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ABSTRACT 

 

In this paper, an important integral equality is derived. Then, we establish several new inequalities for some 
twice differentiable mappings that are connected with the celebrated Hermite-Hadamard type and Ostrowski 

type integral inequalities. Some of the new inequalities are obtained by using Grüss inequality and Chebyshev 

inequality. The results presented here would provide extensions of those given in earlier works 

Keywords: Hermite-Hadamard inequality, Ostrowski inequality, Grüss inequality, Čebyšev inequality, 

Hölder inequality. 
 

 

1. INTRODUCTION 
 

In 1938, Ostrowski established the integral inequality which is one of the fundamental 

inequalities of mathematics as follows (see, [19]): 

Let R→],[: baf  be a differentiable mapping on ),( ba  whose derivative 

R→


),(: baf  is bounded on ),,( ba  i.e., .)(sup
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for all x in ].,[ ba   The constant  
1

4   is the best possible. 

Inequality (1.1) has wide applications in numerical analysis and in the theory of some special 

means; estimating error bounds for some special means, some mid-point, trapezoid and Simpson 

rules and quadrature rules, etc. Hence, inequality (1.1) has attracted considerable attention and 

interest from mathematicians and researchers. Due to this, over the years, the interested reader is 

also refered to ([1]-[4], [9], [12], [13], [15], [20]-[28]) for integral inequalities in several 
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independent variables. In addition, the current approach of obtaining the bounds, for a particular 

quadrature rule, have depended on the use of Peano kernel. The general approach in the past has 

involved the assumption of bounded derivatives of degree greater than one. 

Definition 1.  The function RR →],[: baf , is said to be convex if the following 

inequality holds 

)()1()())1(( yfxfyxf  −+−+  

for all ],[, bayx   and  .1,0  We say that f  is concave if )( f−  is convex. 

The following inequality is well known in the literature as the Hermite-Hadamard integral 

inequality (see, [8]): 

 

      (1.2)                                                    

where RR →If :  is a convex function on the interval I  of real numbers and 

Iba ,  with ba  . 

A largely applied inequality for convex functions, due to its geometrical significance, is 

Hadamard's inequality, (see [7], [29]-[33]) which has generated a wide range of directions for 

extension and a rich mathematical literature. 

Integration with weight functions is used in countless mathematical problems such as 

approximation theory, spectral analysis, statistical analysis and the theory of distributions. Grüss 

developed an integral inequality [14 in 1935. The integral inequality that establishes a connection 

between the integral of the product of two functions and the product of the integrals is known in 

the literature as the Grüss inequality. The Grüss inequality is as follows. 

Theorem 1. Let f   R→bag ,:, be integrable functions such that ( )  xf  

and ( )  xg  for all ],,[ bax  where  ,,,   are constants. Then 
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where the constant 
4
1

is sharp (see, [14]). 

In [18, p.40], Čebyšev's inequality is given by the following Theorem: 

 Theorem 2. Let f   R→bag ,:, be integrable and monotone functions on ( )ba,   and 

let p  be a positive and integrable function on the same interval. Then  
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with equality if and only if one of the functions gf ,  reduces to a constant f  and g  are 

monotone in the opposite sense, the reverse inequality holds. 

In [5], Bullen proved the following inequality which is known as Bullen's inequality for 

convex function. 

Let RR →If :  be a convex function on the interval I  of real numbers and 

Iba ,  with .ba   The inequality 
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In this study, using twice differentiable functions, we give new inequalities that are connected 

with the celebrated Hermite-Hadamard type and Ostrowski type integral inequalities. The results 

presented here would provide extensions of those given in earlier works. 

 

2. MAIN RESULTS 

 

In order to prove our main results we need the following lemma: 

Lemma 1. Let f RR →I:  be twice differentiable function on 
I  (the interior of the 

interval I ) such that  baLf ,  where 
Iba , with ba  . Then the following 

identity holds: 
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where  1,0h  and .
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abab hbxha −− −+   
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By integration by parts twice, we have 
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If we arrange the equality (2.2), then we obtain desired equality (2.1). Hence, the proof is 

completed. 

Remark 1.  In Lemma 1, let 1=h  and .
2

bax +=  Then, we have the equality 
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which is proved by Kirmaci and Dikici in [16] and Minculete et. al in [17]. 

Theorem 3.  Let f RR →I:  be twice differentiable function on 
I , the interior of the 

interval ,I  where 
Iba ,  with ba  . If ( ) R→ baf ,:  is bounded on  ba, , 

denote 
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for all  1,0h  and .
22

abab hbxha −− −+   

 Proof.  We take absolute value of (2.1). Using bounded of the mapping f  , we find that 
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and the proof is thus completed. 

Remark 2. If we choose 1=h  with 
2

bax +=  in Theorem 3,  then we have the following 

inequality 
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which is given by Dragomir and Sofo in [10]. 
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 Remark 3. If we choose 0=h  and 
2

bax +=  in Theorem 3, then we have the following 

midpoint inequality 
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which is given by Cerone et al. in [6]. 

Theorem 4.  Let f RR →I:  be twice differentiable function on 
I , the interior of the 

interval ,I  where 
Iba ,  with ba  . If f   is belong to  ,,baLp  1p  and 

,111 =+
qp

 then we have the inequality 
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for all  1,0h  and ,
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abab hbxha −− −+  and where ( )qpB ,  is Euler's Beta 

function. 

 Proof . We take absolute value of (2.1). Using Hölder's inequality, we find that 
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We need to calculate the integral K  to prove the theorem. 
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Now, we calculate four integrals above . For integral 1I , using the change of variable 

uhat ab
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and, for integral 4I , using the change of variable uhhbt abab
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Before calculating the other integrals, let us define that  
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If we use the change of variable uat =−  for 2I  and utb =−  for ,3I  then we get  
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Substituting (2.6- (2.9) in (2.5), we obtain the equality 
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If we substitute the equality (2.10) in (2.4), then we easily deduce the required inequality (2.3) 

which completes the proof. 

Corollary 1. Let f  be as in Theorem 4. If we use the equality 
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where 1q  and Nq , then we obtain 
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Corollary 2. Under the same assumptions of Theorem 4 with 
2

bax +=  and ,1=h  then the 

following inequality holds: 
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Remark 4. If we choose 
2

bax +=  and 0=h  in Theorem 4, then we have the following 

midpoint inequality 
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which is proved by Dragomir et al. in [11]. 

Theorem 5. Let f RR →I:   be twice differentiable function on 
I (the interior of the 

interval I )  such that  baLf ,   where 
Iba , with ba  .  If the mappings 
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The inequality (2.12) and (2.13) are multiplied by ax−  and ,xb −  respectively. Then, 

these two inequalities are added, we have 
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The inequality (2.15) and (2.16) are multiplied by ( ) 2/ax −  and ( ) ,2/xb −  

respectively. Then, these two inequalities are added, we have 
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Because of (2.14) and (2.17), we easily the deduce required inequality (2.11) which completes 

the proof. 

Remark 5. In Theorem 5, let 1=h  and .
2

bax +=  Then we have the inequality 
 

M.Z. Sarıkaya, S. Erden, H. Budak        / Sigma J Eng & Nat Sci 37 (1), 187-205, 2019 



197 

 

( )

( ) ( )
( )

( )

( )















 +
+







 +


−


−
−







 +
+







 +

















 +
+







 +


−



4

3

4

3

128

1

222

1

4

3

4

3

64

2

2

ba
f

ba
f

ab

dttf
ab

bfafba
f

ba
f

ba
f

ab

b

a

 

 

which is proved by Kirmaci and Dikici in [16] and Minculete et. al in [17]. 

Corollary 3. Under assumptions of Theorem 5 with 0=h  and ,
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2

1

2

1

2

1
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2
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                                                        (2.19) 

 

Here, we have that 
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                                                                     (2.20) 

 

and 
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( ) ( )

( ) ( ) ( ) ( )
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2
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                                                                           (2.21) 

 

Now, we calculate bounds ,m  ,n  


m  and 


n  
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On the other hand, 
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( ) ( ) ( ) ( ) ( ) ( ).     , xfbfdttfafxfdttf

b

x

x

a

−=−=                                            (2.28) 

 

If we substitute (2.20)-(2.28) in (2.19), then we obtain the inequality (2.18) which completes 

the proof. 

Corollary 4. In Theorem 6, let 1=h  and .
2

bax +=  Then we have the inequality 
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Corollary 5. Under assumption of  Theorem 6 with 0=h  and ,
2

bax +=  we have the 

inequality 
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“For convenience, we give the following notations used to simplify the details of the next 

theorem, 
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( )( ) ( ) ( ) ),(6 xbkxfbfdtktf

b

x

−−−=−=                                                (2.34) 
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Theorem 7.  Let f RR →I:  be twice differentiable function on 
I ,

Iba , with 

ba  . If  baLf ,   and Kfk   for all  bax , , then we have the inequality 
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for all  1,0h  and .
22

abab hbxha −− −+   
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Proof. From Lemma 1, we have that 
 

( )fSabII h)(265 −=+                                                                                                  (2.42) 
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By integration by parts, we obtain 
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Also, we have 
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Using Chebychev  integral inequality, we find that 
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Substituting equalities (2.29)-(2.31) in inequality (2.47) and from (2.43), we have 
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Substituting equalities (2.32)-(2.34) in inequality (.49) and from (2.45), we have 
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Adding (2.51) and (2.52), we obtain  
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In a similar way, if we use equalities (45)-(50) and inequalities (32), (34), then we get 
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Using the inequalities (2.53), (2.54) and the equality (2.42), we obtain the inequality (2.41) 

which completes the proof. 
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Remark 6. If we choose 1=h  and 
2

bax +=  in Theorem 7, then Theorem 7 reduces to 

Theorem 4 in [16]. 
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