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HOMOTOPY PERTURBATION METHOD FOR SOLVING A
MODEL FOR HIV INFECTION OF CD4" T CELLS

Mehmet MERDAN"

ABSTRACT

In this article, homotopy perturbation method is implemented to give approximate and analytical
solutions of nonlinear ordinary differential equation systems such as a model for HIV infection of CD4" T
cells. A modification of the homotopy perturbation method (HPM), based on the use of Pade”
approximants, is proposed. Some plots are presented to show the reliability and simplicity of the
methods.
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CD4* T HUCRELERININ BIR HIV ENFEKSIYONLU MODELININ HOMOTOPY
PERTURBATION YONTEMI ILE GOZUMU

OZET

Bu makalede, CD4" T hiicrelerinin bir HIV enfeksiyonlu modeli gibi lineer olmayan adi diferensiyel
denklem sisteminin yaklasik analitik ¢oziimiinii bulmak i¢in homotopy perturbation yoéntemi (HPY)
uygulanmistir. Homotopy perturbation yéntemine pade yaklagimi uygulanmigtir. Y6ntemlerin basitligini
ve dogrulugunu gostermek icin birkac grafik gosterilmistir.
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1. INTRODUCTION

Dynamics of a model for HIV infection of CD4" T cells is examined (Liancheng and
Michael, 2006) at the study. The components of the basic four-component model are
the concentration of CD4" T cells, the concentration of infected CD4" T cells by the
HIV viruses and free HIV virus particles are denoted respectively by T(t), I(t), and
V(t). These quantities satisfy
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with the initial conditions:
TO)=r,1(0=r,and V(0)=r,.
Throughout this paper, we set;

s=01a=002p=03r=37y=24k=00027, T, =1500,
N =10.

The motivation of this paper is to extend the application of the analytic homotopy-
perturbation method (HPM) and variational iteration method (He, 1998/a, 1998/b,
1999/a, 2006) to solve a model for HIV infection of CD4" T cells (1). The homotopy
perturbation method (HPM) was first proposed by Chinese mathematician He
(1998/a, 1998/b, 1999/a, 1999/b, 2000, 2006). The first connection between series
solution methods such as an Adomian decomposition method and Padé
approximants was established in. The transmission and dynamics of HTLV-I feature
several biological characteristics that are of interest to epidemiologists,
mathematicians, and biologists, see for example, Asquith and Bangham (2003),
Finlayson (1972), Abdou and Soliman (2005), etc. Like HIV, HTLV-I targets CD4"
T -cells, the most abundant white cells in the immune system, decreasing the body’s
ability to fight infection. We will use Laplace transform and Pade” approximant to
deal with the truncated series.

2. PADE APPROXIMATON

A rational approximation to f(x) on [a, b] is the quotient of two polynomials Py(x)
and Qu(x) of degrees N and M, respectively. We use the notation Ry w (X) to denote
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this quotient. The Ryy (X) Padé approximations to a function f(x) are given by
Baker (1975).
A (X)

RN,M (X) = Q (X)

for a<x<h. )

The method of Padé requires that f(x) and its derivative be continuous at x = 0. The
polynomials used in (2) are

Py (X) = Py + P X+ P,X2 +.c4 py X" (©)
Q, (X) =1+0,x+q,x* +...+ g, x" (4)

The polynomials in (2) and (3) are constructed so that f(x) and Rym(X) agree at x =0
and their derivatives up to N+M agree at x = 0. In the case Q,(X) = 1, the
approximation is just the Maclaurin expansion for f(x). For a fixed value of N+M
the error is smallest when Py (X) and Qu (X) have the same degree or when Py (x) has
degree one higher then Qu ().

Notice that the constant coefficient of Qu is q o = 1. This is permissible, because it
notice be 0 and Ryw (X) is not changed when both Py (x) and Qu (X) are divided by

the same constant. Hence the rational function Ryw (X) has N+M+1 unknown
coefficients. Assume that f(x) is analytic and has the Maclaurin expansion

f(X)=a, +ax+a,X* +..+a,x +.., (5)
And from the difference f (x)Q,, (x) — P, (X) =Z(X):
) . M . N i o0 .
seftelfii[ge] o
i=0 i=0 i=0 i=N+M +1

The lower index j = N+M+1 in the summation on the right side of (6) is chosen
because the first N+M derivatives of f(x) and Ryu(X) are to agree at x = 0.

When the left side of (6) is multiplied out and the coefficients of the powers of x'are
set equal to zero for k=0,1,2,..,N +M , the result is a system of N+M+1 linear

equations:
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a, — P =0

qa, +a, - p, =0

9,8, +0,a, +a, - p, =0 ()
0;8, + 0,8 + 0,8, +a; — P; =0

Ouay-m *Qua@y-ma T a8y — Py =0

and

Ouay_mst + Ouoa@yomse Tt G@y  +ay, =0

qM aN—M+2 + qM—laN—M+3 +...+ qlaN+1 +aN+2 = 0

(8)

Ovay T QugQyy oot G@yma Fayim =0

Notice that in each equation the sum of the subscripts on the factors of each product
is the same, and this sum increases consecutively from 0 to N+M. The M equations
in (8) involve only the unknowns @i, Gy, Os,..., qu and must be solved first. Then the
equations in (7) are used successively to find py, p, ps,-.., pv (Baker, 1975).

3. HOMOTOPY PERTURBATION METHOD
To illustrate the homotopy perturbation method (HPM) for solving non-linear

differential equations, He (1999/a, 2000) considered the following non-linear
differential equation:

A(u)=1f(r), reQ ©)

subject to the boundary condition

B(u,a—ujzo, rel’ (10)
on

where A is a general differential operator, B is a boundary operator, f(r) is a known
analytic function, T'" is the boundary of the domain €2 and 0&/én denotes

differentiation along the normal vector drawn outwards from €. The operator A
can generally be divided into two parts M and N. Therefore, (9) can be rewritten as
follows:
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M (u)+ N@u)=f(r), reQ (11)

He (1999/a, 2000) constructed a homotopy V(r, p):QX[O, l]—)iR which
satisfies

H(v,p) = (1= p)[M (v) - M (u,)]+ p[A(v) - f(r)] =0, (12)
which is equivalent to

H(v, p) =M (v) = M (u,) + pM (v) + p[N(v) - f (r)] =0, (13)

where p e [0, 1] is an embedding parameter, and Uy, is an initial approximation of
(13). Obviously, we have

Hv,0)=MV)-M(,) =0, H(v,)=AV)-f(r)=0. (14)

The changing process of p from zero to unity is just that of H (v,p) from
M (V) —M(v,) to A(v)— f(r). In topology, this is called deformation and

M (v) — M (v,) and A(v) — f (r) are called homotopic. According to the homotopy

perturbation method, the parameter p is used as a small parameter, and the solution
of Eq. (12) can be expressed as a series in p in the form

V=V, + pv, + PV, + PV, +... (15)

When p — 1, Eq. (12) corresponds to the original one, Egs. (11) and (15) become
the approximate solution of Eq. (11), i.e.,

u:lg_rgv:v0+v1+v2+v3+... (16)

The convergence of the series in Eq. (16) is discussed by He (1999/a and 2000).
4. APPLICATIONS

In this section, we will apply the homotopy perturbation method to nonlinear
ordinary differential systems (1).
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4.1. Homotopy Perturbation Method to A Model for HIV Infection of CD4* T
Cells

According to homotopy perturbation method, we derive a correct functional as
follows:

(1- p)(\'/1 —>'<0)+ p{\'/1 —s+av, -1, (1—Vf|_+V2J+ leVSJ: 0,

max

(V, —kvv; + Bv, ) =0, 17)

(1=p)(%, =Y, ) +p
+ p(\'/3 -Npv, +7/V3) 0,

(1_ p)(\'/3 - Z'o)

where “dot” denotes differentiation with respect to t, and the initial approximations
are as follows:

Vio (t) =X (t) :T(O) =0,
Voo () = Yo (1) = 1(0) = 1, (18)
Vio (t) =1 (t) :V(O) =L

and
2 3
V1 :Vl,o + levl +Pp V1,2 +Pp V1’3 +...,
2 3
Vo =V o+ PV + P Vo + P V5 +y (19)
2 3
V3 :VS,O + pVS’1 +p V3’2 +Pp V3’3 +...,
where vi'j,i, J=1,2,3,...are functions yet to be determined. Substituting Egs.

(18) and (19) into Eq. (17) and arranging the coefficients of “p” powers, we have
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max max

r{2ny, | .
T

max

. r r
{VM -s+(a-r)n +_|_ r? +_r nr, + kr1r3J p

Vi, + (@ —r)v, +

v, +nv,, | ,
T

max

A

r{2nv,, + v ]
T

max

Vig+(a—r)v, +

r |:r2V2,1 T VYV, t I’1\/2,2}
T

max

AR R A

+|+

(Voy = knry + Br, ) p

(Vo = K [Vay + 1Vyy Vay + BV, )P

+ (\72,3 — k[0, vV LY, |, + ﬁvu) p?+..=0,
(Vs =N B +y0,)p+ (Vo = NBV,, +7Vs, ) p?

+(\i3,3 - NBv,, + ;/VM) p*+..=0,

(20)

In order to obtain the unknowns v, . (t),i, j =1,2,3, we must construct and solve the
following system which includes nine equations with nine unknowns, considering
the initial conditions

v,;(0)=0,i,j =123,
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. r r
Yy =S+(a=F) 5+ +—p, Kok =0,

max

max
rf2ry, r{nv, +nv
Vi, +(a—r)vu+ |: L 1,1]+ [2 117 121

TYTHX Tmax
21
+k[ vy, + 1y, | =0, 1)
. rl 26y, +v;;
Vs +(a—r)v,, +¥
+ r |:r2v2,1 Vi Vo, rlvz,z]
TYTHX
+K[ vy, +V,v, + 1V, | =0,
V,, —knr, + gr, =0,
Vy, — K |:r1V3,1 + r3V1,1:|V4,1 + PV, =0,
Vz,a -k |:r1V3,2 TViVag + GV, ]V4,1 + ﬂvz,l =0,
Vo, =N Br,+yr, =0,
Vy, = N BV, +yvy, =0,
Vag = N BV, , +yv,, =0,
From Eqg. (16), if the three terms approximations are sufficient, we will obtain:
i 2
T =limv(t) = X vy, (1),
k=0
(22)

therefore
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2
re? +rrr
T(t):r1+{s—(oz—r)r1——1 12+kr1r3}t
max
nre+rs+ra’-as-2arr-xksr, +rk’r? (23)

-kBNnr,2(a —r)knr, + kynr,
+£ . =-3r%r” + 2rr,r’k + 3acrr? — 2r’nr, — 2rn,s — rr,s 2
2 T

. 2rrr,rk + 2anr, + ror,

T

2 2 2,2 2.3

reer, +3r°n°r, +2r0r
TZ

max i

max

max

I(t) =1, +[knr, = Br, ]t
—B (knry = Br,)+ kr, (N Br, —yr,)

+t o re? +rer, t?
2|k s—(a—-r)r N kr,r,

max

V({t)=r+[NBr,-—yr]t
+%[Nﬁ(krlr3 - Br,)—y(NBr, —yr,)|t?

Here T(0) = 0.1, 1(0) = 0, and V(0) = 0.1 for the three-component model. A few first
approximations for T(t), I(t), and V(t) are calculated and presented below:

Three terms approximations:

T(t)=0.1+.397953t+.5928490535t> + .5887187713 t°, (24)
I(t) =.000027t +.000017273655t2-.0000084051536871°,
V(t)=0.1-.24t+.2880405t%-.2304151263t°.

Four terms approximations:
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T(t)=0.1+.397953t+.5928490535t° +.5887187713 t°
+.4382951585t*,

I(t) =.000027t+.000017273655t?-.0000084051536871t°
+.6147278168*107°t*,

V(t) =0.1-.24t +.2880405t%-.2304151263t°
+.1382427719t*.

(25)

Five terms approximations:

T(t) =0.1+.397953t+.5928490535t% +.5887187713 t°
+.4382951585t* +.2608632944t°,
I(t) =.000027t+.000017273655t°-.000008405153687t°
+.6147278168*10°t*-.2835861790*10°t°,
V(t) =0.1-.24t +.2880405t%-.23041512631
+.1382427719t*-.06635284216t°.

(26)

Six terms approximations:

T(t) = 0.1+.397953t+.5928490535t% +.5887187713 t*
+.4382951585t* +.2608632944t° +.1291947326t°,

I (t) =.000027t +.000017273655t*-.0000084051536871°
+.6147278168*10°t*-.2835861790*10°t°
+.1153299804*10°°t°,

V (t) = 0.1-.24t +.2880405t°-.2304151263t°
+.1382427719t*-.06635284216t° +.02653971893t°.

(27)

In this section, we apply Laplace transformation to (27), which yields

L(T (S)) _ E_{_ 397953 . 1.185698107 . 3.532312628
s s? 53 5!
N 10.5190838 N 31.30359533 N 93.02020747

s° s° s’
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000027 00003454731 0000504309212
L(I(s) = ———+ . - .

S S S
, 000147534676 0003403034148 0008303758589

s° sb s’

0.1 .24 .576081 1.382490758
LV(Ss)=—-—+ e 7
s s s s
3.317826526 7.962341059 19.10859763
" s° - s® " s’

L 1
For simplicity, let s =? ; then

L(T (t)) = 0.1t +.397953t? +1.185698107t* + 3.532312628t *

+10.5190838t° +31.30359533t° +93.02020747t’

L(I(t)) =.000027t 2 +.00003454731t> —.00005043092212t *
+.000147534676t° —.0003403034148t° +.0008303758589t ’

L(V (1)) =.1t —.24t% + 576081t > —1.382490758t*
+3.317826526t° — 7.962341059t ° +19.10859763t ’

(28)

(29)

Padé approximant [4/4] of (29) and substituting t = 1/s, we obtain [4/4] in terms of s.

By using the inverse Laplace transformation, we obtain

T (t) = -.03352758677¢ "% 0%117t 4 13355078542 %0051
-.00002319863125e%14°5763t . 297067849*10 e %625

I (t) = .000004346124163¢ 235%7%7t
-.00004489696714¢ 306254013t
+.00004055084298 ¢ 5835463905t

V (t) = .09999780863e>“****% +,00000219137¢>47%%40%!

(30)

These results obtained by Padé approximations for T(t), I(t), and V(t) are calculated

and presented follow.
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Figure 1. Plots of Padé Approximations for A Model for HIV Infection of CD4"
T Cells

These results obtained by homotopy perturbation method, three, four, five and six
terms approximations for T(t), I(t), and V(t) are calculated and presented follow.

x 10° Three terms approximations Four terms approximations
3
T -
2 | |
"""""" Vv 2 [V Vs
/
1 s
~
1 -
[0} -
-
1 o b= -
[0} 0.5 1 [0} 0.5 1
t time t time
Five terms approximations Six terms approximations
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——— T
I - T
2 ~ > I /
rrrrrrrrrrrr \VJ Ve /
<~ \ s
1 e e
— Ve
- 1 -
oOfF=—=i.. //
-
-1 0 ===
[0} 0.5 1 [0} 0.5 1
t time t time

Figure 2. Plots of Three, Four, Five and Six Terms Approximations for A
Model for HIV Infection of CD4" T Cells
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5. CONCLUSIONS

In this paper, homotopy perturbation method was used for finding the solutions of
nonlinear ordinary differential equation systems such as a model for HIV infection
of CD4" T cells. We demonstrated the accuracy and efficiency of these methods by
solving some ordinary differential equation systems. We use Laplace transformation
and Padé approximant to obtain an analytic solution and to improve the accuracy of
homotopy perturbation method. We apply He’s homotopy perturbation method to
calculate certain integrals. It is easy and very beneficial tool for calculating certain
difficult integrals or in deriving new integration formula.

The computations associated with the examples in this paper were performed using
Maple 7 and Matlab 7.
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