmz)ag(;g(qu)(xm;g)).

By Definition 3.3

Y p; 1
egiz(q b)(xm,) — Z Gsixmisi;l S 7/ S 3’

Si:()
where
o v
p,; " (q"1) 1
Cg® _ —8iS
€s; = €, = o E 0; . (4)
bi § Vi)
SEC.Z;i B

As 1 = A(aq, as, as), therefore, k = A(a1k, azk, ask) = (mlalk + moask + mgagk) (mod m). Therefore,

[e3
py 1 (q¥1)

Cs
alk

CS;W (a¥2) Cf§3 (q¥3)
Cp = € 6@2/?) Eagk

_ ( 1 Z 517(111@5) (p%z Z 527@1@5) (péa Z 53%31@5).

Py
1 a1 v ag vy ag vz
sECfl (q¥1) sesz (q¥2) sEC’fB (q¥3)

&; = 0™, therefore,
1 Z 5—(m1a1ks+m2a2ks+m3a3ks)

(o7 (o3 (7
V2 lpz 2p33
(s,8,8)€

C =

(Cpixl (¢"1) chg2 (a¥2) XCP§3 («J”3))

— 1 § §—(miai+moaz+maas)ks

1 v a2 vy @3 vg
(s,s,s)e(Cfl (a )XCSQ (a )ch;), (a ))

_ i E 57}63
m aq @9, s, .
I (N B B

Since
(57373) c (Cf?l(q’ul) % 0532@@2) y Cﬁ,gs(q%))
P32 (q"2) P33 (¢°3)

aq vy
< (a18,a328,a3s) € (ij;s (@) Cals X Cals )

X1 (V1 X2 (Vg X3 (4V3
<= A(a18,a28,a3s) € /\(05113 @) o P2, @) o Chs, (@ )>
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— s€ /\(Cﬁfs1 (@) o ngj(qu) X Cﬁ’;;j(qvg)>

therefore,
1 ks
C = — E ) k“’.
m aq ag asg
vl v2 v3
SG/\(CSis(q )Xcggs (q )Xcggs (a ))
Then,
X1 (v X2 (v X3 (AU
P17 (4"Y) ( maypP2(4"2) 1 maygP3°(d72) / m. k
Trp,p, (951 ()05 (z2)05° (™)) = E Trp,,p, (ck)x
1
_ . —ks k
= E TI‘thIFq (m E 1) )x
al v ag v ag v
SE/\(CL]:}S (a 1)Xcggs (a Z)Xcsgs (a 3))
_ Z (l Z 6—ks)xk
m @1 @2 a3
t—1 Py (a¥1) Py (a¥2) Pz (a¥3)
SEUJ’:O)‘(CQISQJ‘ XCeai *Cagsqi )
1 —ks )\ .k k m(q)
= E — E 4] e g epx” = 07V (x).
seCy
It completes the proof. As a result of Theorem 3.5 and Theorem 3.6, we have following results. O

Corollary 3.7. Ifvy =ve =v3 =1 and if 1 = A(a1, az2,a3) and
O _ A(CHN™ w G ),
then
070 () = A (02 ()08 ) ()08 ) ().
Corollary 3.8. Ifv; =vy =v3 =1 and if 1 = A(a1,az2,a3) and
@ = (€W x OB < L), then
07 (@) = Trgpr, (05 (@02 (@20l D (a2
_ 95?1(Q)(xml)9532(11)(xm2)9§§3(® (@),
Note 3.9. If 079 (z) = 22;10)\(ap?}(qlf1)(xl)0:§]g (qw)(xg)ei)g;(qu)(xg)), then practically 077 (z) =

sqJ

St A(G?Tl.(qvl)(xl)ﬂz?;z.(qu)(x2)0pg3~(qu)(x3)), where s = s;(mod p;'*). We have shown it by calculating

7=0 s1q7 s2q7 s3q
expressions of all the primitive idempotents in Ryz15 over Fs in Appendiz 1.

4. Minimal and generating polynomials of minimal cyclic codes
of length m

Let M]" denote the minimal cyclic code of length m corresponding to C’;n(q). Further, let " (z) and
g7 (z) denote the minimal polynomial and generating polynomial of M respectively. Then n*(z) =

Hsecgn(q) (x—6°) and g7 (z) = (im(;), where § is a primitive mth root of unity. In this section we obtain

minimal polynomials and generating polynomials of minimal cyclic codes of length m.

~
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0

B2, B3

Note 4.1. Since m = p{*p5?p3?® and ged(m, q) = 1, therefore, the polynomials P PR —1;0<6; <oy
and 1 <1 < 3 are separable over Fy,.

Lemma 4.2. The expression %, where

fla) = (xp?l_ﬁlp;lr%p?g_% _ 1) (xpfl—ﬁl—lpgz—ﬁz—lpgg—ﬁa B 1)
(xp?1*51*1p32*ﬁ2p;375371 _ 1) (xpf#*ﬁlp;zfﬂzflpgsfﬂg—l B 1)7
and
h(.’ﬂ) — (xp(lx1*51—1p32*52p§3*ﬁ3 _ 1) ($p?1fﬁ1p;2*52—1p§3—ﬂg B 1)
g 327%1)?37%71 a1 =11 ;2*52*1]9;37133—1

(xpl p _ 1) (a:pl j2 _ 1))

is a polynomial over Fy.

Proof. To prove that {ngg is a polynomial over Fy, it is sufficient to show that every root of h(z) is a
root of f(z) also. Let

s = apflpgngs; 0<a< pllllfﬁlpngﬂngtafﬁa -1,

be an integer. We consider the following cases:

Case (1): ged(a,p1paps) = p1(or p2 or p3). In this case the §° is a multiple root of h(z) with
multiplicity 1. Moreover, it is a root of f(z) also having multiplicity 1. Hence in this case ¢° has same
multiplicity.

Case (2): gcd(a,p1paps) = pip2(or pips or paps). In this case the §° is a multiple root of h(zx)

with multiplicity 2. Moreover, it is a root of f(z) also having multiplicity 2. Hence in this case 6° has
same multiplicity.

Case (3): gecd(a, pip2ps) = p1peps. In this case the 6° is a multiple root of h(x) and f(x) with
multiplicity 4.

By above discussion we conclude that h(z)|f(z). Further, for every a with ged(a, p1paps) = 1, the
d% is a oot of f(z) only. Therefore, % is a polynomial of degree gb(p?l*ﬁlpgr&pgr%) over F,, where

¢ is Euler’s phi function. O

Theorem 4.3. Let ged(s,m) = pf1p§2p§3. Then, [, 07 (x) 1) phere f(z) and h(zx) are same as

defined in Lemma 4.2.

The following results are easy to prove.
Theorem 4.4. Let ged(s,m) = p‘f‘lpgng?’.Then,

ag—PBz az—B3 ag—PBz2—-1 _az—pB3-1
P2 P3 _ 1) (:z:p2 P3

(
m —
];[775 (1’) - (xp;2752p?375371 _ 1) (xpngﬁz—lp;m*% - 1) :

Theorem 4.5. If ged(s,m) = p'flngpg?’, then,

a1 —B1 az3—B a1 —B1—1 _az—Bz—1
Ipll 1pgs 371)(1:1711 1-1pes=0s

(
m —
];[775 (iC) - (xp?1751p§375371 _ 1) (xpinfﬁl—lpg@*% - 1) :
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Theorem 4.6. If gcd(s,m) = p’flp’gZpg*, then,

(xptlll ﬁlp;Q B2 _ 1) (xp;ﬁ*m*lp;w*ﬁ’z*l .
Hns - ( P Blpg2*l32*1 _ 1) (ﬁp?lfﬂlflpngﬁz _ 1) :

Theorem 4.7. If ged(s,m) = p’flpg"’p?, , then

(@ )

Hﬁs = m~
o1, B2, as

Theorem 4.8. If gcd(s, m) = p'p5°p5®, then

@ 1)

Hﬁs W

Theorem 4.9. If ged(s,m) = pflpg2p3 , then,

a1 —p1
Hn Gt
s ( O‘1 B1— _ 1)
Theorem 4.10. If ged(s, m) = p{ps?p5?, then, n(z) = (z —1).

Theorem 4.11. Let ged(s,m) = pi' py* p*. Then [], 93" (x) = Q where

a1=pf1—1_az—PBz az—pA3 a1=pf1 az—P2—-1 az—FA3

p(z) = (a7 P2 "2pg — 1) (i P 1)
(PSR T (e TRy
Py ps2phs —1
S e g
q(z) :Z_(O”qu1 T e 1)(ﬂcp(flfﬁ“lpgrﬁ%?fﬁyl -1)

a1 —=p1 az—PB2-1 az—B3-1
(:cpl 2 P3 ,1)

Proof. Since

_1)
Hgs Hm()

81, B2 B3 - - —B3
(gjp(;l l31pa2 szag N 1)( P 0p2 Pl ll’ptlxl B1pg¢2 szgs /331)
1=

B [T, n7(x) ’

the result follows from Theorem 4.3, we have [, n*(z) = hE g, where f(z) and h(z) are same as defined

in Lemma 4.2 Thus, we obtain [[, g7*(z) = pgz;, where

a1—p1—1 _az—PBz az—PA3 a1—pB1 az—P2—1 az—pS3
p(x) = (xpl P2 Ps — 1) (xpl P2 Ps - 1)
_ _ —Ba—1 1 —Bo—1 —B3—1
(xp;vl 51p<2¥2 521,;3 B3 _ 1) (xp;"l B1— pgz B2 p;S B3 B )
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B1, B2, B
p11p22p3371

a1—=pB1 az2—B2 a3z—p3;
E P P2 P3 l) and

=0

q(z) = (gjp?lfﬁlflp;z*ﬁz—lpgsfﬂg 7 1) (IPTliﬁth?fﬁZpggfﬂ?”l B 1)

ap—p1, az—B2—1 az—Bz—1
(xpl by P3 — ]_)

Theorem 4.12. Let ged(s,m) = pi* pa

11 Do p§3, Then
[o5 @) =

o

2—B2, az—pB3—1 ag—fBa—1_ az—pB3 1,682,834 ag—By _az—PB3 .
(02" ps — 1) (272 PS5 —1) ( b1 PaTPamml pp® epgt T

ag—PBog—1_ ag—pB3—1
(mpz P3 _ 1)

Proof.

™) ™ —1
o) = [

ag—By az—B3 1,828 4 ag—PBy az—PB3 .
(xp2 P3 — 1)( fiopg Ps P2 P Z)

[T, n¢(x)

The result follows from Theorem 4.4.
By using the same argument which we have used in Theorem 4.12, we have following results

Theorem 4.13. Let ged(s,m) = pi' pS2pl?

=P1 P2°P3 -
[IFAGE
S

(zpitl*ﬁh

Then

ag—B3—1 a1—B1—1 as—8 B1 a2 B3 a1—B1 oa3—B3 -
pa3 8 71)(56;011 1710503 71)( f;OPQ j2 1$p11 103 31)

ap—p1—1

(zP1 Py 1)

Theorem 4.14. Let ged(s,m) = pflpgng‘?’. Then
[Tor @) =
S

a1 =B
(a5

—Bo—1 —B1—1 —-B B1, B2 @3 _ -8 —Ba .
po2 P2t 1) (xpflll 1mipez=h2 1)< fiopz Dy 1xp<1’¢1 1po2 21)

ap—p1—1

({Epl poz P21 _ 1)

Theorem 4.15. Let ged(s,m) = p‘flpgngs, Then

ﬁ.
pilpy2pse—1

Hg;"(x) = (xpgs_ﬁs_l - 1)( Z xpgs—ﬁ%)‘

=0
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Proof.

o3B3 po1ph2phs 1 az—ps,
P 1 P27 P3 D i
™ 1 (.’E 3 1)( i=0 T3

[ e) = o = 7@ !

S

The result follows from Theorem 4.7.
Theorem 4.16. Let ged(s,m) = p’flpgng‘?‘. Then

B
Py ipy2pg s —1

[Tor@=@="" (X o™

=0

Theorem 4.17. Let ged(s,m) = p’flpg2p§‘3. Then

B
Pyips2pg -1

o=@ " =y 2 o).

i=0
Theorem 4.18. Let ged(s,m) = p{'p32p5®. Then

PPy pst -1

[[or@= >

=0

5.  Minimum distance of minimal cyclic codes of length m

In this section, we compute a lower bound on minimum distance of minimal cyclic codes of length
m = p1¥p2*2p3*3. First we prove some results.

Lemma 5.1. Let f(z) = ajz™ + aga™ + ... + apa'™ be a polynomial over F, and {1,2,3,..k} =
{i1,12,13, ...i }. Further, let m be a positive integer such that t; = r;(mod m). Then ™ — 1 divides

f(@) if and only if riy = iy = o =iy Tig 0 = Tin s = 0 = Ty Tin iy = Tigy s = 0 = Ty

v Tiggr = Tig,pe = o0 = Tiy, G4 + a;, + ... + ai,, = 0, L~ + Qi o + ...+ Ai,, = 0,
L + Qippyyo + ...+ aj,,, = 0, ... R + @iy o + ... ta; = 0.

: k ,
m  — m L = . et =
Proof. Since z = 1l(mod 2™ — 1) and t; = ri(mod m), therefore, > ;_,ajzt =
k . m m o . J— L

> j—1 @z’ (mod 2™ —1). Consequently, ™ —1 divides f(z) if and only if >°7_; a;a" = 0. There-

” . . o ‘ o S A _

fore, ™ — 1 divides f(z) if and only if r;, = r;, = ... = Tinys Tingt1 = Timyps = v+ = Tipys Tip, 11 =

Tinggz = v = Tigos ooy Tig g1 = T, o = -0 = Tigy Gy +ai, + ... —|—ain1 =0, L —|—ain1+2 + ... +ain2 =0,

ain2+1 +ain2+2 +...+a¢n3 :O7 ceey aintJrl +aint+2 +...+aik =0. O

Lemma 5.2. Let

t1 =t =t3 = ta(mod pi*ps?),
t1 =tz and ty = ta(mod p5?ps*?),

t1 =ty and tz = ta(mod pT'ps*).
Then

102

t1 = to = t3 = ta(mod pTips2ps?).
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Lemma 5.3. The expression

ap=pf1—1_az—PBz az—PF3 a1=pF1—1_az—PFz-1 _az—pBz-—1
(xpl Py P3 — 1) (mpl Py P3

a1 —=B1—1 az—PB2—1 az—F3
(xpl Do P3

—B1—1 —B 3—B3—1 )
@l 1 p;’Q ZP;XS 3 1

-1 (:cpl

where all the above polynomials are separable over Iy, is a polynomial over Fy.

Proof. We know that if the polynomials %® — 1, 2% — 1 and z® — 1 are separable over Fy, then

b —_Bq— —Bo— — Ba—
(z?°—1)(xz—1) B1—1 o2 B2—1 o3 B3—1

. . . @1
T=DGr=1) s 2 polynomial over Fj,. Therefore, if we choose 2”1 p P

=y, then

(xptlllfﬁlflp;zfﬁgpgsﬁﬂs. _ 1) (xpirlfﬁl*lpngﬁfz*lpgs*ﬁsﬁl - 1) (yp2p3 o 1) (y o 1)

@ T ) G e e ) (g (1)
Since all the polynomials are separable over Fy, the result follows from above discussion. O

Theorem 5.4. Let C be the code of length p?1_51p32_ﬁ2pg3_63 generated by

P [ s V)
q(x)

where

pla) = (77T g et e ey

GO Y
and

gla) = (@ TR ) (T T e )
Then, the minimum distance of C is 8.
Proof. As
q()

p(x) = g(:v) (zp;xl_;s1—1p32—[32—1p§3—/a3—1 B 1) )

therefore, p(x) is a codeword in C. The weight of p(z) is 8, therefore, C' has a codeword of weight
8. We will now show that C' does not has a nonzero codeword of weight less than 8. By Lemma 5.3,

=B, =B =By
A 1;1 <i < j < 3divides g(z), therefore, zP¢  Pi

Bi, =P

Pt e
that C has no codeword of weight 2, 3, 4, 5, 6 and 7.
Case (1): C has no codeword of weight 2.
a;—B; i B

Let ¢(z) = a12™ + asz™ be a codeword in C. As zPi Pi —1;1 <i< j <3 divides ¢(x), therefore,
by Lemma 5.1,

" 1 divides ¢(x) also. We now show

) and a; + az = 0.

t1 = ta(mod p?ﬁﬁ”’p?j_ﬁj
By Lemma 5.2),

t1 = to(mod p?1731p327ﬁ2p§3753) and a; +as = 0.
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a1 —pF1 az—F2
2

Then, by Lemma 5.1, xP1 p
has no codeword of weight 2.
Case (2): C has no codeword of weight 3.

o =B @58
Let c(z) = a1z + agw'? + azx?®®. The 2P+ P

possible only when

Pi* ™ 1 divides ¢(x). Therefore, c(x) is a zero codeword. Hence C

" _1;1<i < j < 3 divides ¢(z). By Lemma 5.1, it is

t; = to = t3(mod p?i_mp?rﬂj) and a; + as + a3 = 0.
Lemma 5.2,

1—PB1, a2—PB2
2

t1 =ty = ts(mod pf p 33753)

P and aj; +as +asz =0.

a1 =pF1 az—F2
2

Then, by Lemma 5.1, xP1 p
has no codeword of weight 3.

Case (3): C has no codeword of weight 4.
Let ¢(z) = a2 + asz™? + agz’® + agx’. Then, proceeding on similar steps as discussed in Case (1) and
in Case (2), we get that either

P5* ™ 1 divides c(x). Therefore, c(x) is a zero codeword. Hence C

ti, = t;, (mod p?l_ﬁlpg‘rﬂngrﬁa'), a;, +a;, =0 and
ti, = t;, (mod p?l_ﬂlpgz_ﬁng‘3_53)7ai3 +a;, =0,

a1 —B1, as—PB2, a3—PB3

or  t; =t =ti; = ti,(mod pJ D5 P4 ) and

a;, + a;, + a;, + a;, =0, where {1,2,3,4} = {41, 2,143,794}

a1 —p1 gz*ﬁzp

Then, by Lemma 5.1, zP1 p
has no codeword of weight 4.

Case (4): C has no codeword of weight 5.
Let c(z) = a1zt + agz?? + aza’® + a4xt4 + a5xt5. Then we get following congruence relations:

27" _ 1 divides ¢(x). Therefore, c¢(x) is a zero codeword. Hence C

ti, = ti,(mod p{ 1 pg2 P2 pes sy g, 4+, =0 and

tiy, =t;, = t;;(mod p?lfﬁlpgr&pgrﬁ?’)

, iy +aiy +a, =0,
or

ti, = ti, =ty = t;, = t;,(mod p P pg2 P22y and

ai, + @i, + aiy + ai, +a;, =0, where {1,2,3,4,5} = {i1,i2,13,%4,5}.
Again, by Lemma 5.1 AR L
has no codeword of weight 5.

Case (5): C has no codeword of weight 6.

1 divides ¢(x). Therefore, c¢(z) is a zero codeword. Hence C

Let c¢(z) = a1z + a22®® + azax® + agx?'t + a5z’ + agr'®. Then we obtain the following congru-
ence relations:

a1 —p1, az—P2, _az—PB3

ti, = ti,(mod p] Ds Ds ),ai, +a;, =0 and

183
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tiy = t;,(mod p P pg2 P2y g 4 g, =0 and

tiy = ti;(mod pt P pg2 TPyl g 4 g, =0

5

a1 —pB1, az—PB2, az—PBs

or t;, =t;,(mod p} 2 P3 ),ai;, +a;, =0 and

ti, = ti, = t;, = t;,(mod p?17ﬂ1p32762p§‘3753)7a¢3 +ai, +a;, +a;, =0,

or t;, =t;, = t;,(mod pt* P py2F2pes =) g 44y 4+ a;, = 0 and

1—P1,,a2—PB2
2

ti, = tiy = ti(mod p7 P pg?’_’g:”),mi4 + a;, + a;, =0,

or ti =ty =ti, =t;, =t;; = t;;(mod p?lfﬁlpg‘rﬁzp?rﬁg) and

5

ai, + @iy + iy +ai, +a; +aig =0,

a1 —B1 ;zfﬁgp

where {1,2,3,4,5,6} = {i1, 12,143,174, 15,46 }. Again, by Lemma 5.1, zP1 P
Therefore, c(x) is a zero codeword. Hence C has no codeword of weight 6.

Case (6): C has no codeword of weight 7.

a3 —p3
3

— 1 divides ¢(z).

Let c(x) = a1z" + agx™ + azx’ + agz™ + as2"™ + agz' + a7z’
Then we obtain the following congruence relations:

t;, = t;,(mod pflfﬁlpgrﬁng‘rﬁg), ai, +a;, =0

and
ti, = ti, =t =t;, = t;,(mod p?1_61p§2_62p§3_53),
a;, + a;, + a;, +ai, +a;, =0,
or
to=t. =t d pXr—Prpee—F2 os—fs ) ) =0 and
iy = big = lig (mo P1 2 D3 )7a11 + a;, +a;, =0 an
=t d por—Prpa2—Fz as—Bsy . - —0and
iy = lig (mo P V2 b3 )7 a;, +a;; =0 an
tig = by (mod pi =M pg2 =2 pa ™) gy 4 ay =0
or
g — . — g, d a1 —p1, az—P2,_az—PB3 ) ) ) —
tll - tl2 - tls - tM(mO by 2 b3 )70‘11 + iy + Qig + Qiy =
dt. =t :t*( d a1 —B1, az—Pf2 043—53) da +a.=0
and t;; = lig = U4, (IMOdA Py Do D3 s Ajg T Qjg T Agy
or

ti, =ti, =t;, =t;, =t;, =t;; =t;,(mod p?1761p327ﬁ2p337ﬂ3)

and a;, + ai, + aiy + @i, + ai; + a5 + a;;, = 0. by Lemma 5.1

a1-P1 0062
2

ag—Bs
xP1 3

p — 1 divides ¢(x).

Consequently, ¢(z) is a zero codeword. Hence C' has no codeword of weight 7. It completes the proof. [
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Corollary 5.5. Let C* be the code of length pi*p32ps® generated by

(@) (:Ep‘fl*51*11);2*132*11);3*‘33*1 _ 1) ( ilopﬁ%gi‘—l Ip?1761p327/32p§37532—>
g'(z) =
q(x) ’

where p(x) and q(x) are same as defined in Theorem 5.4, then the minimum distance of C* is 8p11p§2p§3.

Proof. Since C* is a repetition code of C, repeated pf ! ng p?s times, where C' is same as defined in

Theorem 5.4, the result follows by Theorem 5.4. O

Similarly, we have the following easy results.

Corollary 5.6. Let C* be the code of length pT'p52ps® generated by

(xpngmpgs*ﬁs*l _ 1) (xpngﬁzflpgsfﬁs _ 1)( ?i;péhpg?’—l xpé’?’ﬂ?p?’%i)
(3 T
or generated by
(xp;!l—ﬁlpg:s—ﬁa—l _ 1) (mp;!l—ﬁ]—lpga—ﬁs _ 1) ( g)ing2p§3—l xpi“l—mp;s—ﬁsi)
TR |

or generated by

a1 =By az—Bz—1 ap—pB1—1_oa;—pB1 P1pB2,93 1 ay1—B1 as—Ba,
(xpl Py — 1) (xpl Py _ 1) ( fiol’z Ps 2P1 Py i

(xp‘flfﬁl*lpgz*ﬁz*l _ 1)

Then the minimum distance of C* is

4T py ey’ or Apy'p3Tpst or APy ps?.

Corollary 5.7. Let C* be the code of length pi*p32ps® generated by

)
pilps2ps—1

Ty e

i=0
or generated by

P
pyipy2ps®—1

ag—fBo—1 ag—fBg
(P2 - 1)( g xP2 ’),

i=0
or generated by

PYlpg2pys—1

(wp?rﬁlfl - 1)( > xp‘frﬁli).

i=0
Then, the minimum distance of C* is

ay, on, 3 ay, B2 as B1, a2

2p1tpy®ps® or 2pyipy’ps®, or 2piipy pgs_
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By Theorem 4.11, Theorem 4.12, Theorem 4.13, Theorem 4.14, Theorem 4.15, Theorem 4.16,
Theorem 4.17 and Theorem 4.18 the codes M are sub-codes of the codes C* defined in Corollary 5.5,
Corollary 5.6 and Corollary 5.7 therefore, we have the following results

Minimal cyclic code :: Minimum distance d

METTEE L ged(s,m) = p il d > 8p] il
METPEP L ged(s,m) = ppipg s d > 4pS il
METTET ged(s,m) = 03 pf?  d > 4p] pp?
METPEI L ged(s,m) = pf ppg? = d > 4pplpg
MV ged(s,m) = g g s d > 2 )
METPEI ged(s,m) = pipies? s d > 2p0 plpg

@] @ ag
MR ged(s,m) = pitpstps  d > 2p) pytps®

@] ag
(e 2P e%:]

3
MEV PP ged(s,m) = pyipy?ps? nd = pyipSps®

Remark 5.1

(i) One can observe that the results obtained in this paper are sufficient to discuss all the parameters
of all the minimal cyclic codes of length m = pi" p52...p*.

(ii) One can easily observe that the minimum distance of the cyclic codes of length m = p{* p5?...p%*
is at least 2%.

6. Examples

Example 6.1. In this example we choose oy = ag = a3 =1, ¢ = 3,p1 = 5,p2 = 11 and ps = 13. First
we count the number of 3-cyclotomic cosets modulo 715.

As O5(3) = 4, 011(3) = 5 and O13(3) = 3, therefore, ry = 1,9 = 2,13 = 4, d = 60, d; = 15,
de =12, d3 =20. Thenvy =vgs =wvs =1 andt =1. Hence by Corollary 2.6, the number of 3-cyclotomic
cosets modulo 715 is

(L11+ 1211+ )4 114+1)+(1-1)
1

Since A(2,10,9) = 1, therefore, by Corollary 2.4, the distinct 3-cyclotomic cosets modulo 715 are as:

= 30.

01715(3) _ )\(015(3) « 0211(3) « 0113(3)),03?;5(3) _ )\(Cf(s) « 0211(3) « 0213(3)),

715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
0493( ) :)\(Cl( ) x Cs (3) x C} ( )),0713( ) :)\(01( ) x Cs (3) x C ( )),

715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
0263( ) :)‘(Cl( ) x Oy ()xcl ())’0318( ) :)‘(Cl( ) x Cy ()XCQ ( )),
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where

We now compute the explicit expression of primitive idempotent 071°(z) in Ryys = Fa[z]/(z™5 —

715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
0428( : :A(Ol( ) x Cy ® % Cy ( ))70648( : :A(Cl( ) x ¢y @ % Cy ( )),
715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
0120( ) _ )\(CO( ) o ! ®3) ! ( )),0175( ) _ (CO( ) o ! ®3) cl ( ))’
GEE = A(GE) x G x GI30) G — \CE® x 1) x G2,
715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
0185( : :)‘(Co( ! x Gy @ % Cy ( )),0240( : :)‘(Co( ! x & @ % Cy ( )),
715(3 3 11(3 13(3 715(3 3 11(3 13(3
035105( ) = )‘(Cg( ! x 021( ! x Cy ( )),05;3( ) = )‘(Cg( ! x 021( ! x Cy ( )),
715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
0198( ) :A(Cl( )« c, 3) « C, ( ))’0253( ) :)‘(Cl( )« c 3) « C, ( ))’
715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
0363( ) :A(Cl( ) o ol 3) ! ( ))70583( ) =>\(Cl( ) o ol 3) cl ( ))7
715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
0208():>‘(Cl()><01 ()XCO ()) C’27() A(Cl()XCQ ()XCO ()),
715(3 5(3 11(3 13(3 715(3 5(3 11(3 13(3
Css ():)\(Co()xco ()Xcl ())70110():)‘(00()><Co ()XCQ ( ))7
CIE — MGG x G CI59), S0 — NG x €A x G2,
0715(3) )\(Cg(3) « 0111(3) x 033(3)), CI;S(B) (CO « 0211(3) « 033(3)),

C'ﬁg@) _ )\(Cf(S) « 031(3) « 033(3))70515(3) _ /\(C«g(?’) « 031(3) % 033(3)),

5(3) = {0}, 05(3) {1,2,3,4}, 011(3) {0}, 011(3 ={1,3,4,5,9},
02” = {2,6,7,8,10},C;*® = {0}, c*® = {1,3,9},
Cy*® = {2,6,5},C°® = {4,12,10} and C3*®) = {8,11,7}.

First we use \- product of polynomials to compute 07*°(x). The

01715(3) _ A(Cf(?’) % 0211(3) % 0113<3))

therefore, by Theorem 3.5,

07 () = A(07) (@0)01' D (22)01° (@3) ).

As the expression of 9‘;’(3) (z1) in Rs = F3[z1]/(2§ — 1) is

077 (21) = 200(21) + 01 (1),
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where og(z1) = Zsecg(m xi,
the expression of 0}1(3) (z2) in Ry = Fa[wo]/(x3' — 1) is
0," ) (22) = 00(22) + 01 (22),
where o5(x2) =3 a1 T3,
and, the expression of 9%3(3)(963) in Riz = Falxg]/(x3® — 1) is
0}3(3) (x3) = 202(x3) + 204(x3) + os(x3),
where os(x3) = 256053(3) x3,

therefore, by Definition 3.1, the

A6 @) (@2)01 (w9))

)\((200(1‘1) + 01(.%'1)) (00(1'2) + 0'1(332)) (202(333) + 204(.’[73) + 0'8(1‘3)))

= 02(0,0,2) () + Ox(0,0,4) () + 201(0,0,8) (%) + Tx(0,1,2) (%) + Tx0,1,0)(T) +
200(0,1,8) (%) + 20x(1,0,2) (%) + 20 x(1,0,4) () + Tx(1,0,8) () + 201(1,1,2)(2)
+20(1,1,4) (x) + U,\(1,1,8)(l')-

Hence

9515(3) () = o110(x) + 0220(x) + 20440(x) + 0175 () + 0285(z) + 20505 ()
+20953(x) + 20363(x) + 0583(x) + 20318(2) + 20428 (x) + T6as().

We now compute the 9;15(3) (z) by Trace function of the product of explicit expressions of

((,?(3) (x143)911(3) (xes,)(,is(?») (x55)) _

As 9?(3)($) =24+ 22 + 23 4 2%, therefore,

9?(3)(96143) — 9 143 4 283 4 420 4 572

Simalarly, 9%1(3)(1‘) =14+x+23+2*+ 25429, therefore,
9%1(3) (x65) — 1 4 65 4 4195 4 ;260 4 ;325 4 585
and

0136) (1) = 222 + 225 + 225 + 22 + 2210 + 2212 4+ 28 4 11 4 27

implies that
913(3) (%) = 9110 | 94330 4 9,275 | 9,220 4 9,550 9,660 | 440 | 605 | 385
On writing the the product

(63 @401 (@)6,°) (7))
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in terms of o5(x) =Y. _ _ms@ ©° in Ryys, we get

s€Cy

(0?(3) (x143)911(3) (x65)0}3(3) (x55)>

= 0110(x) + 0220(x) + 20440(x) + o175(x) + T285(x) + 20505(2)
+20953(x) + 20363() + 0583(2) + 20318(2) + 20428(x) + 0pas(x).

As t =1, therefore, by Theorem 3.6,

o715 (2) = Trr, <6i(3)(x143)9%1(3)(x65)0i3(3) (x55))

= 0110() + 0220() + 20440(x) + o175(x) + 02s5(x) + 20505(z) +
20953(x) + 20363(7) + 0583(2) + 20318(2) + 20428(7) + Teas ().

Example 6.2. In this example we obtain T-cyclotomic cosets modulo 30, all the explicit expressions
of primitive idempotents in Rzy = Fr[x]/(z3° — 1), minimal polynomials, generating polynomials and
minimum distances of all the minimal cyclic codes of length 30 over Fr.

Here 7 is primitive root modulo 2, quadratic residue modulo 8 and primitive root modulo 5. Therefore,

02(7) = 1,03(7) =1 and 05(7) =4.
Thus

d=4,d; = 4,dy = 4,d3 = 1,

U1 = 17U2 = 1a/U3 = 17
t=1and A(1,1,1) = 1. Hence

MCED x 3D 5 30 Z 30D 302Dy @30 o 3D _ 030T)
MCE® x G35 3™y — 3Dy 30 o 3 — @30T
MCE™ 5 03T 5 2Dy = 0200 A2 5 3D x ¢3MY = ¢
MCED % G3M 5 30 — 20D (2D 30 5 3 = @3N,
)\(012(7) « 03(7) x 015(7)) _ 0330(7), )\(012(7) « Cif(7) « 03(7)) _ ng(ﬂ7

)\(012(7) « 03(7) « 03(7)) _ 0530(7) /\(03(7) « 03(7) « 03(7)) _ 030(7)
where 37 = {0},Cci" = {1}, 37 = {0},c}" = (1},¢37 = (2}, &3P = {0} and
™ = {1,2,3,4}.
1. The twelve primitive idempotents are:

65" () = i[ao () + o6(x) + 010(x) + 04(2) + 020 (2) + 05(2)

t+o15(z) + 03(2) + 025(7) + 01(2) + 05(2) + 11 ()],
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639 () — %[400(95) — 06(x) + 2010(2) — 404(x) + 020 (x) — 205(x)
do15(2) + 03(x) — 2005 () + 4o (2) — 05 (2) + 201, ()],

03 () = %[400(35) — 06(2) + o10(2) — 204(2) + 2020 (2) — 402 ()
dous(2) + 03() — 0as(x) + 201 (x) — 205(x) + douy (2)),

630 (2) — %[400(3:) — o6(2) + 2010(x) — do4(x) + 020 (x) — 209(2)
Fows(@) — 03(z) + 2005(2) — 40y () + 05 () — 2011 ()],

659 () — %[400(;5) — 0g(x) + 010(z) — 204(2) + 2020() — d0a(2)
Hdors(x) — 03(z) + ous(x) — 201(2) + 205 (x) — dows ()],

609 (i) — 31—0[400(3:) — 06(x) + 4010 (x) — 04(x) + doz0(x) — 0a(x)
—4015(2) + 03(z) — do2s(2) + 01 () — 4os(2) + 011 ()],

0 (2) =~ loo() + 0u(w) + 410(x) + 404(2) + 2020() + 20 ()
15(2) — o3(x) — doas(x) — 4o (x) — 205(x) — 201, (x)),

60 () — %[Jo(x) + 06(2) + 2010 (2) + 204(x) + doso(x) + doa(z)
15(2) — 03(x) — 2095 () — 204 () — dos(x) — dony ()],

603 (&) = 31—0[400(3:) — 06(x) + 4010(x) — 04(x) + doso (@) — 0a(x)
+4015(x) — o3(x) + 4os () — 01(x) + 4dos(x) — o1 (2)],

0 () = =5 lo0() + 0u(w) + 410(x) + 404(2) + 2020() + 20 ()

-|—O'15({E) —+ 0'3(%) + 40’25(1’) -+ 40’1(1’) —+ 20’5(1’) —+ 20’11(%)],

1 [0'0(1') —+ 0'6(1') —+ 20’10(.’E) + 20’4(1’) + 40’20(%) —+ 402(%)

o5 () = 55

+o15(x) + 03(x) + 2025 (x) + 201 (x) + 4os(x) + 4011 ()],

1
013 (1) = 55

30 [o0(x) + o6(x) + o10() + 04(x) + 020 () + 02(2)

—o15(x) — o3(x) — 095 (x) — o1(x) — o5(x) — 011 (2)].
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2. The minimal polynomials of M3° are:
W (@) = (z = 1),(@) = (2* + 52% + 42 + 62 + 2),
730 (x) = (2% 4 323 + 222 + 62+ 4), 930 (x) = (2 +22° + 42? + 2+ 2),
n(x) = (2 + 42 + 202 + 2 +4),n3%(2) = (2* — 23 + 2% —x + 1),
e’ (x) = (¢ + 2 + 2 + 2z + 1), ni () = (z - 2),
a0 () = (x —4),15°(2) = (x = 3),m33(2) = (z — 5),m{5(2) = (x +1).
3. The generating polynomials of M2° are:

29
g’ (x) = a',
1=0

29
gi(@) = (1),
=0
g (x) = (2®* + 218 4+ 2212 4 625 + 1)(2® + 32 + 223 + 62 + 42 + 5),
932(x) = (2% + 2 + 212 + 2% + 1) (2® + 52t + 42° + 622 + 22 4 3),

@E(x) = (2" + 2 + 222 + 2 42?4212 4207 428 + 23+ 1) (2% 4 22+ 4),

gag(z) = (@ +2®* + 227" + 2" + 2" + 2" + 227 + 2% + 2% + 1) (2® + 42 + 2),

@0 (x) = (2?° — 420 4 22"° — 210 4 42 — 2) (2 + 2),
g(x) = (2%° — 2270 4+ 42" — 210 4 22° — 4)(x + 4),
g3%(z) = (2®° + 4270 4 22%° + 210 + 42® 4 2) (2 — 2),
g (z) = (2%° + 2220 + 42'® + 20 + 22° + 4)(x — 4),
g3 (x) = (@*° =2 + 2 — 20 4 2° — 1V)(z + 1),
gl (x) = (2 + 220 + 2% + 20 4 25 + 1) (z - 1).

4. The dimension and the minimum distance of M3° are:

Code M MP M MP M M
Dimension 1 4 4 4 4 4
Minimum Distance 30 12 12 12 12 12

30 30 30 30 30 30
Code MZO MO M3 M3 MO M

Dimension 4 1 1 1 1 1
Minimum Distance 12 30 30 30 30 30
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Appendix 1

The explicit expressions of 30 primitive idempotents in Rr15 are as follows:

Since
01715(3) _ (015(3) % 0211(3) % 0113(3)>7
by Theorem 3.5
07 (@) = A(872 (@0)0]' D (22)01° (23) ).
Hence

19{15(3)(96) = 0110(2) + 0220(2) + 20440(x) + o175(x) + 0285 (x) + 20505(2)

+20953(x) + 20363(x) + 0583(x) + 20318(x) + 20428(2) + 06as(2);

If we denote aos(z) by a(s), then under the above notation,
075 (z)= (110)+ (220)+ 2(440)+(175)+(285)+ 2(505)+ 2(253)+ 2(363)+ (583)+ 2(318) +2(428)
+(648).

Since
01715(3) _ (Ci)(g) « 0211(3) « 0113(3)) and 0378155(3) _ (05(3) « 0211(3) « 0213(3)>7
by Theorem 3.6,

O () = A(677 (0101 (@2)85" () ) =
(55) + (110) + 2(220) + (120) + (175) + 2(285) + 2(198) + 2(253)
+(363) + 2(263) + 2(318) + (428).

Similarly, 0e0™ (z )—A<95(3)( DO (2)05°3) (2 )) (55) + 2(110) 4 (440) + (120) + 2(175) + (505) +
2(198) + (253) + 2(583) + 2(263) + (318) + 2(648),

050 @) = A0 @00l O (@205 (@) = + (220) + (440) + 2(120) + (285) + (505) +
(198) +2(363) +2(583) + (263)+2(428 +2(648),
03637 (@) = A(61 (@003 (@2)0° (3)) = (110) + (220) + 2(440) + (240) + (350) + 2(570) +
2(253) + 2(363) + (583) + 2(383) + 2(493 (713),
0520 (@) = A0 @105 D (@2)05° (ws)) = (55) + (110) + 2(220) + (185) + (240) + 2(350) +
2(198) +2(253) + (363) + 2(1) + 2(383) + (493),

[

0733 () = A(@;’“”) (21)051®) (2)9 1) (x3)) = (55) + 2(110) + (440) + (185) + 2(240) + (570) +
2(198) + (253) + 2(583) + 2(1) + (383) + 2(713),

0T (1) = A(@f“”) (21)031 ) (2,)913®) (3:3)) = 2(55) + (220) + (440) + 2(185) + (350) + (570) +
(198) + 2(363) + 2(583) + (1) + 2(493) + 2(713),

037 (@) = A8 (@63 (@2)01° P (w3)) = (110) + (220) + 2(440) + (240) + (350) + 2(570) +
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(253) + (363) + 2(583) + (383) + (493) + 2(713),

0% @) = A% @0y O )0, y))
(198) 4 (253) 4 2(363) + (1) + (383) + 2(493) ,

(55) + (110) + 2(220) + (185) + (240) + 2(350) +

00 (@) = A(6D @003 D (@2)03" P (w5)) = (55) + 2(110) + (440) + (185) + 2(240) + (570) +
(198) +2(253) + (583) + (1) + 2(383) + (713),

oI5 (1) = /\(93(3)(xl)egl(?’)(x2)9;3(3)(x3)) 2(55) + (220) + (440) + 2(185) + (350) + (570) +

2(198) + (363) + (583) + 2(1) + (493) + (713),

o715 (1) = A(ag(‘”’)(xl)eil(s) (22)01%®) (xg)) = (110) + (220) + 2(440) + (175) + (285) + 2(505) +
(253) + (363) + 2(583) + (318) + (428) + 2(648),

007 (@) = A(63D @01 D (@2)05° P (@5)) = (55) + (110) + 2(220) + (120) + (175) + 2(285) +
(198) + (253) + 2(363) + (263) + (318) + 2(428),

00 (@) = A0 @)0] D (@2)01" P (ws)) = (55) + 2(110) + (440) + (120) + 2(175) + (505) +
(198) + 2(253) + (583) + (263) + 2(318) + (648),

gT15(3

T00@) = A(0F @01 D (@20 (ws)) = 2(55) + (220) + (440) + 2(120) + (285) + (505) +

2(198) + (363) + (583) + 2(263) + (428) + (648),

)
)
07223 () = A(G )z )931(3)(332)9}3(3)(3;3)) = 2(110) + 2(220) + (440) + 2(175) + 2(285) + (505) +
2(240) + 2(350) + (570) + (253) + (363) + 2(583) + (318) + (428) + 2(648) + (383) + (493) + 2(713),

0335 (2) = A (617 (21)05" ) (22)05°® () ) = 2(55) +2(110) + (220) +2(120) + 2(175) + (285) + 2(185) +
2(240) + (350) + (198) + (253) + 2(363) + (263) + (318) 4 2(428) + (1) + (383) + 2(493),

0355 (2) = A (677 (20)05" ) (22)03°® () ) = 2(55) + (110) +2(440) +2(120) + (175) +2(505) + 2(185) +
(240) + 2(570) + (198) + 2(253) + (583) + (263) + 2(318) + (648) + (1) + 2(383) + (713),

0557 (2) = A (6 (20)05" ) (22)05°® () ) = (55) +2(220) + 2(440) + (120) + 2(285) + 2(505) + (185) +
2(350) + 2(570) + 2(198) + (363) + (583) + 2(263) + (428) + (648) + 2(1) + (493) + (713),

00V (2) = A(07%) ()8 (2)05° (3)) = 2(0) + 2(55) + 2(110) + 2(220) + 2(440) + 2(130) +
2(185) +2(240) +2(350) +2(570) + (143) + (198) + (253) + (363) + (583) + (273) + (1) + (383) + (493) + (713),

0V (@) = A8 @001 (@2)0° (@3)) = 2(0) + 2(55) + 2(110) + 2(220) + 2(440) + 2(65) +
2(120)+2(175)+2(285)+2(505) + (143) + (198) + (253) +(363) -+ (583) + (208) + (263) + (318) + (428) +(648),

07153 (1) = A(9;’)’(3)(x1)031<3)(x2)9}3<3) (xg)) = 2(110) + 2(220) + (440) + 2(175) + 2(285) + (505) +
2(240) + 2(350) + (570) + 2(253) + 2(363) + (583) + 2(318) + 2(428) + (648) + 2(383) + 2(493) + (713),

01157 @) = M85 (21)8" P (22)03° (23) ) = 2(55) +2(110) + (220) +2(120) + 2(175) + (285) + 2(185) +

)
2(240) + (350) + 2(198) + 2(253) + (363) + 2(263) + 2(318) + (428) + 2(1) + 2(383) + (493),
)

0307 (@) = A(00) (21)85" P (22)01° (w3) ) = 2(55) + (110) +2(440) +2(120) + (175) + 2(505) + 2(185) +
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(240) + 2(570) + 2(198) + (253) + 2(583) + 2(263) + (318) + 2(648) + 2(1) + (383) + 2(713),

0o (2) = A (07 (20)05" ) (22)05® () ) = (55) +2(220) + 2(440) + (120) + 2(285) +2(505) + (185) +
2(350) + 2(570) + (198) + 2(363) + 2(583) + (263) + 2(428) + 2(648) + (1) + 2(493) + 2(713),

05V (@) = A(00P (@16 (@2)65° () = 2((0) + (55) + (110) + (220) + (440) + (130) +
(185) + (240) + (350) + (570) + (143) + (198) + (253) + (363) + (583) + (273) + (1) + (383) + (493) + (713)),

01507 (@) = (630 (@001 P (@2)05* P (25) ) = 2((0) + (55) + (110) + (220) + (440) + (65) + (120) +
(175) + (285) + (505) + (143) + (198) + (253) + (363) + (583) + (208) + (263) + (318) + (428) + (648)),
715(3)(x) _ )\(9?(3)( ) 11(3)

0143 (z 3)
(505) + (130) + (185) + (240) + (350
+ (1)

(285) +
(263) + (318) + (428) + (648) + (273) +
3)

2033 (g 0) + (55) + (110) + (220) + (440) + (65) + (120) + (175) +

= (0)
)+ (570) + 2 ((143) (198) + (253) + (363) + (583) + (208) +
+(383) + (493) + (713)),

03" @) = M85 (@1)85" @ (22)05° P (w3) ) = (0) + (55) + (110) + (220) -+ (440) + (65) + (120) + (175) +

)
)
(285) + (505) + (130) + (185) + (240) + (350) + (570) + (143) + (198) + (253) + (363) + (583) + (208) +
(263) + (318) + (428) + (648) + (273) + (1) + (383) + (493) + (713).
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