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Abstract

In this study, we give some new notions such as intersection, union and complement on interval-valued neutrosophic sets and introduce
basic properties related these notions.
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Aralik-Degerli Neutrosophic Kiimeler Uzerinde Baz1 Kavramlar

Oz
Biz bu c¢alismada aralik-degerli neutrosophic kiimeler iizerinde arakesit, birlesim ve tiimleyen gibi bazi yeni kavramlar verdik ve bu
kavramlar ile iligkili temel 6zellikleri inceledik.
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1. Introduction

Fuzzy set theory [1] was put forward to develop solutions to
problems involving uncertainty. A fuzzy set is characterized with
the help of a membership function. In the set A, the degree of
belonging of an element to the set is p,(x), while the degree of
non-belonging is naturally 1 — p4(x). Thus, the sum of the
degrees of belonging and non-belonging is equal to 1. However,
this approach is not an effecctive method in dealing with
uncertainty in real life applications. Because the sum of the
degrees of belonging and non-belonging can be less than one. For
this reason, Atanassov [2], by adding the nonmembership function
to the membership function in fuzzy sets, introduced the
intuitionistic fuzzy set theory which is a generalized version of the
fuzzy set theory for more precise measurements of belonging. By
adding the uncertainty function as a third component to the
membership function and the non membership function,
neutrosophic set theory which is a special case of fuzzy logic
introduced by Smarandache [3]. In neutrosophic sets, the correct
membership function and the non-membership function are
independent from each other, and this situation making it more
flexible and more realistic than modeling using intuitionistic
fuzzy sets. Wang et al. [4] defined the concept of a single valued
neutrosophic set for convenience in applications. For precise
membership measurements, Zhang et al. [5] extended single-
valued neutrosophic sets to interval-valued neutrosophic sets and
described some operations related to these sets. Lupianez [6]
examined the relations between interval neutrosophic sets and
topology. In our study, some notions are defined on interval-
valued neutrosophic sets (ivns). Then, considering these defined
notions, some fundamental theorems for interval valued
neutrosophic sets (ivns) are proved.

2. Preliminaries

Definition 2.1 [1] Let X # @ be a set. The function u: X — [0,1]
is called fuzzy subset and is defined by u = {(a,u(a)):a €

X, u(a) € [0,1]}
Let ¢ and v be two fuzzy subset of X. Then,
u <vifand only if u(a) < v(a) forall « € X.

Definition 2.2 [7] An interval-valued fuzzy set u on the universe
X # @ isamapping p-:X — [0,1] such that the membership degree
of @ €X is given by pu(a) = [u(a)!, u(a)*] € [0,1], where
u(a)t and u(a)* denotes the lower and the upper bound of u(a),
respectively.

Definition 2.3 [8] A neutrosophic set A on the universe X is
defined as

A={{aTy(a),l;(a), Fy(a)),a € X}, where the functions
T,1,F:X — [0,1] define a truth-membership, an indeterminacy-
membership and a falsity-membership functions of an element
a € X for a set A, respectively, with the condition —0 < T, () +
Li(a) + Fy(a) < 3%.
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3. Some Notions on Interval-Valued

Neutrosophic Sets

Definition 3.1 [9] An ivns A over X is characterized by truth
membership function T4 («), indeteminacy membership function
1(a) and falsity membership function F4(a) of an element a €
X for a set A, respectively, and defined by A=
{{a,Ti(a), 1(a), Fi(a)): a € X}. For all @ € X, one has that

Ti(@) = [Tj(a), T} (a)]

1i(@) = [13(a), I} ()]

Fi(@) = [Fi(a), F}(@)]

The family of all ivns over X is showed by IVN (X).
Definition 3.2 Let A € IVN(X). Then,

i. IfA = {(a,[0,0],[1,1], [1,1])|a € X}, then A is called empty
ivns and denoted by @.

ii. If A= {(a[1,1],[0,0],[0,0])|c € X}, then A is called
totally ivns and denoted by £.

iii. The complement of A is defined by

A = {(@[Fi (@), FH@)] [1 - @)1 - (@),
[T1(), T (@)])|a € X}
forall ¢ € X.

Definition 3.3 Let A, B € IVN(X). Then 4 is said to be ivn
subset of B iff

Ti(a) < Tj(a) Ti(a) < T ()
Ii(a) = Iy(a) (@) = I ()
Fi(@) = Fi(a) Fi'(a) = F¥ (@)
for all @ € X. This situation is denoted by A € B.
Definition 3.4 Let A, B € IVN(X). Then,
i. The intersection of A and B is defined by
AR B = {{a, [min{T}(a), T} (a)}, min{T; (), T§ (@)}],
[max{I;(a), I(@)}, max{l} (a), I3 (a)}],
[max{Fj(a), F§ ()}, max{F} (@), F§ (@)}])
la € X}
foralla € X.
ii. The union of A and B is defined by
AQ B = {{a, [max{T; (@), Ty(e)}, max{T; (), T (a)}],
[min{I;(a), I (@)}, min{l; (@), If (2)}],
[min{F;(a), F5 (@)}, min{F} (), F§ ()}])
la € X}
forall ¢ € X.

It is clearly seen that intersection and union of two ivns are ivns.

Theorem 3.5 Let A € IVN(X). Then,
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. ARp=9, ARNR=A
ii. ADp=4, A00=20
Proof. Let’s consider ivns A on X as follows.
A = (@ [Ti(a), T} (@], [1i(@), I§ (@)],
[Fi(@), Fi(@)]): a € X}
1. Foralla € X,

AR = {(a, [min{T;(a), T;(a)}, min{T} (a), Tj ()]},
[max{l(@), I ()}, max{L (@), I ()},
[max{F;(a), Fj(a)}, max{F} (), Fy (a)}])

|a € X}

= {(a, [min{T(a),0}, min{T} (@),0]},

[max{I}(a),1}, max{I}(a),1}],
[max{F}(a),1}, max{F}!(a),1}])

|a € X}

= (@ [0,0], [LA],[L1])]x € X} = &

The case A N £2 = A can be shown similarly.

ii. Foralla € X,

400 = {(a, [max{T}(a), T4(a)}, max{T} (@), T# @]},
[min{lfi(a), I}Z(a)}, min{I} (a), I} (@)}],
[min{Fj(a),Fé(a)}, min{F}i‘(a), Fg(a)}])

la € X}

= (@ [max{T(e), 13, max{T} @11},

[min{I} (a),0}, min{I}(a),0}],
[min{F;(a),0}, min{F}'(a),0}])

|a € X}

= {{(a,[1,1],[0,0],[0,0])|a € X} = 02

The case A U @ = A can be shown in a similar way.

Theorem 3.6 Let A, B, C € IVN(X). Then,

i ARB)AC=AABAC)
i (AOBYOC=A0@BO0)
ii. ANBOC)=UAAB)TMAAC)
iv. AO(BAC)=(A0E)AO )
Proof. Let’s consider ivns 4, B and € on X as follows.
A = {(a, [T(@), T} (@))], [Li(@), [ (@)],
[Fi(@), Fy (@)]):a € X}
B = {(a, [T(@), T3 ()], [13(), I3 (@)],
[F (@), F§ (@)]): « € X}

¢ = {(a, [T (@), T (@)], [IE (@), IE ()],
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[Fé(a), FE (@)]): @ € X}
i. Forall a € X,
(AN B) A € = (@ [min{min{T}(a), Tj(a)}, Ti(@)},
min{min{T;' (@), T ()}, T¢ (a@)}],
[max{max{L;(a), I;(a)}, I}(x)},
max{max{I} (a), I5 (@)}, I (a)}],
[max{max{F;(a), Fi(«)}, F;(a)},
max{max{Fj (@), Fy (@)}, F (a)}])}
= {{a, [min{T}(a), min{T}(a), T{(®)}},
min{T; (a), min{T§ (a), T} (a)}}],
[max{I}(a), max{I(a), I:(®)}},
max{ly (a), max{ly(a), I (®)}}],
[max{F{(a), max{Fj(a), F(«)}},
max{Fj (a), max{Fj (), F¢ (a)}}])
=AAN(BAOC)
ii. It is straightforward.
iii. Forall x € X,
AN (BOC) = (a, [min{T;(a), max{Tz(a), Te(0)}},
min{T}' (), max{Ty (a), T¢' (@) }}],
[max{l} (@), min{l;(a), I¢(@)},
max{lj (&), min{ly (a), I¢ (@)}}],
[max{F§(a), min{Fj(a), F&(a)}},
max{Fj (a), min{Fy (), F{ (@) }}])
la € X}
= {{a, [max{min{T;(a), Ty(a)}, min{T;(a), T¢ ()},
max{min{T;' (@), T} (@)}, min{T;' (a), T} (a)}}],
[min{max{I}(a), I} (@)}, max{I}(), I:(a)}},
min{max{Il} (a), I} (@)}, max{I} (a), I («)}}],
[min{max{F}(a), Fi(a)}, max{Fi(a), F;(a)}},
min{max{Fj (), F§ (@)}, max{Fj (a), F§ (a)}}])
la € X}
=(AAB)TUAAC)
iv. It is straightforward.

Theorem 3.7 Let A and B be two ivns on X. Then,

. AAB)=4A0B

i. A0OB)=ANB
Proof. Let’s consider ivns A and B on X as follows.
A = (@ [T;(@), T} @))], [1i(0), [ (@], [Fi(@), F ()])

|a € X}
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B = {(a, [T5(@), T§ (@)], Uz (), I3 (@], [F5(a), F (@)]) [min{1 — I} (@),1 — I} (@)}, min{1 — I} (a), 1 = I;(a)}],

|a € X} min{T; (@), Ty (@)}, min{T} (@), T§ (@)}]) la € X}

i. Forallx € X = {(a, [F{(a), F} ()], [1 = I{ (@),1 = [{()], [T} (@), T} (@)])

AN B={{a, [min{T(a), Ty ()}, min{T} (@), T3 ()}], la € X} 0 {(a, [F§ (@), F{ ()], [1 - I§ ()1 = I5(@)],
[max{I} (), I;(a)}, max{I}(a), I} (@)}], [TL(a), T (@)])]a € X}

[max{Fj(a), Fj(a)}, max{F} (a), F} (a)}]) _7AuB
la € X} ii. It is straightforward.

(A A B)={{a, [max{Fj(a), Ff(«)}, max{F}'(a), F¥(2)}],

4. Conclusions

Many types of operations are available in interval-valued
neutrosophic sets, which not only handle uncertainty but also
preserve the data in a very nice way. In the present paper we have
introduced some operations. These operations are very flexible
and useful generalizations of existing operations available in
interval-valued neutrosophic set theory. It is hoped these newly
introduced concepts will find their applications in many fields
soon.
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