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Abstract

In this paper, we pursue and investigate the solutions for fractional kinetic equations, involving ¢—Bessel
function by means of their Sumudu transforms. In the process, one Important special case is then revealed.
The results obtained in terms of g—Bessel function are rather general in nature and can easily construct
various known and new fractional kinetic equations.
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1. Introduction

Fractional calculus (FC) is a useful mathematical method for studying fractional-order integrals and
derivatives. Fractional calculus has developed and is now used in a variety of engineering and analysis fields.
The theory of fractional differential equations and its applications has played a vital role in a variety of
fields, including material science, applied research, chemistry, mathematical physics, and architecture. The
theory and implementations of fractional differential equations have played a crucial role. The complicated
conditions program is based on differential equations and depicts the amount of chemical composition mod-
ification a star undergoes as a result of each configuration in terms of generation and annihilation reaction
levels.[16] [17) 18, [19], 25], 26] is a good example.

Because of their relevance in astronomy and scientific material science, there has recently been a surge in
interest in learning about the solution of fractional kinetic equations. The fractional-order kinetic equations
have been successfully used to determine various physical issues such as diffusion in permeable mediums and
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response and unwinding forms in complicated frameworks. As a result, there has been a considerable amount
of study into the application of these equations. Look into it [1} 2] 3 4} 5] 6 [7, 8, @, 10}, 111, 12] 24].

In 2000, Haubold and Mathai [13] created the fractional differential equation between the rate of change of
the reaction, the production rate, and the destruction rates given as follows:

dN

P —0(Nt) + p(NVe),

where 0 =0(N) the rate of destruction, N = N(t), the rate of reaction, p = p(N) the rate of production
and Vy is the function identified by

Ni(t}) = N(t — 1)), > 0,

ignoring the inhomogeneity in the quantity N(¢) that is the equation

dN;
dt
is a part of the initial condition N;(t = 0) = Ny is the density number of the index (17)) at time (¢t = 0).

= —¢;Ni(t), (1)

The solution of equation can be referred to
Nz(t) =Ny e~ cit,

Another alternative solution , we can take

N(t) — No = —co D' N(t), (2)

where the oD, i the standard integral fractional operator. Furthermore, the fractional generalization de-
fined by Haubold and Mathai[13| as the form for the standard kinetic equation ([2)

N(t) — N() = - [)Dt_7 N(t), (3)
where oD, 7 is the Riemann-Liouville fractional integral operator expressed as

- - t — ) ()dr
D7) = g5 | =T i > 0m) > 0)

the equation solution has been provided by Haubold and Mathai [I3] in the form:
N@*N{m—ty; 7k
= OkZ:O Tk + 1) (ct)7".
Besides that, Saxena and Kalla[23] stated the following fractional kinetic equation as the following form:

N(t) = Nof(t) = —c” (oD; " N)(t), R(7)>0

where N(t) refers to a species’ density number at each time t, Nog = N(0) is a number density which species
at a time t = 0, c is a constant and f € L(0, c0).
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The Sumudu Transform, defined by Watugala [27] over the set 'A” of functions as
G(r) = SUfwirl = [ et e (=mm) 0

il )
where A = f(t)|30, m, (t)] <Me™,t € (=1)7 x [0,00).

In the proposed work, we find the results in terms of Mittag-Leffler function [21] defined as:
oo Z,r,
_;W (&, € C;|z] < 0,R(&) > 0).

2. Generalized g—Bessel function

Bessel functions have significant role with a wide range of issues in significant fields of mathematical
physics, such as hydrodynamics, radiophysics, acoustics, and atomic and nuclear physics, and they play an
essential role in analysing solutions of differential equations. They looked at various possible expansions of
Bessel functions, as well as many other aspects of Bessel functions.

The g—analogues of Bessel functions given by Jackson [I5] are as follows:

o (@) 0,0 22
Jé)(Z»Q)—W(Z/Q) 201 17+1aQ>_Z ) 2| <2

("5 q)

@) o . _ qn+122
Iy (ZQQ):W(Z/Q) 0p1 q"H;q’_T )

77+1’ 0 22
I zi0) = ooy (Qnﬂ;q,—‘g)

Mourad Ismail [14] proposed the following modified q—Bessel functions:

1 ‘ q77+ oo Z/2 77+27“
I7(7 )(Z’ q) Z q’ qn+1

, |z| < 2

r r+17

7q o0 42
Z qn+1 /2)77 T’
r—0

(3) q’]"r ’q o (H—l) n+2r
I’I] (27 q) Z q’ q77+1 2/2) °

2)(,.
I (zq) =

It is obvious that '
If,])(z;q)—e T J(])(GZZ q), j€{1,2,3}

The following q—Bessel function was introduced and investigated by Mansour and Al-Shomrani [22]:

3(n+1)

(qn+l§Q)oo - q 2 22

N E/0 2\1 N T R
(q; q) (Z/ ) 0¢2 q77+17 q, 4 )

which is a g-analogy of the modified Bessel function.
Recently, Mahmoud [20] has defined the generalized g—Bessel function for £ € Z, |2|] < 2 and £ = 0 as
follows.

(o o) —
Ivg )(Z,Q) -

e 7"(£+1) q(&r(r+n)/2)

ol &34) Z q"Jrl )r(@: @)

=

(2%/4), (5)
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where

(¢:9)r = T2 (1= "),
By substituting £ = 0,2, 1, (2.9) reduced to g—Bessel functions of the first, second and third kind respectively.
Jy(2,&;q) is a g—Bessel function J,(z) and modified Bessel function I,(2).

éEJﬁ((l_Q)ZagaQ) :JW(Z)’€:0>2’4, (6)

;LH{ Jn((l_q)z’gaQ) :In(z),fz 173757 (7)

3. Solution of fractional Kinetic Equations including the generalized g—Bessel function

In this section, we solve the fractional kinetic equation associated with the generalized g—Bessel function
using the method of Sumudu transform.

Theorem 3.1. Let v > 0,d > 0,t € C,£ € ZT then the following equation:
N(t) = NoJy(t,&;9) = —d” oD, "N(1), (8)

has a solution given by

o0 r(€+1) g(&r(r+n)/2) N 2r+n 1
ot e [ MU

= (@ 0)r (4 9)n

XL (2r +n+1) Eyorqy (—d't7).
Proof. Sumudu transform of Riemann-Liouville fractional integral operator can be presented as

S {oD{ f(t);7} = (7)'G(7), (9)

where G(7) is define in (4]
Now, after we apply the Sumudu transform to both sides of equation and using ([9) we have

S<N(t>%7) = No S[“’n(tf?‘])} —d S<0D;”’N(t);7>

that is
s §+1)q(57’(7“+77)/2)

M) = /0 ) Z q”*1 ¢ Q)r(4 )y

through we interchange the integration and summation order in the equation (L0, we obtain

00 (_1)7-(£+1)q(£r(r+n)/2) /OO _y (TE\ 241
N(T)[1+d'(1)"] = N 2 .
(m)] ()] 0<; (@ a)r (6 0)r(6:9)n | Jo (2>
N 00 (_l)r(5+1)q(§r(r+n)/2) (z)Qr—&—n /00 ot (t) 2r+ndt
S @ s ora0, ) \2) |

s r(€+1) o (&r(r+n)/2) 2r+

q T n

N1 +d(r S T T(2r + 7+ 1), (11)
: <r:0 (@5 @)r (g3 ) (g; Q)n> (2>

(tt/2)* Tdt — d" (1) N(7), (10)

that is




D.D. Pawar, W.F.S. Ahmed, Results in Nonlinear Anal. 5 (2022), 87-05

91

equation leads to

2 (=1)rEFD gErrm/2) \ [\ 2r4n .
N T) = N T
o 0(; (@Y 9)r(40)r (g5 9)n (2)

Now, we take inverse the Sumudu transform on both sides of the equation , and using

s=0

-1

-1 . _ v
ST =gy

(R(v) > 0),

we have

sy > r(§+1) (fT(T+Ti)/2) 1\ 2r+n
TZ q"+1 (4:9)r (¢ @) (2)

xP(2r +n+1) S (i(—1)s(d)”(r)2"+n“s> .

s=0
that is

0o (—1) r(£+1) q(ST(T+77)/2) 2r+n
e = (Z "5 9)r (4 )r (g5 0)n >(2>

r=0

(
(t)2r+?7+’78—1
xT(2r +1n+1) B ——
1 5:0 P(2r +n+s)

o0 (_1)r(€+1)q(§r(r+n)/2) £\ 2t .
N(t) = N, t 1
Y 0(2 (@5 @)r (¢ 0)r (45 0)n (2) 7

oo

xI'(2r+n+1) (Z(_l)slm> :

s=0
Now, we can write eq (14)) as

e 1)7 (41 g(&r(r+n)/2) £\ 2r+n 1
Z q77+1,q : (5) % t

- 4 4)r (4 q)n

XT(2r +n+1) Ey2rqy (—d't7).

Corollary 3.2. let v > 0,d > 0,t € C,£ =0,2,4, ... then the following equation:
N () = No lim J,[(1 = q)t, & ¢] = —=d” oD, "N (1)
q—

OR
N(t) — NoJ,(t) = —d” oD, "N(t),

(where J,(t) is defined by () has a solution given by
i 7“1“ 2r+77+1) <£)2'r+77 1
= Fn+r+1))\2 t

X Eyoriq (=d7t7).

T@2r+n+1)) (~1)*(dr)"

(12)

(13)

(14)
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Corollary 3.3. let v > 0,d > 0,t € C,£ =1,3,5, ... then the following equation:
N(t) = No lim Jy[(1 = q)t, £ = —d" oD; "N (2).
q—
OR
N(t) — NoI,(t) = —d” ¢D; "N(t),
(where Ip)(t) is defined by has a solution given by

o

- T(2r 47+ 1) A
N(t)—N‘](;r(rﬂ)F(nHH))(?) T

X Eyoriq (=d17).

Theorem 3.4. Let v > 0,6 > 0,d > 0,0 #d,t € C,£ € Z then the following equation:
N(t) — NoJ,(d't7,&;q) = =87 oD, "N(t), (15)

has a solution given by

o0 r(&+1) (§T(r+n)/2) AV 2r+7 1
Z anrl . ( 2 ) % E

- +(4:9)r (4 @)y

XL @2ry + 0y +1) Eyorygny (=0717).

Proof. Sumudu transform of Riemann-Liouville fractional integral operator can be presented as (9) where
G(7) is define in (4]
Now, after we apply the Sumudu transform to both sides of equation and using @ we have

S(N(t);7> =No S[Jn(dw,g; q)] — 5 S( OD;VN(t);T)

that is D) (e (i) /2)
+ r(r+n
N(1) = N / _tg q A (1t)7 /2)* Tdt — 87 (1) N(7), 16
( ) 0 qn+1 qaq)r(qu)n( ( ) / ) ( ) ( ) ( )

through we interchange the integration and summation order in the equation , we obtain

B ° (fl)r(£+1)q(£r(r+n)/2) 00 ot dY(Tt)7\ 2r+n
NOR+8)] = NO(,;] (@Y @) (a5 ) (g5 Q)n> /0 ( 2 ) .

X (—1)r(E+1) 4(Er(r+n)/2) YN 2+ o0
— Ny ( 1)1 q <d T ) 77/ e—t(t)Zermdt,
= (@) (@GOG a)y )N 2 0

O (Z1)rEFD GEr(rtm)/2) \ [, YN 204
™ g ( T) L(2ry + 17 + 1), (17)

N(m)[1+ 67 ()] = No ( 2 (@™ ) (4 )r (5 0)y 9

equation leads to

0 r(E+D) gEr(rtm)/2) \ qrr 2r+n >
I'2ry+ny+1 —1)%(d7)7%. 18
(Z T (q;q))( ) TEr+m ) (1) (18)
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Now, we take inverse the Sumudu transform on both sides of the equation , and using we have

2 (1) &N gErrm/2) \ gy 2r4n
ST'N(r) = N ( —
v O(;O (@ @) (g5 0)r (4 9)n ( 2 )

xT(2ry oy +1) 7 (i(1>S<5>VS<T>2w+m+ws>.

s=0
that is

° (_1)r(£+1)q(§7"(r+n)/2) A7\ 2r+n
N(t) = N —
) 0(2) (a7 a)r(4:9)r (a5 )y (3)

re 8 (i( (g (0T )
xT'(2ry 4+ ny + —1)°(5)™
g L(2ry +ny +7s)

° 1)7(E41) g(&r(r+n)/2) dVEYN 2r+n 1
Z 77+17q : ( 2 ) XE

- @ a)r(4:q)n

[e.e]

xI'(2ry +ny + 1) (Z(_l)sp( (to7)” ) (19)

= 2ry 417 + )

Now, we can write eq as

i 7"(€+1) q\&r(r+n)/2) (dvt“/)murn 1
X —
- q77+1 (¢ )r(g:0)y ) \ 2 t

XT@2ry + 07+ 1) Eyopyqy (—6717).

Corollary 3.5. let v >0, >0,d > 0,0 #d,t € C,£ =0,2,4,... then the following equation:

N(t) = No lim J,[(1 = q)d 7", & q] = —67 oD, N ().
q—

OR
N(t) — NoJ,(d"t") = =67 oD, "N (t),

has a solution given by

i 1)rT( 27’7—1—777—1—1) (d‘*ﬂ)?rﬂ ><1
o I(r Fn+r+1) 2 t

X By oryiny (—0787).
Corollary 3.6. letv> 0,0 >0,d > 0,0 Ad,t € C,£ =1,3,5, ... then the following equation:

N(t) = No lim J,[(1 = q)d 7", & q] = =67 oD, N ().
q—
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OR

N(t) = NoL(dt') = =57 oD; TN (t),

has a solution given by

o0

Z L2ry+ny+1) <d7t7)2f+n
T(r+1)T(n+r+1))\ 2

~ | =

=

X By 2y (=0717).

Theorem 3.7. Let v > 0,d > 0,t € C,& € ZT then the following equation.:

N(t) - N()Jn(d’yt/y,f;q) = —d’ 0D1€_7N(t)7

has a solution given by

i r(E+1) (ET(T+77)/2) <d"/t7)27‘+7] 1
X p—
q”Jr1 (@ Q)r (@ 9)y 2 t

=

XT@2ry + 0y + 1) Eyopyqyy (—d7t7).

Proof. Proof of Theorem [3.7]is similar to the proof of Theorems [3.1] and [3.4] so it is omitted here. O

Remark 3.8. Similarly, one can develop the corollaries for the Theorem [3.7]

4. Conclusion

In this paper we have studied a new fractional generalization of the standard kinetic equation and derived

solutions for it. It is not difficult to obtain several further analogous fractional kinetic equations and their
solutions as those exhibited here by main results.
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