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ABSTRACT

In this paper, using the Holder-Iscan and improved power-mean integral inequalities together with an identity,
we obtain new estimates on generalization of Hadamard and Simpson type inequalities for multiplicatively
harmonically P-functions. The obtained results are compared with the previous ones.
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1. INTRODUCTION

Let real function f be defined on some nonempty interval I of the real line R. The function f
is said to be convex on interval I if the following inequality

fitx+ (A -y) <tf()+ 1A -f )
holds for all x,y € I and t € [0,1].
The following inequalities are well known in the literature as Hermite-Hadamard inequality
[2] and Simpson inequality [1] respectively:
Theorem 1. Let f:] € R = R be a convex function defined on the interval I and a,b € I. The
following double inequality holds
a+b 1 b f(a)+£(b)
F(557) <y i Foode < HETE
Theorem 2. Let f: [a, b] - R be a four times continuously differentiable mapping on (a, b) and
IF®] = sup |f®(x)| < oo. Then the following inequality holds:
*® x€(a,b)
1[f(a)+f(b) a+b 1 b 1 4 4
[FIEER2 + 27 (45)] - 5 12 Fodx] < s lr @l 0 - )
Let H = H(a,b) = 2ab/(a+b), G = G(a,b) =ab, L = L(a,b) = (b —a)/(Inb — Ina),

I=1(a,b) = (1/e)(b*/a®)/®D, A= A(a,b) =2 Ay =A(a,b):=2b+(1—Da, A€
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)”, p € R\{—1,0}, be the geometric, logarithmic, identric,

ppH1_gp+1

[0,1] and Ly = Lp(@,b) = (L
arithmetic, weighted arithmetic and p-logarithmic means of a and b, respectively. Then
min{a,b} <H < G <L <1< A <max{a,b}.

In [3], S.S. Dragomir et.al. defined the following new class of functions.
Definition 1. We recall that a function f:I ¢ R — R is said to be P-function on I or belong to
the class P(I) if it is nonnegative and,

fitx+ (A =0y) < f(xX)+f()

for all x,y €I and t € [0,1]. Note that P(I) contains all nonnegative convex and quasi-

convex functions [1].

Example 1. [11] A non-negative function f:1 — R is called trigonometrically convex function on
interval [a, b], if for each x,y € [a,b] and t € [0,1],

fltx+ (1A —-0t)y) < (sin%t) )+ (cos %t)f(y).

Clearly, if f(x) is a nonnegative function, then every trigonometric convex function is a P-
function. Indeed,

flex+ (1= 0y) < (sinS) f@) + (cos ) F () < F(x) + ).

In recent years, many authors have studied errors estimations for Hermite-Hadamard and
Simpson inequalities; for refinements, counterparts, generalizations see [5, 6, 14] and references
therein.

In [4], Iscan gave the definition of harmonically convexity as follows:

Definition 2. Let I € R\{0} be a real interval. A function f:I —» R is said to be harmonically

convey, if

f(rts;) s YO + - 0f () (11)
for all x,y €I and t € [0,1]. If the inequality in (1.1) is reversed, then f is said to be

harmonically concave.

The following result of the Hermite-Hadamard type inequality holds.

Theorem 3. Let f:1 € R\{0} —» R be a harmonically convex function and a, b € I with a < b. If
f € L[a, b] then the following inequalities hold
2ab ab b f(x) f@+f®)
F(E5) <o V5 ax < KT,

In [10], Kadakal gave the definition of multiplicatively P-function (or log-P-function) as

follows:

Definition 3. Let [ # @ be an interval in R. The function f:I — [0,00) is said to be
multiplicatively P-function (or log-P-function), if the inequality
fx+ A -0)y) < ff )
holds forall x,y € I and t € [0,1].
We will denote by MP(I) the class of all multiplicatively P-functions on interval I. Clearly,
f:1 - (0, ) is multiplicatively P-function if and only if logf is P-function.
Remark 1. The range of the multiplicatively P-functions is greater than or equal to 1.

The following result of the Hermite-Hadamard type inequalities holds for multiplicatively P-
functions:
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Theorem 4. Let the function f: I — [1,00) be a multiplicatively P-function and a,b € I with a <
b. If f € L[a, b], then the following inequalities hold:

D ()< F@f(a+ b —x)dx < [f(@)f (b))

i) £(%2) < f@F®)5=f) fG)dx < [F(@)f ()
Definition 4. A function f:1 < (0,0) — R is said to be harmonically P-function on I or belong
to the class HP(I) if it is nonnegative and,

f (i) < FGO + 1O,
forallx,y € I and t € [0,1].
Hermite-Hadamard inequalities can be represented for harmonically P-function as follows.

Theorem 5. Let f:1 € (0,) — R be a function such that f € L[a, b], where a,b € [ with a <
b. If f is a harmonically P-function on [a, b], then the following inequalities hold:

/() <32 <2 0L

a+b u?

In [9], Iscan and Olucak gave the definition of multiplicatively harmonically P-function as
follows:

Definition 5. Let I # @ be an interval in R\{0}. The function f:I — [0,) is said to be
multiplicatively harmonically P-function, if the inequality

f(Grtss) < fef )
holds for all x,y € I and t € [0,1].

Example 2. The function f:[1,0) — [1,0), f(x) = x is a multiplicatively harmonically P-
function. Really, for any x, y € [1, o) with x < y, we have

f(22) =22 — <y <xy = fWf Q).

ty+(1-t)x ty+(1-t)x

Example 3. The function f:(0,) — (0,), f(x) = e* is a multiplicatively harmonically P-
function. Since, for any x,y € (0, ©) with x < y, we have

f ("73’) — ebra07 < oY < e¥eV = fFf ).

ty+(1-t)x

We will denote by MHP(I) the class of all multiplicatively harmonically P-functions on
interval I.

The following result of the Hermite-Hadamard type inequalities hold for multiplicatively
harmonically P-function:

Theorem 6. Let the function f:1 < R\{0} - [1,0) be a multiplicatively harmonically P-
function and a, b € I with a < b. If f € L[a, b], then the following inequalities hold:

) f(zab) ab fbf(x)f([a—1+b—1_x—1]—1) dx < [f(a)f(b)]z

a+b b—a x2
i) £(22) < ff )2 7D dx < [F@f b))

A refinement of Holder integral inequality better approach than Holder integral inequality can
be given as follows [7]:

Theorem 7 (Holder-iscan Integral Inequality [7]). Letp > 1 and % + % =1.If f and g are real
functions defined on [a, b] and if |f|?, |g|9 are integrable functions on [a, b] then
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LI 0g00ldx < == {(f - x)If(x)I”dx) (12 - 0lgeoladx)"
+(f0 - a)|f(x)|pdx)5 (ff - a)|g(x)|qu)5}

A refinement of power-mean integral inequality better approach than power-mean inequality
as a result of the Holder-Iscan integral inequality can be given as follows [12]:

Theorem 8 (Improved power-mean integral inequality [12]). Let ¢ = 1. If f and g are real
functions defined on [a, b] and if ||, [f]|g|? are integrable functions on [a, b] then

N |f(x)g(x)|dx<—{(f b - DIfEldx) (f;’ (b~ DIf Ollg()|dx)*

+(fy - a)|f(x>|dx)17 (7 - a)If(x)IIg(X)qux)E}

In this paper, using Holder-Iscan integral inequality better approach than Hoélder integral
inequality and improved power-mean integral inequality better approach than power-mean
inequality and together with an integral identity, authors obtain a generalization of Hadamard and
Simpson inequalities for functions whose derivatives in absolute value at certain power are
multiplicatively harmonically P-functions. In addition, we compare the results with the previous
ones.

2. MAIN RESULTS

Let f:1 € (0,0) —» R be a differentiable function on I°, the interior of I. Throughout this
section we will take

FQumab) = A= wf (22) + (1 = D@+ uf (0) — 22 [ 1L au

uZ
where a,b € I witha < band A, u € R.
In order to prove our main results we need the following identity [8].

Lemma 1. Let f:1 € (0, ) — R be a differentiable function on I° such that f' € L[a, b], where
a,b € I with a < b. Then for all 4, u € R we have:

(L a,b) = ab(b—a){ ()%”Aztf (£ )dt+f“ (2 f) dt}, 2.1)

where A, = tb + (1 — t)a.
Theorem 9. Let f: I < (0,) — R be a differentiable function on I° such that f' € L[a, b],
where a,b € I° with a < b. If |f'|? is multiplicatively harmonically P-function on the interval
[a, b] for some fixedg = 1and 0 < u < % < A < 1, then the following inequality holds for g > 1
11 1 1 1
Iy, a,b) < 2ab(b — a)|f" (@' (D) [C ‘(WD (1, 9,a,b) + €, "(WD3 (1. q,a,b)

1 1 1

1—=
+C, q(/l)Dg(/l,q,a, b) + C q(A)Dq(A q,a,b)|, (2.2)
where

LG =t) e - tldt = ¢,u) = -

1/2 3
I el = tldt = ¢, =5 =5+ 5

3 2
E e £, (2.3)
3 2 8 48
1
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! - - = — 2 2 72 1
fl/z( t)'l tldt C3(/1) —_+2)_ . Z;
1 It 1 L
fl/z( )|/1—t|dt c,() = _—7"'5 L
[- L;ZE(A, a)+ A+ a)L:?flﬁ(A, a) — aAL”31(4,a)],

24
=0
{(b —a [A4, L—Zq(All' a) - (A+4,)LZ ;Z:i (A a) + sz:i (4 a)]

(1-2p)
Di(u,q,a,b) = 250

2(b-a)?

A 4) + (4 A ) - U 4]
o<u < =

(420731 (4,0) - 2AL:§‘3;§(A a) + L5054, )],

2(b- a)2
1
p=2
1 20+ —2q+1 -2
2027 [- —2?1+2(A a) - 2aL_ZZ+1(A, a) + aZL_ZZ(A,a)],
=0

[ ad,L_ Zq (Aw a) + (a + Aﬂ)L:?;:ll(Aw a) - LZZZZE(AW a)]

e

(1-2u) - - -
D,(u,q,a,b) =3+ 2(1})_2(:4)2 [aA/tL—éZ (A' A#) - (a + Au)L—égﬁ(A'Au) + L—éZ:ZZ(A' Au)]}

1
0<H<E

1 - - -
2(b-a)? [- aAL_;Z(A, a) + (a+ A)L_i?,ﬁ 4,a) - L-ii’,ﬁ 4,a)],
=73
s [PALTSG(A,b) + (b + LTI (A,D) — L515(A b)),
1=1
2
1-1 - - —
(S [-paL T3 (A0 b) + (b + ADLTSE (4, b) — L5035 (4, b))
D3(4,q,a,b) = (22-1)

oo (b AT (A, A — (b + ALY (A, 40) + L5305 (4 ]}

[

l</1<1
1 - - —
o 7L _éi’,(b A) = 2bL751 (b, A) + L3135 (b, A)],
A=1

1 -2 —-2q+1 —-2q+2
ORI [42L250(4, b) —2AL55100(Ap) + LS55 (A, b)),

A=1
1-1 - — —
(T [aany (Al, b) = (A + ADLT3IY, (Ag,b) + L5045 4y, b))

D4(4,q,a,b) = + (2/1—1)2
2(b-a)

[AAALTSL (A, 42) + (A + ADLT5IYE (A, 4) — L5005 (4, )]}

l</1<1

o Abng (4,b) + (A + b)L55(A,b) — L3342 (A, b)),

A=1
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Z(b [(A +a)L7'(4,a) - 2], u=20

{(b—#a)z [% - (A + A#)L 1(‘4#' a)] 1

(1-2p) _
+ 2(1b 25)2 [(A + A#)L 1(A'Au) - 2]}
1 A+a 1
[ - 24 4w, w=1
2(b1a)2 [Aﬂ —2al™(4, a)] , u=0

{(b 5 la+4,)17(4,a) - 2] 1
(1-2p) [A+a . 0< )

F IR [ (@t )17 (44,)])

;[(A+G)L‘1(A @) —2], p=t

2(b
5[0+ AL A,b) - 2], 2=t

Dl(.ur 1,a, b) =

D,(u,1,a,b) =

2(b

&= j))z [(b + 4L (43, b) — 2]

Gy fh : 2
+2(b = (b + ADL” (A,A,l)]}

M— ZbL-l(b,A)], 1=1

M_ -1 _1
2(b a)z ZAL (A! b)] ’ ﬂ. - 2

a-1 M -1
(D[22 4 (4 + apL (A2, b)]

(24-1) -1 _ 2
20ar [(A+ A)L71(4,47) - 21}

[(A+b)L™Y(A,b) — 2], A=1.

D3(4,1,a,b) =

2(b a)2

D,(A,1,a,b) =
+

2(b— a)2
q
Proof. Since |f'|? is multiplicatively harmonically P-function on interval [a, b], |f’ (‘:—b)| <
t

If'(@19]f"(b)|9 for all t € [0,1]. Hence, using Lemma 1 and improved power-mean integral
inequality we obtain

1 1
q q
I (A, p,a,b) <2ab(b—a){(f1/2( )|M—t|dt) (f01/z(%_t)| |U°(“)Lwdt)
1-1 1
+ (£ tl — tldt) "(fol/ztlu—tl—'f @iy (”)'th) }
1-X 1
+2ab(b — a) {(fli/z(l —t)A— tIdt) a (f11/2(1 —Bla—t| If! (a)IZIf ®)]1 dt)

(0= =) (1, - - )

t

< 2ab(b - @)l @I (B)| {(fo” ? (=€) e elar) (5 G-0)tae)

|

Q=

S
+(f1/2tlu tldt) q(fl/ztlu—tl zth)
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A

l
(12a (-2 ) (2, - )]

+2ab(b — a)|f' (@)If'(b)| {(J‘ll/z(l —Ol1- tldt) (gﬂwdt)

where
(- )ly—tldt—Cl(y)—_“;.Fﬁ_%_l_é'
1/2 1
f/ tlu—tldt = Cz(ﬂ)—“?_g -
[L,a=-Dl=tldt=C) = -2+ 22 -2 41
1 _ Ao
12 Lﬁ( )M—tMt Cs(M) = ;;7+§+?
fo ( )|ﬂ_t| qut_Dl(ll,q,ab) fo t|#_f|ﬁdt=D2(u,q,a,b)
t

1 1
IRCEDnIVE tlA—?th =D;(q.a,b), [}, (t-3) 1A~ t%th =D,(A,q,a,b)

which completes the proof.

In the following, Hermite-Hadamard type and Simpson type integral inequalities are obtained
in special cases of A and p.
Corollary 1. Under the assumptions of Theorem 9 with A = p = 2 the inequality (2.2) reduced to
the Hermite-Hadamard type following inequality

b
L@@ _ 2" 10 gy < 2ab(b - @)If'@)If'B)]
a

IO W RN ) 1_1
<[ @i G aas)+ e Q)0 G aan) o Q)i (G aan) +
C

1L Lo
q(= q(_=

@0 G )|

Corollary 2. Under the assumptions of Theorem 9 with © = 0 and A = 1, the inequality (2.2)

reduced to the following Hermite-Hadamard type inequality

Zab ab b f(u)

Ir (22 m < d|<2ab(b—a)|f(a)||f(b)l

1 1

"(O)D"(O q,a,b) + C "(O)Dq(O q,a,b) +C q(l)D;(l,q, a,b) +

q(l)D (1,q.qa, b)]

Corollary 3. Under the assumptions of Theorem 9 with =% and 1 = 2 the inequality (2.2)
reduced to the following Simpson type inequality

3[f(a)+f(b)+ f(zab>]_“b f(”)d <2ab(b—a)|f’(a)||f’(b)l

a+b b—aa

<[ @ q,ab)+c ()01 (Eg.ab)+es 1 (20! (S0.ab) +
6 @0} Ga.as)]
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Corollary 4. Under the assumptions of Theorem 9, If we take ¢ = 1 in the inequality (2.2), then
we have the following inequality:

If().,/l, a, b) < Zab(b - a)lf,(a)”f,(b)l
X [Dy(u,1,a,b) + Dy(u, 1,a,b) + D3(4,1,a,b) + D,(4,1,a, b)].

Theorem 10. Let f: I c (0,00) = R be a differentiable function on I° such that f' € L[a, b],
where a,b € I° with a < b. If the function |f’|? is multiplicatively harmonically P-function on

[a, b] for some fixed g > 1, %+$= land 0<pu < % < A <1, then the following inequality
holds

I a,b) < 2ab(b — D)l @IIf ()]
x {ci(u. P)D{(q,a,b) + C(1,p)DE(q, a, b) +C5 (4, p)D3(q,a, b) + C} (A, P)Dg(q, a, b)} (2.4)

where

CsGup) = ;" (G- ¢) lu—tirde = (5 - ) [Hp+1+(%-u)p+l] + ["”*2-(§-u)p+z].

p+1 p+2

_yp+2

1/2 uPi+ p+1 i e ©
Co(wp) = [, "tlu—tlPdt = [ ] [

e /1)17+1] [ —p —a- /1)1’“]

p+1 p+2

Ce(A,p) = fll/z (t _ %) 12— tPdt = (A B %) [(A_E)PH 1 p+1] B [ p+ +(; A)P+ ]

p+1 p+2

C@p) = f,( = DlA - tlPde = (1~ 2) [

Proof. Since the function |f'|? is multiplicatively harmonically P-function on interval [a, b] and
using Lemma 1 and Holder-Iscan integral inequality, we have

I;(A, i, a,b) < 2ab(b —a){(fl/z (G-t)lu- tlpdt) (f”z (- t)wdt)l

A

1 1
+(f1/2t|y |pdt)p( [2 QI (”)'th)

t

(120 01 = e (55,00 - 0 L0t g )
+(f(e=2) - tlpdt)%( fiya (= 3) FHEEE (”)'th)a}
< 2ab(b - D)lf"@IIf' ()] {( LPG=t) - t|pdt)% (17 (- ¢) a7 dt)%

+ (fol/z tlu— tll’dt)i (f01/2 tAt_qut) (f1/2(1 A - tlpdt) (fl/z(l _ t)A_qut)

+ (fll/z (t B %) 2= tlpdt) (fl/z (t h ') _zth) }

here it is seen by simple computation that
Ds(q,a,b) = fl/z (— - t) A%t =

[AL‘Z‘I (4,a) - L2322 (4,0)],

2(b -2q -2q+1
1/2 -2 2q+1 2
De(q,a,b) = [,""tA, 9dt = - a)[ _ZZH(A a) — aL_ZZ(A, a),
D,(q,a,b) =[] (1= A dt = O [bng (b,A) - L3111 (b, )],
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1 1 - — -
De(q.a,b) = [}, (t—z) A7t = (b S0 0,4 - AL b, D).

Therefore, the proof is completed.

In the following, Hermite-Hadamard type and Simpson type integral inequalities are obtained
in special cases of A and p.
Corollary 5. Under the assumptions of Theorem 10 with A = p = % the inequality (2.4) reduced
to the following Hermite-Hadamard type inequality

st ] < 2066 - Ol @IS

2 b-a aq u2
X {CS% G,p) Dé(q, a,b) + Cg G,p) Dg(q, a,b) +C;7 (E,p) D;(q, a,b) + Cg G,p) Dé(q, a, b)}.

Corollary 6. Under the assumptions of Theorem 10 with 4 = 0 and A = 1, the inequality (2.4)
reduced to the following Hermite-Hadamard type inequality

du| < 2ab(h ~ ) @IIf (B

f Zab __ab f(u)
a+b b-aq u2

1 1 1
X {Cg (0, p)D5 (q,a,b) + CZ(0, p)D6 (q,a,b) +C;’(1, p)D7 (g,a,b) + Cé’(l, p)Dg(q,a, b)}.

Corollary 7. Under the assumptions of Theorem 10 with = % and A = Z the inequality (2.4)
reduced to the following Simpson type inequality

[f(a)+f(b)+ f(zab)] _a_bb%du| < 2ab(b — a)If' (@IIf' (B

3 a+b b-aqg

. ) 1 E 1 . 1
x {Cg’ (g,p) D;’(q, a,b) + Cé’ (g,p) D¢(q,a,b) +C7 (g,p) Dj(q,a,b) + C§ (g,p) Dg(q,a, b)}-
Remark 2. Since |f'(x)|? =x and |f'(x)|? =e* are multiplicatively P-functions, by
1

considering |f’'(x)| = x4,x > 0 and |f'(x)| = e* functions, applications can be made for the
above two theorems and the results of these theorems.
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