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Abstract: Let I' = I'(V, E) be a simple (i.e., multiple edges and loops and are not allowed), connected (i.e., there
exists a path between every pair of vertices), and an undirected (i.e., all the edges are bidirectional)
graph. Let dr(o;, 0;) denotes the geodesic distance between two nodes g;,0; € V. The problem
of characterizing the classes of plane graphs with constant metric dimensions is of great interest
nowadays. In this article, we characterize three classes of plane graphs (viz., Jn, £, and £,) which
are generated by taking n-copies of the complete bipartite graph (or a star) K1 5, and all of these plane
graphs are radially symmetrical with the constant metric dimension. We show that three vertices is a
minimal requirement for the unique identification of all vertices of these three classes of plane graphs.
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1. Introduction

Let I be a simple connected graph with the vertex set V and the edge set E, and let dr(o;, 0;)
denotes the geodesic distance between two vertices g;,0; € V. A subset of vertices R C V is said to
be a resolving set (metric generator or locating set) if for every pair of distinct vertices ¢, 0 € V there
exists at least one o € M such that dr(a, <) # dr(a, 0). In other words, for an ordered subset of vertices
R = {01,092, 03,..-, 06} of ', any vertex o € V may be represented uniquely in the form of the vector
v(a|R) = (dr(a, 01),dr(e, 02), ...,dr(e, 0r)). Then R is the metric generator of T if v(§|R) = ~(B|R)
implies that 6 = 3, V 5,0 € V. The metric generator R with the minimum possible cardinality is the
metric basis for I', and this minimum cardinality is known as the metric dimension of I, denoted by
B(T). A set S consisting of vertices of the graph T is said to be an independent metric generator for T,
if S is both metric generator and independent.

For the given ordered subset of vertices, ® = {p1, p2, p3, ..., pr } of ', the f*" component (or distance
coordinate) of the code v(p|R) is zero iff p = py. Subsequently, to see that the set 9 is the metric
generator, it is sufficient to prove that ((p|R) # ((o|R) for any pair of distinguishable nodes g,p €
V() \ KA.
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The notions of locating or resolving set and that of the metric dimension go back to 1950s. These
were characterized by Blumenthal [2] with regard to metric space, and were acquainted with graph
networks independently by Melter and Harary in 1976 [6], and Slater in 1975 [11]. Graph theory has
applications in numerous zones of figuring, social, and normal sciences and is likewise an affable play area
for the investigation of the verification procedure in discrete science. Utilizations of this invariant to the
problem of picture preparing (or image processing) and design acknowledgment (or pattern recognition)
are given in [9], to the route of exploring specialist (navigating agent or robots) in systems (or networks)
are examined in [8], applications to science are given in [5], application to combinatorial enhancement
(or optimization) is yielded in [10], and to problems of network discovery and verification in [1].

Let N represent a family of connected graphs. We say that the family R has constant metric dimension
if dim(T") does not depend upon the choice of the graph I' in X and is finite. In other words, if all the
graphs in N have an indistinguishable metric dimension, at that point N is known as a family with a
constant (steady) metric dimension [12]. Chartrand et al. in [5], demonstrated that graphs on n vertices
have metric dimension one iff it is a path p,. Additionally, cycle C,, has metric dimension two for each
positive integer n; n > 3. With this, C, (n > 3) and g, (n > 2) establish a family of graphs with a
steady metric dimension. Additionally, Harary graphs Hy , and generalized Petersen graphs P(n, 2), are
also the families of graphs with constant metric dimension [7].

By joining of two graphs I'y = T'1(V1,Eq) and T’y = I'y(V3, Es), denoted by I' = T'; 4+ T'y, we mean a
graph I' = T'(V, E) such that V=V, UV, and E = E; UE,U{ps : p € V1 and ¢ € V3}. Then a Fan graph
F,, is characterized as F,,, = K1 + gy, for m > 1, a Wheel graph W, is characterized as W,,, = K; +C,,,
for m > 3, and the Jahangir graph Js,, (m > 2) is obtained from the Wheel graph W, by alternately
deleting m spokes of the Wheel graph (which is otherwise known as the Gear graph).

In [4], Caceres et al. decided the location number of the Fan graph F,, (m > 1) which is |
for m ¢ {1,2,3,6}. Tomescu and Javaid [13] acquired the location number of the Jahangir graph Ja,,
(m > 4) which is | 2], and in [3] Chartrand et al. decided the location number of the Wheel graph W,
(m > 3) which is 272 ] for m ¢ {3,6}. It is important to note that the metric dimension of these three
graphs depend upon the number of vertices in the graph and thus these three families of graphs do not

constitute the families with constant metric dimensions.

2nfb5+2J

For the simple connected graphs with the metric dimension 2, Khuller et al. [8] proved the following
important result:

Theorem 1.1. [8] Let A C V(T') be the basis set of the connected graph T' = T'(V,E) of cardinality two
i.e., |Al = dim(T) = (') =2, and say A = {w,&}. Then, the following are true:

1. Between the vertices w and &, there exists a unique shortest path g.
2. The valencies (or degrees) of the nodes w and & can never exceed 3.

3. The valency of any other node on p can never exceed 5.

The main motivation in characterizing the families of plane graphs with constant metric dimension
(or with non-constant metric dimension) is towards making metric dimension of possibly all plane graphs
known. In this article, we determine the metric dimension of three classes of plane graphs (viz., J,, &,
and £,,) which are generated by taking n-copies of the complete bipartite graph (or a star) K 5 (see Figure
1). These classes of plane graphs are radially symmetric and possess an independent minimum resolving
set with cardinality three i.e., three vertices is a minimal requirement for the unique identification of all
vertices of these three classes of plane graphs. Throughout this article, all vertex indices are taken to be
modulo n.

In the accompanying section, we acquire the exact metric dimension of the radially symmetrical
plane graph J,, (see Figure 2), and for each positive integer n: n > 6 we prove that 5(J,) = 3.
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Figure 1. n-copies of the star K 5

2. Metric dimension of the planar graph J,

The construction of the plane graph J,, can be done in the following four steps:

1. Construct n-copies of the complete bipartite graph (or the star) K; 5. Denote the central node of
each star by r; and the outer nodes of the star K; 5 by pi, qi, si, ai, and by (1 <1 <n). This results
in a disconnected graph on 6n nodes with 5n edges (r;p;, riqi, 181, miar, and rby for 1 <1 < n).

2. Placing new edges between these stars as bja;+1 and s;q;4+1 for 1 <1 < n. This adds 2n new edges.
3. Adding n new edges in each star as s;q; for 1 <[ < n.

4. Finally, adding n new nodes {¢; : 1 <1 < n}, and 2n new edges as p;¢; and ¢;p;41 for 1 <1 <n.

Thus, the radially symmetrical plane graph J,, comprises of 7n nodes and 10n edges. It has n 7-sided
cycles, n 6-sided cycles, n 3-sided cycles, and a pair of 2n-sided faces (see Figure 2).

Figure 2. The radially symmetrical graph J,

For our purpose, we name the cycle generated by the set of vertices {p; : 1 <l <n}U{¢:1 <1< n}
in the graph, J, as the inner cycle, the cycle generated by the set of vertices {r; : 1 <l <n}U{a;:1<
I <n}pU{b :1< 1< n}in the graph, J, as the middle cycle, and the cycle generated by the set of
vertices {¢; : 1 <1 <n}U{s : 1< 1< n} in the graph, J, as the outer cycle. In the following theorem,
we obtain that the minimum cardinality of resolving set for the plane graph, J, is 3 i.e., three vertices is
a minimal requirement for the unique identification of all vertices in the graph J,,.

Theorem 2.1. Let J, be the planar graph on Tn vertices as defined above. Then for each n > 6, we
have 5(Jn) = 3 i.e., it has metric dimension 3.
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Proof. To establish this, we study the following two cases relying upon the positive integer n i.e.,
when n is even and when it is odd.

Case(1) When the integer n is even.

In this case, the positive integer n can be written as n = 2w, where w € N and w > 3. Let
R ={q1,quw+1,P1} C V(Jn). Now, to unveil that R is the resolving set for the graph J,,, we consign the
metric codes for each vertex of the graph J, ~\ R regarding the set fA.

Now, the metric codes for the vertices of inner cycle {p; : 1 <I<n}U{¢:1<I<n} are

(i) — { (2120 =20 53,20 = 2), 2<l<w
PPV =Y (4w — 20+ 3,20 — 2w, 4w — 20+ 2), w+1<1<2u.
and
(20 4+ 1,2w — 20 + 2,20 — 1), 1<l<w-—1
Y (clR) = 2w+ 1,3,2w — 1), I =w;
(4w — 20+ 2,20 — 2w+ 14w —20+1), w+1<]<2w—1;
(3,2l — 2w+ 1,4w — 20 + 1), [ =2w.

The metric codes for the vertices of the middle cycle {r; : 1 <l <n}U{a;: 1 <I<n}U{b:1<I<n}

are
(1,2w, 1), =1
20-1,2w—-214+2,2 -1 2 <l < w;
Al = ¢ § ’ slew
(2w, 1,2w + 1), l=w+1;
(dw —21 42,2l — 2w — 1,4w — 20+ 3), w+2<1]<2w.
(2,2w+1,2), I=1;
20 —1,2w— 20 +3,20 — 1 2 <1< w;
W) = { ’ Coat,
2w+ 1,2,2w + 1), l=w+1;
(4w — 20+ 3,21 — 2w — 1,4w — 2l +4), w+2 <1< 2w.
and
(2,2w,2), =1,
(21, 2w — 21 + 2, 21), 2<l<w—1;
(2w, 3, 2w), l=w;
bi|R) =
YOI =9 0 2 90 + 1), l=w+1;
(4w — 20+ 2,20 — 2w, 4w — 21 +3), w+2 <1< 2w 1;
(3,20 — 2w, 4w — 21 + 3), I =2w.
At last, the metric codes for the vertices of outer cycle {s; : 1 <I<n}U{g:1<I<n} are
(51]9%) = (20 —1,2w — 21 4+ 1,20), 1<I<w;
VT 4w — 204+ 1,20 — 2w — 1,dw — 20+ 3), w+1<1< 2w.
and
() = (20— 2,2w — 20 + 2,21 — 1), 2 <1< w
T Z Y (dw — 20+ 2,20 — 2w — 2, 4w — 20+ 4), w+2<1<2w.
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From above, we find that there do not exist two vertices with the same metric codes, which suggest
the location number of the plane graph J, is less than or equal to 3. Now, to
finish the evidence for this case, we show that 5(J,) > 3 by working out that there does not exist a
resolving set 2R such that |9R] = 2. On contrary, suppose that 5(J,) = 2. Now, from Theorem 1.1, we
find that the degree of basis vertices can be at most 3. But except the vertices p;, q;, si, a;, by, and ¢
(1 <1< mn), all other vertices of the radially symmetrical plane graph J,, have a degree 5. Then, without
loss of generality, we suppose that the first resolving vertex is one of the vertices p1, q1, s1, a1, b, or ¢q
and other nodes lie in the inner cycle, the middle cycle, and in the outer cycle. Therefore, we have the

that 8(J,) < 3 ie.,

following possibilities to be discussed.

Resolving sets

Contradictions

{p1,pn}, pn (2 < h <n)

For 2 < h < w, we have y(r1|{p1,pn}) = v(cn|{p1,pr}); and for h = w+ 1, we have
v(eil{p1, pws1}) = y(enl{p1, pw+1}), a contradiction.

{c1,en}, en (2<h<n)

For 2 < h < w, we have y(r1|{c1,cn}) = y(cnl{c1,crn}); and for h = w+ 1, we have
v(p1l{c1, cwt1}) = y(p2|{c1,cw+1}), a contradiction.

{ai,an}, an 2 < h <n)

For 2 < h <w+ 1, we have v(p1|{a1,arn}) = v(q1]{a1,an}), a contradiction.

{b1,bn}, bn (2< h <n)

For 2 < h < w, we have v(p1[{b1,br}) = v(q1]|{b1,br}); and for h = w+ 1, we have
Y(q1|{b1,bw+1}) = y(s1|{b1, bw+1}), a contradiction.

{@1,qn}, gn 2 < h <n)

For 2 < h < w, we have v(bn|{q1,qrn}) = v(cnl{q1, grn}); and for h = w+ 1, we have
Y(snl{q1, qwir}) = ¥(s511{q1, quw+1}), a contradiction.

{s1,8n}, sn (2<h <n)

For 2 < h < w, we have v(by|{s1, sn}) = v(cn|{s1, sn}); and for h = w+ 1, we have
Y(q2l{s1, Swt+1}) = y(q1|{s1, Sw+1}), a contradiction.

{p1,en}, en (1 <h < m)

For 1 < h < w, we have y(cn|{p1,crn}) = y(r1|{p1, crn}); and for h = w+ 1, we have
Y(g2l{p1,cur1}) = Yazl{pr, cus1}), a contradiction.

{p1,an}, an (1 < h<n)

For h = 1, we have y(q1i|[{p1,a1}) = ~v(bi|{p1,a1}); when h = 2, we
have 7(s2[{p1,a2}) = ~v(b2|[{p1,a2}); when h = 3, we have y(ss|{p1,as}) =
v(bs|{p1,a3}); and for 4 < h < w + 1, we have y(q1|{p1,an}) = v(b1|{p1,an}),
a contradiction.

{p1,bn}, b (1< h <n)

For h = 1, we have v(q1|{p1,b1}) = ~(si|{p1,b1}); when h = 2, we have
Y(azl{p1,b2}) = y(g2l{p1,b2}); when 3 < h < w, we have v(q:[{p1,bn}) =
Y(b1[{p1,bn}); and for h = w + 1, we have y(r2[{p1,bw+1}) = ¥(bnl[{p1,bw+1}),
a contradiction.

{p1,an}, an (1 <h <n)

For h = 1, we have v(ai|{p1,¢1}) = v(b1|{p1,q1}); when h = 2, we have

Y(p2[{p1,22}) = v(q1l{p1,¢2}); and for 3 < h < w + 1, we have v(q1[{p1,qn}) =
~v(b1|{p1,qn}), a contradiction.

{p1,sn}, sn (1< h <n)

For h = 1, we have y(ai[{p1,s1}) = v(b1|{p1,s1}); when 2 < h < w, we have

Y(ql{p1,sn}) = v(bil{p1,sn}); and for h = w + 1, we have v(rz[{p1, swi1}) =
¥(bn|{p1, Swt+1}), a contradiction.

{ci,an}, an (1< h <n)

For 1 < h < 2, we have y(s1|{c1,an}) = v(q1|{c1,an}); when h = 3, we have
v(azl{e1,as}) = v(gz2l{c1,as}); and for 4 < h < w + 1, we have y(az|[{c1,an}) =
~v(s1|{c1,an}), a contradiction.

{e1,br}, b (1 < h <n)

For h = 1, we have ~(si|{c1,b1}) = ~(q1|{c1,b1}); when h = 2, we have
Y(az|{c1,a2}) = v(qz2|{c1,a2}); and for 3 < h < w + 1, we have y(az|{c1,br}) =
~v(s1|{c1,br}), a contradiction.

{c1,sn}, sn (1 < h <n)

For h = 1, we have y(a1l{c1,s1}) = v(b1|{c1,51}); and for 2 < h < w + 1, we have
~v(az|{c1, sh}) = y(s1/{c1, sn}), a contradiction.

{Cl,th}, th (1 S h S n)

For h = 1, we have v(ail{ci,t:1}) = ~(b1l{c1,t1}); when h = 2, we have
Y(azl{c1,t2}) = vy(b2|{c1,t2}); and for 3 < h < w + 1, we have vy(az|{c1,tn}) =
~v(s1l{c1,trn}), a contradiction.

{al,bh}, bh (1 S h S 7’L)

For h = 1, we have ~(s1|{a1,b1}) = ~(qi|{a1,b1}); when h = 2, we have
v(azl{a1,b2}) = v(gz[{a1, b2}); when h = 3, we have y(as|{a1,bs}) = v(qz2|{a1,b3});
when 4 < h < w, we have v(q1|{a1,br}) = v(b1|{a1,br}); and for h = w+ 1, we
have vy(an|{a1,bws+1}) = y(snl{a1,bw+1}), a contradiction.

{a1,sn}, sn (1 < h <n)

For h = 1, we have 7y(b1]{a1,s1}) = v(p1|{a1,s1}); when 2 < h < w, we have
v(q1{a1,sn}) = v(bi|{a1,s}); and for h = w + 1, we have y(an|{a1,5w+1}) =
Y(snl{a1, swt+1}), a contradiction.




S. K. Sharma, V. K. Bhat / J. Algebra Comb. Discrete Appl. 8(3) (2021) 197-212

Resolving sets Contradictions

For h = 1, we have v(bi|[{a1,q1}) = ~v(p1/{a1,q1}); when h = 2, we have
{ar,anh, an (1 <h <n) |v(sal{ar,a2}) = v(eil{or, q2}); and for 3 < h < w+ 1, we have 7(a1/{a1, an}) =
~v(b1|{a1,qn}), a contradiction.

For h = 1, we have y(a1|{b1,s1}) = ~v(pi|{b1,s1}); when h = 2, we have
{b1,sn}, sn (1 < h <n) |y(b2|{b1,s2}) = v(p2|{b1,s2}); and for 3 < h < w + 1, we have y(g2|{b1,sn}) =
~(b2|{b1, sn}), a contradiction.

For h = 1, we have y(a1/{b1,q1}) = v(p1[{b1,¢1}); when 2 < h < 3, we have
{br,an}, an (1< h<n) | v(b2[{b1,q2}) = Y(p2/{b1,q2}); and for 4 < h < w + 1, we have y(q2[{b1,qn}) =
~(b2|{b1,qn}), a contradiction.

For h =1, we have v(a1]{s1,q1}) = v(b1|{s1,¢:1}); and for 2 < h < w + 1, we have

1<h< AN
lsnand, on A<h<n) 10 rel and) = v(@i {51, an}), a contradiction.

Thus, from the above table, we obtain that there does not exist a resolving set consisting of two
vertices for V(J, ), suggesting that 5(J,) = 3 in this case.

Case(2) When the integer n is odd.

In this case, the positive integer n can be written as n = 2w + 1, where w € N and w > 3. Let
R ={q1,qw+1,P1} C V(Jn). Now, to unveil that R is the resolving set for the graph J,, we consign the
metric codes for each vertex of the graph J, ~\ R regarding the set R.

Now, the metric codes for the vertices of inner cycle {p; : 1 <I<n}U{¢:1<I<n} are

(21,2w — 20 + 3,21 — 2), 2<i<w
Y(pi|R) = ¢ 2w + 2,2, 2w), l=w+1;
(dw —21 45,2 — 2w, 4w — 20+ 4), w+2<I<2w+1.
and
(20 +1,2w — 20 + 2,2 — 1), 1<i<w-1
2w—+1,3,2w —1), [ =w;
Aty = 4 ¢ ) |
(dw—20+ 4,21 — 2w+ 1,4w — 20+ 3), w+1 <1< 2uw;
(3,20 — 2w, 1), = 2w+ 1.
The metric codes for the vertices of the middle cycle {r; : 1 <I<n}U{a;:1<I<n}U{b:1<1I<n}
are
(1,2w,1), =1
20— 1,2w — 21+ 2,21 — 1 2 < < w
Ay = § 2 H2w 2 22, slsw
Qw+1,1,2w + 1), l=w+1;
(dw— 20+ 4,20 — 2w —1,4w — 20 +5), w+2<1<2w+1.
(2,2w +1,2), 1=1;
20 —1,2 21 20—1 2 < <w;
(| = ( w — 2] + 3, ), <1< w;
2w+ 1,2,2w + 1), l=w+1;
(4w —20+5,2l — 2w — 1,4w — 2l +6), w+2<[<2w+1.
and
(2,2w,2), I=1;
(21, 2w — 21 + 2,21), 2<l<w—1;
2w, 3, 2w [ = w;
Sl = { )
(2w +2,2,2w + 2), l=w+1;
(4w — 204+ 4,21 — 2w, 4w — 21+ 5), w+2 <1< 2w;
(3,21 — 2w, 4w — 21 + 5), l=2w+1.
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At last, the metric codes for the vertices of outer cycle {s; : 1 <I<n}U{q:1 <1< n} are

(20— 1,2w — 2+ 1,21), 1<1<w:
Y(s1R) =< 2w + 1,1, 2w + 2), l=w+1,
(4w —20+ 3,21 — 2w — 1,4w — 2l +5), w+2<1<2w+1.

and

(q|R) = (20 — 2,2w — 214+ 2,21 — 1), 2 <1l < w;

TV (4w — 20+ 4,20 — 2w — 2,40 — 20+ 6), w+2<1<2w+ 1.

Again, we find that there do not exist two vertices with the same metric codes, which suggest that
B(Jn) < 3 i.e., the location number of the plane graph J,, is less than or equal to 3. Now, on assuming

that 5(J,) = 2, we get the same eventualities as in Case(1), and similarly, the contradiction can be
obtained. So, in this case, we have 8(J,) = 3 as well and hence the theorem. O

Now, in terms of independent resolving set, we have the following result:

Theorem 2.2. Let J,, be the planar graph on Tn vertices as defined above. Then for every positive integer
n; n > 6, its independent resolving number is 3.

Proof. For proof, refer to Theorem 2.1. O

In the accompanying section, we acquire the exact metric dimension of the radially symmetrical
plane graph &, (see Figure 3), and for each positive integer n: n > 6 we prove that 5(8&,) = 3.

3. Metric dimension of the planar graph K,

The construction of the plane graph K, can be done in the following four steps:

1. Construct n-copies of the complete bipartite graph (or the star) K; 5. Denote the central node of
each star by r; and the outer nodes of the star Ki 5 by pi, qi, 81, a, and by (1 <1 <n). This results
in a disconnected graph on 6n nodes with 5n edges (r;p;, r1qi, T151, i, and rby for 1 <1 < n).

2. Placing new edges between these stars as ¢;p;+1 and bya;1 for 1 <1 < n. This adds 2n new edges.
3. Adding n new edges in each of these stars as p;q; for 1 <1 < n.

4. Finally, adding n new nodes {t; : 1 <1 < n}, and 2n new edges as s;t; and ;5,41 for 1 <1 < n.

Thus, the radially symmetrical plane graph K,, comprises of 7n nodes and 10n edges. It has n 7-sided
cycles, n 6-sided cycles, n 3-sided cycles, and a pair of 2n-sided faces (see Figure 3).

For our purpose, we name the cycle generated by the set of vertices {p; : 1 <I<n}U{g :1<I<n}
in the graph, &, as the inner cycle, the cycle generated by the set of vertices {r; : 1 <I<n}U{a;:1<
I <n}U{b :1<1< n}in the graph, &, as the middle cycle, and the cycle generated by the set of
vertices {t; : 1 <1< n}U{s;:1< 1< n}in the graph, &, as the outer cycle. In the following theorem,
we obtain that the minimum cardinality of resolving set for the plane graph, K, is 3 i.e., three vertices
is a minimal requirement for the unique identification of all vertices in the graph &,.

Theorem 3.1. Let R, be the planar graph on Tn vertices as defined above. Then for each n > 6, we
have B(R,) = 3 i.e., it has metric dimension 3.



S. K. Sharma, V. K. Bhat / J. Algebra Comb. Discrete Appl. 8(3) (2021) 197-212

Figure 3. The radially symmetrical graph £,

Proof. To establish this, we study the following two cases relying upon the positive integer n i.e.,
when n is even and when it is odd.

Case(1) When the integer n is even.

In this case, the positive integer n can be written as n = 2w, where w € N and w > 3. Let
R = {p1, Pw+1, S2} C V(K&,). Now, to unveil that R is the resolving set for the graph K,, we consign the
metric codes for each vertex of the graph K, \ R regarding .

Now, the metric codes for the vertices of inner cycle {p; : 1 <I<n}U{g :1<1I< n} are

(2,2w — 2,2), =2
(2l—22w—21+221 3), 3<i<uw
m:
7 (pil) (4w — 20 +2,2,2w + 1), | =w+2;
(4w — 20 +2,20 — 2w — 2,4w — 20+ 6), w+3 <1< 2w.
and
(1,20 — 1,3), I=1;
(20— 1,20 — 20+ 1,21 — 2), 2<i<w
m:
V(@) (4w — 20+ 1,1,2w), l=w+1;
(4w — 20+ 1,20 — 2w — 1,dw — 20 +5), w+2<1< 2w,
The metric codes for the vertices of the middle cycle {r; : 1 <I<n}U{a;:1<I<n}U{b:1<I<n}
are
(1,2w,3), [ =1;
20 —1,2w — 21 4+ 2,21 — 2 <l <w;
Al = 4§ Y slew
(2w, 1,2w — 1), l=w+1;
(dw —2142,2l — 2w — 1,4w — 2l +5), w+2 <1< 2w.
(22w+14) I=1;
(3,2w —1,2), =2
2l—12w—2l+32l 3 3<1<w;
e =3 ) slevw
2w+ 1,2,2w — 1), l=w+1,;
(4w — 20+ 3,21 — 2w — 1,2w + 1), l=w+2;
(4w — 20+ 3,21 — 2w — 1, 4w — 20 +6), w+3 <1< 2w.

204
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and
(2,2w,3), =1
(20,2w — 20+ 2,21 - 2), 2<i<w—1;
(2w, 3, 2w — 2), [ = w;
bi|R) =
YOI =9 04 9 9), l=w+1;
(dw =204 2,2] — 2w, 4w — 21 +5), w+2<[]<2w—1;
(3,20 — 2w, 4w — 20 + 5), [ =2w.
At last, metric codes for the vertices of outer cycle {s;: 1 <I<n}U{t;: 1<l < n} are
(20,2w — 20 + 3,2), =1,
20, 2w — 21 + 3,20 — 4), 3 < < wy
o) = § :
(2w + 1,2,2w — 2), l=w+1,
(dw — 214 3,20 — 2w, 4w — 20+ 4), w+2<1<2w.
and
(3,2w,1), =1,
(20 +1,2w — 21 4+ 2,21 — 3), 2<l<w-—1;
(2w + 1,3, 2w — 3), [ =w;
t|R) =
(IR (4w — 20+ 2,3, 20 — 1), l=w+1;
(dw—20+ 2,2l — 2w+ 1,4w — 21+ 3), w+2<I<2w-—1;
(3,2l — 2w+ 1,4w — 2l + 3), [ =2w.
From above, we find that there do not exist two vertices with the same metric codes, which suggest
that B(R,) < 3 i.e., the location number of the plane graph £, is less than or equal to 3. Now, so as

to finish the evidence for this case, we show that 5(&
resolving set PR such that |9%] = 2. On contrary, suppose that (K,
find that the degree of basis vertices can be at most 3. But except the vertices p;, q;, s;, a;, b, and ¢,
(1 <1< n), all other vertices of the radially symmetrical plane graph &;, have a degree 5. Then, without
loss of generality, we suppose that the first resolving vertex is one of the vertices pi1, q1, s1, a1, b; or t;
and other nodes lie in the inner cycle, the middle cycle, and in the outer cycle. Therefore, we have the

following possibilities to be discussed.

n) > 3 by working out that there does not exist a
) = 2. Now, from Theorem 1.1, we

Resolving sets

Contradictions

{p1,pn}, pn 2 < h<n)

For 2 < h <w+ 1, we have vy(a1|{p1,pn}) = v(s1]{p1,pr}), a contradiction.

{@1,qn}, gn 2 < h <n)

For 2 < h < w, we have y(a1|{q1,qn}) = v(s1|{q1, ¢n}); and for h = w + 1, we have
y(p2l{a1; qw+1}) = ¥(P1l{q1, qw+1}), a contradiction.

{a1,an}, an (2<h <n)

For 2 < h <w+ 1, we have v(p2|{a1, an}) = v(s2|{a1, an}), a contradiction.

{bl,bh}, bh (2 S h S TL)

For 2 < h <w+ 1, we have y(p2|{b1,br}) = v(s2]|{b1,br}), a contradiction.

{s1,8n}, sn (2< h <n)

For 2 < h < w, we have v(r1|{s1, sn}) = v(tn|{s1, sn}); and for h = w + 1, we have
Y(t1|{s1, Swt+1}) = Y(tnl{s1, Sw+1}), a contradiction.

{t1,th}, th (2<h <m)

For 2 < h < w, we have y(r1|{t1,tr}) = y(tn|{t1,tr}); and for h = w + 1, we have
~(s1l{t1, tw+1}) = v(s2|[{t1, twt+1}), a contradiction.

{p1,an}, an (1 <h <n)

For 1 < h < w, we have v(s1|{p1,qr}) = v(a1|{p1,qn}); and for h = w+ 1, we have
y(bnl{p1, qw+1}) ~v(r2/{p1, quw+1}), a contradiction.

{p1,an}, an (1 <h < n)

For h = 1, we have 7(si[{pi,a1}) = ~(bil{pi,a1}); when h = 2, we
have y(s2[{p1,a2}) = ~(b2/{p1,a2}); when h = 3, we have 7(s3|{p1,as}) =
v(bs|{p1,as}); and for 4 < h < w + 1, we have y(bi[{p1,an}) = v(s1[{p1,an}),
a contradiction.

{p1,br}, br (1 < h < n)

For h = 1, we have v(s1|{p1,b1}) = ~(a1|{p1,b1}); when h = 2, we have
Y(snl{p1,b2}) = Y(bu|{p1,b2}); when 3 < h < w, we have y(si[{p1,bn}) =
Y(b1[{p1,br}); and for h = w + 1, we have y(bi|{p1,bn}) = v(s1[{p1,bn}), a
contradiction.
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Resolving sets

Contradictions

{p1,sn}, sn (1< h <n)

For h = 1, we have v(b1]|{p1,s1}) = v(a1|{p1,s1}); and for 2 < h < w + 1, we have
~y(t1|{p1,sn}) = y(r2|{p1, sn}), a contradiction.

{p1,tn}, tn (1 <h <n)

For h =1, we have v(b1|{p1,t1}) = v(a1|{p1,t1}); and for 2 < h < w + 1, we have
y(t1|{p1,tn}) = v(r2/{p1,tr}), a contradiction.

{g1,ar}, an (1 <h<n)

{q1,bn}, bn (1< h <n)

For h = 1, we have v(bi|{qi,a1}) = ~(s1l{qi,a1}); when h = 2, we have
Y(arl{q1,a2}) = v(s1l{q1, a2}); when h = 3, we have v(bs|{q1, as}) = v(ss|{q1, as});
and for 4 < h < w + 1, we have v(s1|{q1,an}) = v(b1/{q1,ar}), a contradiction.
For h 1, we have v(a1|{q1,b1}) v(s1|{q1,b1}); when h = 2, we have
Y(az{q1,b2}) = 7(s2l{g1,b2}); when 3 < h < w, we have y(bi[{q1,bn}) =
V(Sll{qlvbh}); and for h = w + 1, we have 'Y(Tn‘{(h,buﬂrl}) = ’Y(G’Q‘{qlabuﬂrl})v
a contradiction.

{a1,5n}, sn (1 <h<n)

when h = 2, we have
we have y(r2|{q1,sn}) =

For h = 1, we have v(bil{q1,s1}) = vy(a1l{q1,s1}),
Y(az2l{q1,s2}) = v(b2|{q1, s2}); and for 3 < h < w + 1,
v(q2]{q1, sn}), a contradiction.

{a, tn}, th (1 <h <n)

For h = 1, we have y(bi[{q1,t1}) = ~(ai[{q1,t1});
v(azl{q1,t2}) = v(b2]{q1,t2}); and for 3 < h < w + 1,
v(g21{q1,tr}), a contradiction.

when h = 2, we have
we have y(r2|[{q1,tn}) =

{a1,bh}, bh (1 S h S TL)

For h = 1, we have y(pi|{a1,b1}) = ~v(q1|{a1,b1});
v(s2l{a1,b2}) = v(g2|{a1,b2}); and for 3 < h < w+ 1,
~(b1]{a1,br}), a contradiction.

when h = 2, we have
we have y(s1|[{a1,bn}) =

{a1,sn}, sn (1 < h <n)

when h = 2, we have
we have vy(r2|{a1,sn}) =

For h =1, we have y(pi[{a1,s1}) = ~v(a[{a1,s1}),
v(az|{a1, s2}) = v(p2|{a1,s2}), and for 3 < h < w + 1,
~v(g2|{a1, sn}), a contradiction.

{ai,tn}, tn (1 < h <n)

For h = 1, we have y(pi|{ai,t1}) = v(@1|{a1,t1});
v(azl{a1,t2}) = v(p2|{ai1,t2}); and for 3 < h < w+ 1,
v(gz2|{a1,ts}), a contradiction.

when h 2, we have
we have y(rz|{a1,tn}) =

{bl,sh}, Sh (1 <h< n)

For h = 1, we have y(pi[{b1,s1}) = v(q1[{b1,s1});
v(g2|{b1,s2}) = y(p2|{b1,s2}); and for 3 < h < w + 1,
~(t1|{b1, sn}), a contradiction.

when h = 2, we have
we have v(b2|{b1,sr}) =

{blath}7 th (1 S h S TL)

For h = 1, we have y(pil{bi,t1}) = ~(q:1[{b1,t:1});
v(g2|{b1,t2}) = v(p2|{b1,t2}); and for 3 < h < w+ 1,
~(t1|{b1,tr}), a contradiction.

when h = 2, we have
we have y(ba2|{b1,tn}) =

{si,tn}, th (1 <h <m)

For 1 < h < w, we have v(ri|{s1,tn}) = y(tn|{s1,tr}); and for h = w + 1, we have
Y(b2|{s1, tws+1}) = Y(r2]{s1, tw+1}), a contradiction.

Thus, from the above table, we obtain that there does not exist a resolving set consisting of two
vertices for V(&,,), suggesting that S(&,) = 3 in this case.

Case(2) When the integer n is odd.

In this case, the positive integer n can be written as n = 2w + 1, where w € N and w > 3. Let

R = {p1,pws1,52} C V(R

n)- Now, to unveil that R is the resolving set for the graph &,,, we consign the

metric codes for each vertex of the graph K, \ R regarding the set fR.

Now, the metric codes for the vertices of inner cycle {p; : 1 <I<n}U{qg :1<1I<n} are

(
() = E
(

2,2w — 2,2), =2

9 —2,2w — 20+ 2,21 — 3), 3<i<w

dw — 20+ 4,2, 2w+ 1), l=w+2;

dw — 20+ 4,2l — 2w — 2,4w — 21+ 8), w+3<I<2w+1.
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and

Y(@|R) =

The metric codes for the vertices of the middle cycle {r; : 1

are

7(r|R)

V(i |R)

and

Y(bi|R) =

At last, the metric codes for the vertices of outer cycle {s; : 1

v(s1|R) =

and

A (1|R) =

1,
(
(
(
(4w
(
(
(
(
(4w

(
(
(
(
(
(4w

1,2w —1,3),

9 —1,2w — 20 + 1,21 — 2),

dw — 20 + 3,1, 2w),

dw — 20+ 3,21 — 2w — 1, 2w + 2),

—20+3,2l — 2w — 1,4w — 21 + 7),

<

1,2w, 3),
90— 1,2w — 20+ 2,21 — 3),
2w+1,1,2w — 1),
dw — 21+ 4,3, 2w + 1),
—20+4,2l — 2w —1,4w — 21+ 7),
22w+14)
3,2w — 1,2),
2l—12w—21+32l—3)
2w+1,2,2w - 1),
dw — 20 +5,20 — 2w —1,2w + 1),
201 45,20 — 2w — 1, 4w — 21 +8),
(2,2w,3),
(21, 2w — 21 + 2,21 — 2),
(2w, 3, 2w — 2),
2w + 2,2, 2w),
(4w — 2 + 4,21 — 2w, 2w + 2),
(4w — 20+ 4,2] — 2w, 4w — 21+ 7),
(3,20 — 2w, 4w — 20+ 7),
<l
(21, 2w — 20 + 3,2),
(21, 2w — 21 + 3,21 — 4),
(2w +2,2,2w — 2),
(4w — 20 + 5,20 — 2w, 2w),
(4w

— 20+ 5,20 — 2w, 4w — 21 + 6),

I<n}U{a:1<1<

=1,

2<<w
l=w+1;
l=w+2

w+3<1<2w+1.

npU{b:1<l<n}
=1,

2 << w;

l=w+1;

l=w+2

w~+3 <1l <2w+1.

=1
=2
3 <1< w
l=w+1;
l=w+2;

w+3<<2w+1.

=1
2<I<w-1;
I = w;
l=w+1;
l=w+2;

w+ 3 <1 < 2w;
l=2w+1.

<n}pU{t 1<l n}are

=1

3 <1< w
l=w+1;
l=w+2;
w+3<1< 2w+ 1.

(3,2w, 1), =1

(20 +1,2w — 20 + 2,2 — 3), 2<i<w-—1;
(2w +1,3,2w — 3), I = w;

(4w — 20+ 4,3,2w — 1), | = w4 1;
(dw —214+ 4,2l = 2w+ 1,4w — 20 +5), w+2 << 2uw;
(3,2w + 2, 4w — 21 + 5), l=2w+1.
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Again, we find that there do not exist two vertices with the same metric codes, which suggest that
B(R,) < 3 i.e., the location number of the plane graph £, is less than or equal to 3. Now, on assuming
that 5(R,) = 2, we get the same eventualities as in Case(1l), and similarly, the contradiction can be
obtained. So, in this case, we have 8(R,,) = 3 as well and hence the theorem. O

Now, in terms of independent resolving set, we have the following result:

Theorem 3.2. Let R, be the planar graph on Tn wvertices as defined above. Then for every positive
integer n; n > 6, its independent resolving number is 3.

Proof. For proof, refer to Theorem 3.1. O

In the accompanying section, we acquire the exact metric dimension of the radially symmetrical
plane graph £, (see Figure 4), and for each positive integer n: n > 6 we prove that 5(£,) = 3.

4. Metric dimension of the planar graph £,

The construction of the plane graph £, can be done in the following three steps:

1. Construct n-copies of the complete bipartite graph (or the star) K; 5. Denote the central node of
each star by r; and the outer nodes of the star Ki 5 by pi, qi, s1, a, and by (1 <[ <n). This results
in a disconnected graph on 6n nodes with 5n edges (rip;, r1q1, m181, T, and rby for 1 <1 < n).

2. Placing new edges between these stars as q;p;+1 and bja;41 for 1 <1 < n. This adds 2n new edges.

3. Finally adding 2n new edges in each star as p;q; and a;b; for 1 <1 < n.

Thus, the radially symmetrical plane graph £,, comprises of 6n nodes and 9n edges. It has n 6-sided
cycles, 2n 3-sided cycles, and a pair of 2n-sided faces (see Figure 4).

Figure 4. The radially symmetrical graph £,

For our purpose, we name the cycle generated by the set of vertices {p; : 1 <l <n}U{q:1<1<n}
in the graph, £,, as the inner cycle, the set of vertices {r; : 1 <1 <n}U{s;: 1 <1< n}in the graph, £, as
the set of middle vertices, and the cycle generated by the set of vertices {a; : 1 <1< n}jU{b: 1<l <n}
in the graph, £,, as the outer cycle. In the following theorem, we obtain that the minimum cardinality
of resolving set for the plane graph, £, is 3 i.e., three vertices is a minimal requirement for the unique
identification of all vertices in the graph £,,.
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Theorem 4.1. Let £, be the planar graph on 6n vertices as defined above. Then for each n > 6, we
have B(£,) = 3 i.e., it has metric dimension 3.

Proof. 1In order to establish this, we study the following two cases relying upon the positive integer n
i.e., when n is even natural and when it is odd.

Case(1) When the integer n is even.

In this case, the positive integer n can be written as n = 2w, where w € N and w > 3. Let
R = {p1, pw+1, 51} C V(£,). Now, to unveil that R is the resolving set for the graph £,,, we consign the
metric codes for each vertex of the graph £, \ R regarding the set fA.

Now, the metric codes for the vertices of inner cycle {p; : 1 <I<n}U{g :1<I<n} are
oy = {1 =220 =20 2,20 1), 2<i<w
PIFY =Y (4w — 204+ 2,20 — 2w — 2, 4w — 20+ 4), w+2 <1< 2u.

and

(o) [ 2= 12w =214+ 1,20), 1<l<w
M=V aw - 20+ 1,20 — 2w —1,4w — 20+ 3), wt+1<1<2w.

The metric codes for the set of middle vertices {r; : 1 <l < n}U{s;:1 <1< n} are

(1,2w,1), =1
Y R) =< (20 —1,2w — 21 + 2, 21), 2 <1< w
(Adw —2142,2l — 2w — 1,4w — 20+ 4), w+1<1<2w.

, and
(51]9%) = (20,2w — 20 + 3,20 + 1), 2 << wy
YT (4w — 204 3,20 — 2w, 4w — 20+ 5), w+1<1<2w.
At last, the metric codes for the vertices of outer cycle {a; : 1 <I<n}U{b :1<1l<n} are
(2,20 + 1,2), =1
20— 1,2w —21+ 3,21 — 1 2 <1 < w;
e =3 ) sl=w
(2w + 1,2,2w + 1), l=w+1;
(dw—20+ 3,2l — 2w — 1,4w — 2l +4), w+2<1<2w.
and
(2,2w,2), =1
20,2w — 21 + 2,21 2 <l < w;
v(bi|R) = ( ) ,
(4w — 20+ 2,21 — 2w, 4w — 21 +3), w+1<I<2w—1;
(3,20 — 2w, 4w — 21 + 3), [ =2w.

From above, we find that there do not exist two vertices with the same metric codes, which suggest
that 5(£,) < 3 i.e., the location number of the plane graph £,, is less than or equal to 3. Now, so as
to finish the evidence for this case, we show that §(£,) > 3 by working out that there does not exist
a resolving set R such that |R| = 2. On contrary, suppose that 8(£,) = 2. Now, from Theorem 1.1,
we find that the degree of basis vertices can be at most 3. But except the vertices p;, qi, s;, a;, and by
(1 <1< mn), all other vertices of the radially symmetrical plane graph £,, have a degree 5. Then, without
loss of generality, we suppose that the first resolving vertex is one of the vertices p1, q1, 1, a1 or b, and



S. K. Sharma, V. K. Bhat / J. Algebra Comb. Discrete Appl. 8(3) (2021) 197-212

other nodes lie in the inner cycle, the set of middle nodes, and in the outer cycle. Therefore, we have the
following possibilities to be discussed.

Resolving sets

Contradictions

{p1,pn}, pr 2 <h <n)

For 2 < h < w + 1, we have v(a1|{p1,prn}) = v(s1|{p1,pr}), a contradiction.

{g1,an}, an (2 < h <n)

For 2 < h < w, we have y(a1|{q1, qn}) = v(s1|{q1,qn}); and for h = w+ 1, we have
Y(p2l{q1, quw+1}) = v(p1{q1, Gw+1}), a contradiction.

{s1,sn}, sn 2 < h<n)

For 2 < h <w+ 1, we have y(q1]{s1, sn}) = v(b1]{s1, sn}), a contradiction.

{a1,an}, an (2<h <n)

For 2 < h < w, we have y(an|{a1,ar}) = y(rn|{a1,ar}); and for h = w + 1, we
have y(b1]{a1, aw+1}) = v(bn|{a1, awt+1}), a contradiction.

{b1,br}, b (2 < h <n)

For 2 < h < w — 1, we have y(an|{b1,br}) = v(rn|{b1,br}); when h = w, we have
(2 1{b1,bu}) = 1(p2l{b1,bu}); and for h = w + 1, we have A(atl{bs, but1}) =
~(az|{b1,bw+1}), a contradiction.

{p1,an}, gn 1 < h <n)

For 1 < h < w, we have v(a1|{p1,qn}) = v(s1/{p1, qn}); and for h = w+ 1, we have
Y(n|{p1, qu+1}) = v(snl{P1,guw+1}), a contradiction.

{p1,sn}, sn (1 < h<n)

For 1 < h < w — 1, we have v(pn|{p1, sn}) = v(rn|{p1, sn}); and for h = w,w + 1,
we have y(r2|{p1, sn}) = v(az|{p1, sn}), a contradiction.

{p1,an}, an (1 < h < n)

For h = 1, we have v(pn|{p1,a1}) = ~(p2/{p1,a1}); when h = 2, we have
Y(p2[{p1,a2}) = v(a1|{p1,a2}); and for 3 < h < w+ 1, we have y(ri[{p1,an}) =
v(q1|{p1,arn}), a contradiction.

{plabh}7 bh (1 S h S n)

For h = 1, we have y(rn|{p1,b1}) = v(p2|{p1,b1}); and for 2 < h < w + 1, we have
Y(ri{p1,bn}) = v(q1|{p1,br}), a contradiction.

{@1,sn}, sn (1 <h <n)

For 1 < h < w — 1, we have y(pn|{q1, sn}) = 7(rn]{q1,sn}); when h = w, we have

y(pil{ar, sw}) = v(ril{a1, sw}); and for b = w + 1, we have y(bn|{q1, sw+1}) =
Y(rnl{q1, Sw+1}), a contradiction.

{q1,an}, an (1 <h <n)

For h = 1, we have y(qn|{q1,a1}) = ~(r2|{q1,a1}); when h = 2, we have

v(b1l{ar, a2}) = v(r2l{q1, a2}); when h =3, we have v(b1|{q1, as}) = v(¢2|{q1, as});
and for 4 < h < w + 1, we have v(q2|{q1,an}) = v(r2/{q1, an}), a contradiction.

{q1,bn}, bn (1 < h <mn)

For h = 1, we have y(s1]{q1,b1}) = ~v(m2[{qi,b1}); when h = 2, we have
Y(b1[{q1,b2}) = v(g2l{q1,b2}); and for 3 < h < w + 1, we have v(q2/{q1,br}) =
~v(r2|{q1,br}), a contradiction.

{s1,an}, an (1 < h<n)

For h = 1, we have y(pi|{s1,a1}) = ~(q1|{s1,a1}); when h = 2, we have
Y(b2|{s1,a2}) = y(r2|{s1,a2}); and for 3 < h < w + 1, we have y(q1|[{s1,arn}) =
~v(a1|{s1,an}), a contradiction.

{s1,bn}, bn (1 < h < n)

For h =1, we have v(p1|{s1,b1}) = v(q1]|{s1,b1}); and for 2 < h < w + 1, we have
v(ai|{s1,br}) = v(q1|{s1,br}), a contradiction.

{ar,bn}, b (1 < h <n)

For 1 <h <w —1, we have v(rn|{a1,br}) = y(an|{a1,br}); when h = w, we have
v(gnl|{a1,bw}) = v(sn|{a1,bw}); and for h = w + 1, we have vy(r2|{a1,bwt1}) =
Y(gn|{a1,bw+1}), a contradiction.

Thus, from the above table, we obtain that there does not exist a resolving set consisting of two
vertices for V(£,), suggesting that 3(£,) = 3 in this case.

Case(2) When the integer n is odd.

In this case, the positive integer n can be written as n = 2w + 1, where w € N and w > 3. Let

R = {plaQw-HvSl} C V(‘S

n)- Now, to unveil that R is the resolving set for the graph £,,, we consign the

metric codes for each vertex of the graph £, \ R regarding the set R.

Now, the metric codes for the vertices of inner cycle {p; : 1 <I<n}U{g :1<1I<n} are

(i) =

(20— 2,2w—20+3,20— 1),
(20 —2,1,21 — 1),
(4w — 20 + 4,21 — 2w — 3, 4w — 20 + 6),

2 << w;
l=w+1;
w+2 <1 <2w+1.
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and

D)= (dw — 20+ 3,20 — 2w — 2, 4w — 20+ 5), w+2<1<2w+1.

The metric codes for the set of middle vertices {r; : 1 <l < n}U{s;: 1<l < n} are

(1,2w +1,1), =1
—1,2w— 20+ 3,21 2 <1< w;
Al = 3 ) slew
2w+ 1,1,2w + 2), l=w+1;
(dw — 20+ 4,20 — 2w — 2,4w — 2l +6), w+2<[<2w+ 1.
and
(su15%) = (20, 2w — 20 + 4,21 + 1), 9<l<w+1;
VT 4w — 204520 - 2w — 14w —20+7), w+2<1<2w+1.
At last, the metric codes for the vertices of outer cycle {a; : 1 <I<n}U{b :1<I<n} are
(2,2w +2,2), =1
—1,2w —20+4,2] — 2<Ii<w+1;
Sl = { @ b T o
(4w — 214 5,3,4w — 21 + 6), l=w+2;
(4w —20+5,20 — 2w — 2, 4w — 21 +6), w+3 <1< 2w+ 1.
and
(2,2w+1,2), l=1;
(21, 2w — 21 + 3, 21), 2 <1 < wy
Y(0i|R) = 1 2w +2,2,2w + 2), l=w+1;
(4w — 20+ 4,20 — 2w — 1,4w — 201+ 5), w+2 <1< 2uw;
(3,2l — 2w — 1,4w — 2l + 5), l=2w+1.

Again, we find that there do not exist two vertices with the same metric codes, which suggest that
B(£,) < 3 i.e., the location number of the plane graph £,, is less than or equal to 3. Now, on assuming
that B8(£,) = 2, we get the same eventualities as in Case(1), and similarly, the contradiction can be
obtained. So, in this case, we have 8(£,) = 3 as well and hence the theorem. O

Now, in terms of independent resolving set, we have the following result:

Theorem 4.2. Let £, be the planar graph on Tn vertices as defined above. Then for every positive
integer n; n > 6, its independent resolving number is 3.

Proof. For proof, refer to Theorem 4.1. O

5. Conclusion

In this article, we determined the metric dimension of three classes of plane graphs (viz., Jn, &n,
and £,), which are generated by taking n-copies of the complete bipartite graph (or a star) K 5, and
are radially symmetric with the constant metric dimension. We have proved that the metric dimension
of these three classes of plane graphs is finite and is independent of the number of vertices in these
graphs and three vertices is a minimal requirement for the unique identification of all vertices of these
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three classes of plane graphs. We also observed that the basis set fR is independent for all of these three
families of plane graphs. We now have an open problem that naturally arises from the text.

Open Problem: Characterize those classes of radially symmetrical graphs 9, which are generated
by taking n-copies of the complete bipartite graph (or a star) Ki 5 with constant or non-constant metric
dimension.

Acknowledgment: The authors would like to thank the referee for careful reading of the paper,
remarks and suggestions to give the paper the present shape..
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