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ABSTRACT 

 

In chemistry, pharmacology, medicine and physics molecular graphs have been used to model molecular 

substances, networks and fractals. Topological indices have been derived from the molecular graphs of 
chemical compounds, networks and fractals. Topological indices are important tools to analyze the underlying 

topology of fractals. Many topological indices have been used to understand and to investigate mathematical 

properties of fractal models. The Sierpiński gasket fractal is important for the study of fractals. Some physical 

properties of these type fractals were investigated by some researchers. Also certain topological indices of the 

Sierpiński gasket fractal have been calculated recently. Ve-degree and Ev-degree concepts have been defined 

recently in graph theory. Ev-degree and Ve-degree topological indices have been defined by using their 
corresponding classical degree based topological indices. In this study we calculate ev-degree and ve-degree 

topological indices for the Sierpiński gasket fractal. 

Keywords: Ev-degree topological indices, Ve-degree topological indices, Sierspinski gasket fractal. 
Mathematics Subject Classification: 05C07. 
 

 

1. INTRODUCTION 

 

Mandelbrot introduced fractals as the geometry of nature. Fractals are studied in various fields 

including chemistry, social science, mathematics, artificial engineering, computer science, 

economics, physics, and biology [1]. The Sierpiński gasket is probably the most classical example 

of a self-similar fractal lattice: in contrast to the translational invariance of lattices such as the 

square lattice or the honeycomb, one of the main properties of self-similar lattices is scaling-

invariance. Construction of the Sierpiński gasket can be defined in multiple ways. One of them is 

first consider the equilateral triangle denoted by T0. Subdivide T0 into four smaller congruent 

equilateral triangles and remove the central one, except for external points. We thus obtain three 

smaller equilateral subtriangles and denote this by T1. After one more step, we get nine smaller 

equilateral sub triangles and denote this by T2. Continuing this process gives us the Sierpiński 

gasket in Figure 1. 
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Figure 1. The growing Sierpiński networks G1, G2, G3 and G4. 

 

For physical and electronic properties of the Sierpiński networks, we referred the interested 

reader to the references [2,3] and the references in these studies. For the mathematical properties 

of the the Sierpiński networks we re ferred the interested reader to the references [4,-6] and the 

references therein.  

Graph theory has many applications for science, technology and social sciences. Graph theory 

enables suitable toys to researches to model real world problems. Chemical graph theory is one of 

the most using branches of graph theory. Chemical graph theory is considered the intersection of 

graph theory, chemistry and information science. In chemistry, pharmacology, medicine and 

physics molecular graphs has been used to model atomic and molecular substances. Topological 

indices have been derived from the molecular graphs of chemical compounds. Topological 

indices are important tools to analyze the underlying topology of networks. Many topological 

indices have been used to understand and to investigate mathematical properties of real world 

network models. Ve-degree and Ev-degree concepts have been defined recently in graph theory 

[7]. Ev-degree and Ve-degree topological indices have been defined by using their corresponding 

classical degree based topological indices [8-11]. 

The first study of the topological index of the Sierpiński gasket have been made by (Chen et 

al., 2019) in [12]. The authors investigated the eccentric distance sum of Sierpiński gasket and 

Sierpiński networks. As a continuation of this last study, we calculate ev-degree and ve-degree 

topological indices for the Sierpiński gasket in this study.  

2. Preliminaries  

In this section we give some basic and preliminary concepts which we shall use later.  A 

graph G=(V,E) consists of two nonempty sets V and 2-element subsets of V namely E. The 

elements of V are called vertices and the elements of E are called edges. For a vertex v, deg(v) 

show the number of edges that incident to v.   The set of all vertices which adjacent to v is called 

the open neighborhood of v and denoted by N(v).  If we add the vertex v to N(v), then we get the 

closed neighborhood of v, N[v].  

And now we give the definitions of ev-degree and ve-degree concepts which were given by 

(Chellali et al., 2017) in [7]. 

Definition 1 (ve-degree) Let G be a connected simple graph and v∈V(G) . The ve-degree of 

the vertex v, degve(v), equals the number of different edges that incident to any vertex from the 

closed neighborhood of v.  

We also can restate the Definition 1 as follows:  Let G be a connected simple graph and 

v∈V(G) . The ve-degree of the vertex v is the number of different edges between the other 

vertices with a maximum distance of two from the vertex v. 

Definition2 (ev-degree) Let G be a connected graph and e=uv∈E(G). The ev-degree of the 

edge e, degev(e), equals the number of vertices of the union of the closed neighborhoods of u and 

v.   

The authors in (Chellali et al., 2017) also can give the Definition 2 as follows:  Let G be a 

connected graph and e=uv∈E(G). The ev-degree of the edge e, deguv(e)=degu+degv-ne, where ne 

means the number of triangles in which the edge e lies in. 

Definition 3 (ev-degree Zagreb index) Let G be a connected graph and e=uv∈E(G). The ev-

degree Zagreb index of the graph G defined as; 
 

Mev(G) = ∑ degeve2
e∈E(G)                                                                                                             (1) 
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Definition 4 (the first ve-degree Zagreb alpha index) Let G be a connected graph and 

v∈V(G). The first ve-degree Zagreb alpha index of the graph G defined as; 
 

M1
αve(G) = ∑ degvev2

v∈V(G)                                                                                                           (2) 
 

Definition 5 (the first ve-degree Zagreb beta index) Let G be a connected graph and 

uv∈E(G). The first ve-degree Zagreb beta index of the graph G defined as; 
 

M1
βve(G) = ∑ (degveu + degvev)uv∈E(G)                                                                                        (3) 

 

Definition 6 (the second ve-degree Zagreb index) Let G be a connected graph and uv∈E(G). 

The second ve-degree Zagreb index of the graph G defined as; 
 

M2
ve(G) = ∑ degveudegvevuv∈E(G)                                                                                                 (4) 

 

Definition 7 (ve-degree Randic index) Let G be a connected graph and uv∈E(G). The ve-

degree Randic index of the graph G defined as; 
 

Rve(G) = ∑ (degveudegvev)−1 2⁄
uv∈E(G)                                                                                        (5) 

 

Definition 8 (ev-degree Randic index) Let G be a connected graph and e=uv∈E(G). The ev-

degree Randic index of the graph G defined as;    
 

Rev(G) = ∑ degeve−1 2⁄
e∈E(G)                                                                                                        (6) 

 

Definition 9 (ve-degree atom-bond connectivity index) The ve-degree atom-bond 

connectivity (ve-ABC) index for a connected graph G  defined as; 
 

ABCve(G) = ∑ √
degve(u)+degve(v)−2

degve(u)×degve(v)uv∈E(G)                                                                                    (7) 
 

Definition 10 (ve-degree geometric-arithmetic index) The ve-degree geometric-arithmetic 

(ve-GA index) for a connected graph G defined as; 
 

GAve(G) = ∑
2√degve(u)×degve(v)

degve(u)+degve(v)uv∈E(G)                                                                                         (8) 
 

Definition 11 (ve-degree harmonic index) The ve-degree harmonic (ve-H) index for a 

connected graph G defined as; 
 

Hve(G) = ∑
2

degve(u)+degve(v)uv∈E(G)                                                                                               (9) 
 

Definition 12 (ve-degree sum-connectivity index) The ve-degree sum-connectivity (ve-χ ) 

index for a connected graph G defined as; 
 

χve(G) = ∑ (degve(u) + degve(v))−1 2⁄
uv∈E(G)                                                                           (10) 

 

3. RESULTS  

 

We know from the reference 1 that, the Sierpiński gasket fractal Sn has 
3

2
(3n−1 + 1) vertices 

and 3n edges.  

With the help of Figure 1 and the following table, we give the ev-degree of the edges of the 

Sierpiński gasket fractal Sn. 

 

Table 1. The ev-degree of the edges of the Sierpiński gasket fractal Sn. 
 

Number of Edges Ev-degree 

6 5 

3𝑛−1 6 

3𝑛−3𝑛−1 − 6 7 
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And the following table we give the ve-degree of the vertices of the Sierpiński gasket fractal 

Sn 

 

Table 2. The ve-degree of the vertices of the Sierpiński gasket network Sn 
 

Number of Vertices Ve-degree 

3 7 

6 11 

3 + 3𝑛−2 14 

𝟕𝐱𝟑𝐧 − 𝟏𝟖𝟗

𝟏𝟖
 

13 

 

Table 3. The ve-degree of the end vertex of edges of the Sierpiński gasket fractal Sn. 
 

Number of Edges Ve-degrees of its end vertices  

6 (7,11) 

6 (11,13) 

6 (11,14) 

4𝑛 − 4 (13,13) 

3𝑛 − 4𝑛 − 14 (13,14) 

 

And we begin to compute ev-degree and ve-degree topological indices. 
  

Theorem 1 The ev-degree and ve-degree topological indices of the Sierpiński gasket fractal 𝑆𝑛  

are given in the following table. 

 

Table 4. The topological indices of the Sierpiński gasket network Sn. 
 

Topological index Symbol of the 

topological index 

Topological index value of the Sierpsinki 

gasket nfractal 

ev-degree Zagreb index 𝑀𝑒𝑣(𝑆𝑛) 61𝑥3𝑛−49𝑥3𝑛−1 − 144  

the first ve-degree 

Zagreb alpha index 
𝑀1

𝛼𝑣𝑒(𝑆𝑛) 1575𝑥3𝑛 − 6573

18
 

the first ve-degree 

Zagreb beta index 
𝑀1

𝛽𝑣𝑒(𝑆𝑛) 3𝑛+3 − 4𝑛 − 80 

the second ve-degree 

Zagreb  index 
𝑀2

𝑣𝑒(𝑆𝑛) 182𝑥3𝑛 − 52𝑛 − 990 

ve-degree Randic index 𝑅𝑣𝑒(𝑆𝑛) 6

√77
+

6

√143
+

6

√154
+

4𝑛 − 4

13
 

+
3𝑛 − 4𝑛 − 14

√182
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ev-degree Randic index 𝑅𝑒𝑣(𝑆𝑛) 6

√5
−

6

√7
+ 3𝑛−1 (

1

√6
−

1

√7
) +

3𝑛

√7
 

 

 

 

ve-degree atom-bond 

connectivity index 

 

 

 

𝐴𝐵𝐶𝑣𝑒(𝑆𝑛) 

6𝑥√
16

77
+ +6𝑥√

22

143
+ 6𝑥√

23

154

+ (4𝑛 − 4)𝑥√
24

13

+ (3𝑛 − 4𝑛

− 14)𝑥
5

182
 

 

  

ve-degree geometric-

arithmetic index 

 

𝐺𝐴𝑣𝑒(𝑆𝑛) 
12√77

18
+

12√143

24
+

12√154

25

+
(8𝑛 − 4)𝑥13

26

+
2𝑥(3𝑛 − 4𝑛 − 14)√182

27
 

ve-degree harmonic 

index 
𝐻𝑣𝑒(𝑆𝑛) 247

150
+

4𝑛 − 4

13
+

2𝑥(3𝑛 − 4𝑛 − 14)

27
 

 

ve-degree sum-

connectivity  index 

 

𝜒𝑣𝑒(𝑆𝑛) 
6𝑥(

1

3√2
+

1

2√6
+

1

5
) +

8𝑛 − 8

√26

+
2𝑥(3𝑛 − 4𝑛 − 14)

√27
 

 

Proof of Theorem1. From the Figure 1, Table 1, Table 2 and Table 3; 
 

𝑀𝑒𝑣(𝑆𝑛) = ∑ 𝑑𝑒𝑔𝑒𝑣𝑒2

𝑒∈𝐸(𝑆𝑛)
= 6𝑥52 + 3𝑛−1𝑥62 + (3𝑛−3𝑛−1 − 6)𝑥72

= 61𝑥3𝑛−49𝑥3𝑛−1 − 144 

𝑀1
𝛼𝑣𝑒(𝑆𝑛) = ∑ 𝑑𝑒𝑔𝑣𝑒𝑣2

𝑣∈𝑉(𝑆𝑛) = 3𝑥72 + 6𝑥112 + (3 + 3𝑛−2)𝑥142 + (
7𝑥3𝑛−189

18
) 𝑥132 =

1575𝑥3𝑛−6573

18
  

 

𝑀1
𝛽(𝑆𝑛) = ∑ (𝑑𝑒𝑔𝑣𝑒𝑢 + 𝑑𝑒𝑔𝑣𝑒𝑣)𝑢𝑣∈𝐸(𝑆𝑛) = 6𝑥18 + 6𝑥24 + 6𝑥25 + (4𝑛 − 4)𝑥26 +

(3𝑛 − 4𝑛 − 14)𝑥27 = 3𝑛+3 − 4𝑛 − 80  

𝑀2
𝑣𝑒(𝑆𝑛) = ∑ 𝑑𝑒𝑔𝑣𝑒𝑢𝑑𝑒𝑔𝑣𝑒𝑣𝑢𝑣∈𝐸(𝑆𝑛) = 6𝑥77 + 6𝑥143 + 6𝑥154 + (4𝑛 − 4)𝑥169 +

(3𝑛 − 4𝑛 − 14)𝑥182 = 182𝑥3𝑛 − 52𝑛 − 990  

𝑅𝑣𝑒(𝑆𝑛) = ∑ (𝑑𝑒𝑔𝑣𝑒𝑢𝑑𝑒𝑔𝑣𝑒𝑣)−1 2⁄
𝑢𝑣∈𝐸(𝑆𝑛) =

6

√77
+

6

√143
+

6

√154
+

4𝑛−4

13
+

3𝑛−4𝑛−14

√182
  

𝑅𝑒𝑣(𝑆𝑛) = ∑ 𝑑𝑒𝑔𝑒𝑣𝑒−1 2⁄ =𝑒∈𝐸(𝑆𝑛)
6

√5
+

3𝑛−1

√6
+

3𝑛

√7
−

3𝑛−1

√7
−

6

√7
=

6

√5
−

6

√7
+ 3𝑛−1 (

1

√6
−

1

√7
) +

3𝑛

√7
  

𝐴𝐵𝐶𝑣𝑒(𝑆𝑛) = ∑ √
𝑑𝑒𝑔𝑣𝑒(𝑢)+𝑑𝑒𝑔𝑣𝑒(𝑣)−2

𝑑𝑒𝑔𝑣𝑒(𝑢)×𝑑𝑒𝑔𝑣𝑒(𝑣)
= 6𝑥√

16

77
+ 6𝑥√

22

143
+ 6𝑥√

23

154
+𝑢𝑣∈𝐸(𝑆𝑛) (4𝑛 − 4)𝑥√

24

13
+

(3𝑛 − 4𝑛 − 14)𝑥
5

182
  

𝐺𝐴𝑣𝑒(𝑆𝑛) = ∑
2√𝑑𝑒𝑔𝑣𝑒(𝑢)×𝑑𝑒𝑔𝑣𝑒(𝑣)

𝑑𝑒𝑔𝑣𝑒(𝑢)+𝑑𝑒𝑔𝑣𝑒(𝑣)𝑢𝑣∈𝐸(𝑆𝑛) =
12√77

18
+

12√143

24
+

12√154

25
+

(8𝑛−4)𝑥13

26
+

2𝑥(3𝑛−4𝑛−14)√182

27
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𝐻𝑣𝑒(𝑆𝑛) = ∑
2

𝑑𝑒𝑔𝑣𝑒(𝑢)+𝑑𝑒𝑔𝑣𝑒(𝑣)𝑢𝑣∈𝐸(𝑆𝑛) =
12

18
+

12

24
+

12

25
+

8𝑛−8

26
+

2𝑥(3𝑛−4𝑛−14)

27
=

247

150
+

4𝑛−4

13
+

2𝑥(3𝑛−4𝑛−14)

27
  

𝜒𝑣𝑒(𝑆𝑛) = ∑ (𝑑𝑒𝑔𝑣𝑒(𝑢) + 𝑑𝑒𝑔𝑣𝑒(𝑣))−1 2⁄ =𝑢𝑣∈𝐸(𝑆𝑛)
6

√18
+

6

√24
+

6

√25
+

8𝑛−8

√26
+

2𝑥(3𝑛−4𝑛−14)

√27
=

6𝑥(
1

3√2
+

1

2√6
+

1

5
)  +

8𝑛−8

√26
+

2𝑥(3𝑛−4𝑛−14)

√27
  

 

4. CONCLUSIONS 

 

In this study we investigated the ev-degree and ve-degree topological properties of the 

Sierpiński gasket fractal. The other topological indices of the Sierpiński gasket fractal and other 

type fractals are worth to study for future researches. Also mathematical properties of ev-degree 

and ve-degree topological indices are interesting studies for further studies. 

  

Funding: This research received no external funding. 

Data Availability: The data used to support the findings of this study are included within the 

article. 

Conflicts of Interest: The author declare no conflict of interest. 

 

REFERENCES 

 

[1]  Mandelbrot BB. The Fractal Geometry of Nature. San Francisco, CA, USA: W.H. 

Freeman and Company, 1982. 

[2] Ali, A.; Rafique, H.; Arshad, T.; Alqarni, M. A.; Chauhdary, S. H.;  Bashir, A. K. A 

Fractal-Based Authentication Technique Using Sierpiński Triangles in Smart Devices. 

Sensors 2019, 19(3), 678. 

[3] Jiang, Z.; Yan, W. Some Two-Point Resistances of the Sierpiński Gasket Network. 

Journal of Statistical Physics 2018, 172(3), 824-832. 

[4] Saltan, M.; Aslan, N.; Demir, B. A discrete chaotic dynamical system on the Sierpiński 

gasket. Turkish Journal of Mathematics 2019, 43(1), 361-372. 

[5] Gu, Q.; Lau, K. S.; Qiu, H.  On a recursive construction of Dirichlet form on the 

Sierpiński gasket. Journal of Mathematical Analysis and Applications 2019, 474(1), 674-

692. 

[6] Wang, Q.; Li, J. L. There are eight‐element orthogonal exponentials on the spatial 

Sierpiński gasket. Mathematische Nachrichten 2019, 292(1), 211-226. 

[7] Chellali, M.; Haynes, T. W.; Hedetniemi, S. T.; Lewis, T. M. On ve-degrees and ev-

degrees in graphs. Discrete Mathematics 2017, 340(2), 31-38. 

[8] Ediz, S. Predicting Some Physicochemical Properties of Octane Isomers: A Topological 

Approach Using ev-Degree and ve-Degree Zagreb Indices. International Journal of 

Systems Science and Applied Mathematics 2017, 2(5), 87-92. 

[9] Ediz, S. A New Tool for QSPR Researches: ev-degree Randić Index. Celal Bayar Journal 

of Science 2017, 13(3), 615-618. 

[10] Ediz, S.  On ve-degree molecular topological properties of silicate and oxygen networks. 

International Journal of Computing Science and Mathematics 2018,. 9( 1), 1-12. 

[11] Sahin, B.; Ediz, S.On ev-degree and ve-degree topological indices. Iranian Journal of 

Mathematical Chemistry 2018, 9(4), 263-277. 

[12] Chen, J.; He, L.; Wang, Q. Eccentric distance sum of Sierpiński gasket and Sierpiński 

network. Fractals 2019, 1950016. 

 

K. Yamaç, M. Cancan     / Sigma J Eng & Nat Sci 37 (4), 1275-1280, 2019 


