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Abstract
This paper deals with the existence, uniqueness, and energy decay of solutions for a degenerate hyperbolic
equation given by

K(x,t)u" —M (/ |Vu|2dx> Au—Au' =0,
Q

with operator coefficient K (x,¢) satisfying suitable properties and M(-) € C'([0,)) is a function such that the

greatest lower bound is zero. For global weak solutions and uniqueness, we apply the Faedo-Galerkin method.
For the exponential decay, we use a theorem due to M. Nakao.
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1. Introduction

In this work, we will be focused on the existence, uniqueness, and exponential decay of global weak solution to the problem
associated with the degenerate hyperbolic equation

K(x,0)u"" —M </ |Vu|2dx> Au—Au' =0,in Q=Qx (0,T), (1.1)
Q

u(x,t) =0, onX=9Q x (0,T), (1.2)

u(x,0) = up(x), u'(x,0) =u;(x), x € Q, (1.3)

where Q is a bounded open set of R" (n > 1), with smooth boundary dQ and T > 0 is a fixed but arbitrary real number. u(x,?)
represents the transversal displacement of a spacial variable x = (xq,xp,- - -,x,) € R" at time ¢ > 0, &’ denotes the derivative
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of u with respect to time. M(-) is a C'([0,0)) function such that M(1) > 0, for all A € [0,) and the operator coefficient
K(x,t) € C'([0,T], L (Q)) satisfying suitable properties. By standard notation,

n

Vue)2 =Y,

i=1

o, and Au(x,r) = ,:Zl 8x12

du(x,1) |2 L 9%u(x,t
ulx) ‘ M is the Laplace operator.

Equation (1.1) with K(x,#) = 1 has its origin in the nonlinear vibration of an a stretched string and was considered in [1].
Existence of global solution was proved for K(x,7) > 0 and M = 1 in [2], see also [3]. For a background and physical properties
of this model we refer the reader to [4]-[7].

In fact,

u”M(/ |Vu2dx>Au+au'OinQQx(O,T), (1.4)
Q

when M(A) > mg > 0 is known as non-degenerate, and for @ = 0, global solutions have been obtained by several authors under
various assumption, see [8]-[13].

The operator coefficient K (x,#) plays an important role in the asymptotic behaviour for equation (1.1). The energy of the
equation (1.1) is given by

E() = 5 [IK"24 () + Fi(aute))
being

M(t) = /0 " M(s)ds (1.5)
and

a(u,v) = / VuVvdx the Dirichlet’s form, for which we write a(u) instead of a(u, u).
Q

When K (x,t) = 1, for non-degenerate case, with & > 0, exponential decay properties was studied in [23]-[26]. However,
the decay rate of the solutions is not so fast in the degenerate case. In fact, in [1], for example was showed that the problem

(1.4) was a polynomial rate of decay given by E(¢) < cr (&),
Another example presented by J. G. Dix [27], fully transcribed here, shows that decay of solutions is not necessarily
exponential. Consider for Q = (0,27) € R,
u'—M (||ux||2) U+l =0, x€Q, 1> 14V2,
1
u (x, 1+ \f2> = ﬁel/“*ﬁ) sin(x),
1
u (x, 1+ ﬁ) = ﬁel/(”ﬁ) sin(x),
u(0,1) =0, u(2m,t) =0, fort > 142,

where M is the non-negative and continuous function defined as

16

1 .
M(r) _ —ln2(r)(4—4ln(r)—1n2(r)), if1< ’,SeZ/(lJr\/i)7
0, otherwise.

1
Then u(x,t) = ﬁel/’ sin(x) is a solution. Since

1 1 2 1
W = 772”’ u'= <t4 + t3> Uy Uy = ﬁel/’COS(x)7 Uy = —U,
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1 2 1
ut||> = €*/", and M(e/") = G-y gforr>14 V2, it follows that u satisfies the initial-value problem. Notice that |[u/||

1
decays polynomially rather than exponentially as t — oo. In fact, ||u/||> = t—4e2/ r

Moreover, when is considered the nonhomogeneous equation u” — M (||ux||?) ux +u’ = f(x,t), and a general non-constant
function M, in spite of the convergence of Hu’ || to zero remains illusive, that is, was not verified it and was not presented a
counter-example, was proved in [27] that if || f(x,?)|| is square integrable on [0,0) then ||u/|| is square integrable on [0, o).

On the other hand, when the greatest lower bound for M () is zero, the equation (1.4) is known as degenerate, see [14]-[16].
The degenerate equation (1.1) studied in this manuscript has been considered in just a few publications, see for instance [17, 18]
and references therein.

It is well known that the Cauchy problem is well-posed for strictly hyperbolic differential equations. However, in dimension
one, the Cauchy problem associated with degenerate hyperbolic equations is not well-posed. See [19]. Despite this, nonlinear
degenerate hyperbolic equations are one of the most important classes of partial differential equations. We present some results
in the literature in several contexts. For linear and semilinear equations of Tricomi type, existence, uniqueness, and qualitative
properties of weak solutions to the degenerate hyperbolic Goursat problem, which play a very important part in applied
and engineering sciences, was established in [20]. In [21] was considered the generalized Riemann problem for the Suliciu
relaxation system in Lagrangian coordinates. The Suliciu relaxation system can be considered as a simplified viscoelastic
shallow fluid model. Recently, the mixed Cauchy problem with lateral boundary condition for noncharacteristic degenerate
hyperbolic equations was analyzed in [22], where, unlike other works on mixed Cauchy that the problems under consideration
are obtained in weighted spaces, authors obtained all solutions in classical Sobolev spaces. Then, in the context above, the
degenerate equation gives us a feature yield several striking phenomena that require new mathematical ideas, approaches, and
theories.

The outline of this manuscript is the following. In Section 2 we introduce the notation, necessary assumptions and the main
results. The proof of the existence theorem is performed in section 3, in three steps: approximate problem, a priori estimates
and passage to the limit in the approximated equation. The uniqueness of the solution is given in section 4. Finally in section 5
the asymptotic behaviour is studied where we prove the exponential decay by using the Nakao method.

2. Preliminaries and Main Results

Let Q C R” be a bounded open set with sufficiently smooth boundary Q. By H™(Q), m a non-negative integer, we denote
the Sobolev space of order m. For m =0, H*(Q) = L*(Q). Further, we set H"(Q) = the closure of Z(Q) in H"(Q), where
2(Q) is the space of infinitely continuously differentiable functions with compact support contained in Q. The inner product
and norm in L?(Q) and H] (Q) are represented by (-, ), | - | and ((-,-)), || - || respectively. The space H}(Q)NH?(Q) is
equipped with the norm |Au|.

As in [29] for T > 0 a real number and B a Banach space, we denote

1
T 5
([ moitgar)” <o if 1 p <o

supess ||u(t)||p < oo, if p=co.
0<r<T

L?(0,T,B) = | u mensurable from [0,T] into B

From now and on, let us assume that the volume density function K (x,) satisfies:

(H.1) K(x,1) € C'([0,T], L*(R)), K(x,¢) >0 and K(x,0) > Co > 0 for some Cy € R.

(H2) ‘%’ < y+C(y)K(x,1), for all y > 0.

In this manuscript, we deal with a degenerate case, then we consider that M(A1), A > 0, a real function satisfying

(H.3) M(1) € C'(]0,0)) with M(1) >0, for all, A > 0.

The well-posedness of problem (1.1) is ensured by
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Theorem 2.1. For ug, u; € H} (Q) NH?(Q) there exists a unique function u : [0,T] — L*(Q) with the following regularity

ueL™(0,T:H} (Q)NH*(Q)), 2.1)
W' € L*0,T; HY (Q)NH?*(Q)), (2.2)
u" € L2(0,T;HY(Q)), (2.3)

such that
K(x,0)u" —M (a(u(t)) Au—Ad’ =0 in L*(Q), (2.4)
u(x,t)=00n L=09Qx (0,T), (2.5)
u(x,0) = up(x), u'(x,0) = us (x), x € Q. (2.6)

Remark 2.2. From (2.1), (2.2), (2.3) we have that u € C°([0,T],H} (Q) NH*(Q)) and u' € C°([0,T],HL(RQ)) so the initial
conditions (2.6) are well set.

For asymptotic behaviour the exponential stability is given by

Theorem 2.3. Under the hypothesis of Theorem 2.1, the energy E(t) associated to equation (1.1) satisfies

E(t) < Coe™ ™, forallt > 0, where Cy and o are positive constants.

3. Existence of Solution

The aim of this section is to prove the theorem (2.1). For this goal, we use the Faedo-Galerkin method, a standard technique
well described in the book by Temam [30].

3.1 Step 1. Perturbed approximate problem
Let (wy)yen be a basis of H! (Q) N H?(Q) consisting of eigenvectors of the operator —A, that is,

_AW./:A’,/W‘I7 j: 1’2’...’,1’...
where 0 < Aj <Ay <+ <A, <o) Ay >0 asn — oo, wj 20=0, Jj=12, and V,, = [wi, -+, Wy istheH(}(Q)ﬂHz(Q)

subspace generated by the first m eigenfunctions.
Forallw €V, let

m
Uem(1) =Y gjem(t)wj, 0 <& <1,
=

be a local solution of the approximated problem

((K + &)ugy,v) +M(a(ttem)) attem, v) +a(ug,, v) = 0, Vv € Vyy (3.1
tem(0) = tiom — ug strongly in Hl (Q) NH?(Q), (3.2)
Uy (0) = 11, — uy strongly in Hl (Q) NH?(Q), (3.3)

which exists in a interval [0, T¢y, ), 0 < Tgpy < T, by virtue of Carathéodory’s theorem, see [28]. The extension of the solution to
the whole interval [0, 7] is a consequence of the following priori estimates.

3.2 Step 2. Priori estimates
(I) Replacing w = ul,,, (¢) in perturbed approximate equation (3.1), we get

1d ed 1 d 1 0K

ga(Ka Um) + §E|“§m|2 + EM(a(um)) Ea(u&‘m) + [t | 1> = E(E’“g")' (3.4)
From (1.5) we get

@ i(aluen)) = M(a(uen)) a(uen)

7 alUem)) = alUem d[a Ugm ),
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then, (H.2), (3.4) leads to

d .
o [+l P+ aaton) ] + 2 P < i+ CO) (K ),

where p'/? is the Poincaré constant. Performing integration from 0 to 7, 0 < r < T, we obtain

o~ 1 - t
(K )+ elt P+ Halten)) + (2= 10) [ el < (K O) i) + el -+ W aluon)) +C) [ (Kol s
(3.5)
Since K(0) € L*(Q), by using (3.2), (3.3) and choosing v < 2/C we obtain

ot

. t
(K.t ) el + M aluen)) + 2= 1) [ ol Pds < Cro4-C) [ (Kotid)ds, (6
being C; > 0 a real constant independent of €,m and ¢. Now, applying Gronwall’s inequality in (3.6), we come to
R t
(Kt )€ty |* + M (a(uten)) + (2 — w)/o | > ds < Ca,
with C, > 0 a real constant independent of €,m and . Therefore,
(K'/%u,,) is bounded in L*(0,T;L*(Q)),

(V/eu,,,) is bounded in L™ (0, T;L*(Q)),
(ul,) is bounded in L2(0,T; Hj (Q)). (3.7)

1
From (3.7) and of Fundamental Theorem of Calculus, that is, uen (t) = uen (0) + / ., (s)ds, we have
0

(tem) is bounded in L=(0,T; H} (Q)). (3.8)
(ID) Replacing v = u},,(r) in equation (3.1), we get

1d
(K tg) + €l + M (alttem)) alttems ) + 5 |t [* = 0. (3.9

Note that

M (alt)) ) = M ) | 5 e ) ()

= % [M(a(uem))a(usmal/t:-:m)] - ZM/(a(ugm))a(ugm,u/&.m)a(ugm’ uém) — M(a(uem)) a(”:.;m).

Thereby

/(:M(a(ugm)) a(ugm, ugm)ds < ‘M(a(uem))a(’/‘smv”fsm)} + |M(a(”0m))a(”0ma”/1m)|

+ 2/(:’M/(a(ug,,,))a(ugm,u’gm)2‘ ds +/0t’M(a(u8m))a(ufam)’ ds.
Since, M(A) € C'([0,0)), then

M(a(ugm)) < Sli]i{M(a,) 0<A< SllpHusmHLw((),T;Hé(Q))} <c

and

M (a(uem)) < sup{M(A1) : 0< A < SUPH”EmHLw(o,T;Hd(Q))} <&,

m>1

with ¢, ¢ positive constants independent of £,m and ¢.
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Then,

©

t t t
/OM(a(ugm))a(ugm,u’g'm)d §c||ugm||Hu'gm||+C3+25/0 |\u8m||2y|u;my|2ds+c/0 [P

From (3.7) and (3.8) we have

t
/ M (a(uem)) a(ttem, upy)ds| < Ca+ HulgmH2 , with C4, o positive constants independent of €,m and ¢. (3.10)
0
Integrating (3.9) from O to 7, 0 < ¢ < T, and using the estimate (3.10) we obtain
/ (K,ull2) ds+8/ |ull,|*ds+( 77(x)||u€m||2<C4 (3.11)

Choosing properly 0 < @ < 1/2 we obtain directly from estimate (3.11)

(K'2u ) is bounded in L2(Q),
(Veul,) is bounded in L*(Q),
(ul,,) is bounded in L™(0,T; H} (Q)). (3.12)

(IIT) Now we will get an estimate for u,,(r). At this point we have an additional degree of difficulty. We first obtain an
estimate for u},, (0). In this direction, taking t = 0 and v = u//,, (0) in equation (3.1) we obtain

((K(0), 3y (0)) + €]ttty (0)|* + M (a(ugm)) a(ttom, ey, (0))- + (e, (0)) = 0.
Since K(0) > Cp > 0 we have
(Co+ )|y (0)* < |M (a(utom)) Autonm + At |1, (0)],
therefore
|uf,,(0)] < & where & is a positive constant independent of &,m and t. (3.13)

Deriving the approximate equation (3.1) with respect to ¢ and making v = u,,, (f) we obtain

JdK d
(Kugzvule/m) + ( at u/elm’uam) + e(u/e/;muem) +— [M(a(uﬁ'm))] a(”&‘ma u/e/m) +M(a(u8m))a(uf€m7ugm) +a(u/£/m) = Oa

dt
that is,
L a2 LR ) S L P = 20 ) e e ) — M) ).
and then,
1d 2 " 2 2, C(n) n2y :
3% (K, tgy) + €|ug,, ]+ iz, | <C5+,uf|| ol +T(K Uy, ), with Cs independent of &,m and 7. (3.14)

Integrating (3.14) from O to ¢, we obtain

1 4 4 1
5 LK)+ elulyy P+ = d) [l Pds < Cs+C) [ (Kot s+ 5 [K0), 2 (0)) + el (O] . 315)

By using (3.13) and Gronwall’s inequality, (3.15) leads to

1 t
— [(K,uly) + elul,|*] + (1 - ,u%/)/ |ul,.||*ds < Cs, with Cg a positive constant independent of £,m and 7.
0

2
Therefore,
(K24 ) is bounded in L (0,T;L*(%)), (3.16)
(vVeul,) is bounded in L=(0,T;L*(Q)), (3.17)

(u ) is bounded in L2(0,T; H} (Q)). (3.18)
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(IV) Replacing v = —Aug,, in the approximate equation (3.1), we obtain
(K+ g)u’g’w —Auey) +M(auem)) a(uem, —Auem) + a(u:s‘m? —Augy) =0,

that leads us to

1d
——| = Augp|* < Ko| — Autep|[ul,| + €] — Arteyn|[uh,| 4+ M (a(ttem))|| — Atter|*, where Ko = max | supessK(x,s) ) .
2 dt 0<s<T \  xeQ

Performing integration from O to 7, using Young’s inequality and (3.18), we obtain
| — Attgm|? < C1+C /Ot | — Autgm(s)|ds.
Applying Gronwall’s inequality we get
| — Autey|? < Co. (3.19)
Then we obtain,
||u£m ||22 @ < (9, where the constants C7,Cg,Cg are positives and independent of €,m and z.
In fact we have the following regularity
(Uem) is bounded in L=(0,T; H?(Q)). (3.20)
(V) Replacing v = —Auj,, in approximated equation (3.1), we get
(K + €)tgyy, —Atdy,) + M(a(uem)) autem, —Aut,) + (i, —Aikey,) =0,
then,
| — Aty |* < Ko| — Aty |14y, | + 1M (a(tgm)) || — Autgrn|| — Atdy | + €1y, || — Auty .

Performing integration from O to #, using Young’s inequality, (3.18) and (3.19) we obtain

/Ot | Adl, (s)2ds < Cro + a/ot | — A, (5)|ds, thus (1 — o) /Ot | A, (5)2ds < Cio.
Then
H“/m”?ﬂ(g) < Cyp, Cig independent of &,m and .
Therefore
(ul,,) is bounded in L*(0, T; H*(Q)). (3.21)

3.3 Step 3. Passage to the limit
From estimates (3.9), (3.12), (3.16), (3.17), (3.18), (3.20), and (3.21), there exists a subsequence of (ug, ), denoted by same
way, such that,

Uem — uin L(0,T; H} (Q) NH?*(Q)), (3.22)
ul,, — ' in L*(0, T; H} (Q) NH?(Q)), (3.23)
up, —u’ in L2(07 T;H(; (Q)),

Veu! —0in L2(0,T;L*(Q)).

Kul,, — Ku" in L*(Q).
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From compact immersion Hj (Q)NH?(Q) — HJ (Q), by Aubin-Lions’s lemma [29] follows that u,, — u in L?(0, T; H} (Q)),
and s0 a(uey) — a(u) in L*(0,T), and, as M € C'(]0,0)) we obtain

M(a(ugm)) — M(a(u)) in L*(0,T).
From (3.22) and (3.23) we wave that Aug,, — Au in L*>(Q), and Aul,, — Au’ in L>(Q). Thereby,
M(a(uem))Auen — M(a(u))Au in L*(Q).
Now consider the approximated equation
(K +&)ull,, —M(a(uen))Augm — A, = 0.
Making the inner product in L(Q) by ¢ € L?>(Q) we obtain
(K + €)1, @) — (M(a(tem))Attem, @) — (At 9) = 0
Taking the limit with m — o and € — 0, we get
(K", @) — (M(a(u))Au, @) — (A, @) = 0, for all ¢ € L>(Q), and then (2.4) is proven.

The verification of the initial data (2.6) is obtained in a standard way.

4. Uniqueness of Solution

Consider u and u with the hypotheses of regularity (2.1), (2.2) of Theorem 2.1. Then, w = u — & is solution of the equation
Kw" — (M(a(u))Aw — [M(a(u)) — M (a(i))] At — Aw' =0, 4.1
with initial conditions
w(0) = 0and w'(0) =0. 4.2)

Taking the inner product in L?(€) on both sides of (4.1) with w,w’ and w” respectively, we get

(
(w

(K" w) + (M(au))a(w) + [M(a(u)) — M(a(@))] a(@,w) +a(w',w) =,
(K" ')+ (M (au)a(w, w') + [M(a(u)) — M(a(@)] a(@w') +a(w') = 0,
(K.w") -+ (M(a(u))a(w,w") + [M(a(u)) — M(a(@))) a(@w") +a(w/,w") =0,
that is
(K )+ (0 () [+ [M (aa)) — M (@) ) + 5 [ =0,
L o) 20K ) (MGaa)) Ll P+ M a() M ()] i ') = O,
(Kw") + (M(a(u))a(w,w") + [M(a(u)) - M(a(@)]a(@w") + = L w2 = 0.

2dt

Adding the last three equations above and integrating from O to #, we obtain

t 1 1 1 1 t
[ w2y ds 45 (Kow) 4 50 al) P+ S+ 5 0+ [ /2

= [5G = o)~ MCatu) P~ Mlau)ao s

+/0 [M(a(@t)) — M(a(u))] la(@,w) + a(@,w') +a(i, w")] +M'(a(u))a(u7u’)IIW|lz}ds

Note that

1,0K

SO 2 /112 /2
5 (5 w?) < SCIWP +C(8) (K. W),
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and

t dK

t 1
/(Kw",w)ds:(Kw',w)f/(—,w’w)dsf/(K,wlz)ds
0 o Ot 0
"t t t
<l +C: [ 1w liwlds+C@)Cr [ Infllwlds+ [ (K.w?)s
Then we have,
! " m2 . G 2 ! /2
[ wyds < ol 2+ 2w+ [ kw2 ds
t t t
<alWIP+Co [ IwlPds+Cs [ wIPds+ [ (ko).
0 0 0

Besides that,

!

(M (a(@)) — M(a(u))] [a(@,w) +a(@,w') +a(i,w")] < [la(@) = au)[|@ll{|wil + [1z]]]1w'[| + lallw"]|

IM(S)

M (E) N Izl — eell Iz + el 1wl w1+ [l )
IM(&)

|M

IN

" —ulDCllall + [l w4+ w1+l 1)
NIl + D Al w1+ w1
< Collwll® +Callw'|I> +Cslw [[w"|

and
M(alw)alo”) =M(alu) | G atwn') =)
= < [M(au))alw,w')] — 2M (a(u)afu i ao, ) ~ M(a(w)a(o').
then,
[ Mtatuatm'yds < Gollwll I +Cuo [ Il lds-+cur [ I/12ds
< alw*+Ci [ IwlPds+Ci [P s
Therefore,
3 (Kow) -4 M)l + 5wl + (5200 ) P
< [ [0+ CONK )+ Mala)lwl+ CralbwlP +Cs 2] s+ [ [l s
Then,

(K, w'2) +M(a(u) [w]]® + [ wll* + (1 — 4) ||
< [ LK)+ MCa) Il + IwlP + (1= 40) [/ 2] ds+ [ ]l s
Now, we denote
(1) = (K, w'?) +M(a(u))[lwl* + [[w]]* + (1 — 4a) [ w']|*
and we obtain
o) <c [ p)ds+e [ (59! (5)ds, where gls) = W] € L'(0.7)

Then, we have @(¢) =0, for allz € [0,T] and finally w = 0, that is, u = & which proves the uniqueness of solution.
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5. Asymptotic Behaviour

In this section we prove the exponential decay of solution to the problem (1.1)-(1.3). Let start by present the following result:

Lemma 5.1 (Nakao’s Lemma, [31]). Suppose that E(t) is a bounded nonnegative function on R™, satisfying

supess E(s) <C[E(t) —E(t+1)], fort >0, where C is a positive constant.

1<s<t+1

Then, we have
1
E(t) <Ce ™, witha = ENE forallt > 0.

The main result of this section is given by the following theorem:

Theorem 5.2. Under the hypotheses of Theorem 2.1, the energy associated with the system (1.1)-(1.3) satisfies

E(t) <Ce ™, forallt >0, where C and @ are positive constants.

Proof. Multiplying (1.1) by u, and integrating over 2, we obtain

%% K20 (6)2 + M (a(u(r)) | + [l (1) |* = %%’“
By (H.2) we have
(O )] < Y0+ €O K1) < (5 + R ()

with

Ky = max (supessK(x,s)) , and > 0 is a constant such that |@|> < u||@||?, @ € H}(Q).

t<s<T x€Q

Whence follows that

%% [|1<1/2u’(t)|2 +A7I(a(u(t))} +[1 = pu(y+CK)] ' @)|I* <0,

where ¥ > 0 is sufficiently small such that 1 — u(y+C(y)Ko) > 0.
1 ~
Now, its important to remember that E(¢) = 3 {|K1/2u’(t)|2 +M(a(u(?)))] .

Integrating (5.1) from ¢ to ¢ + 1, we obtain

t+1 5 t+1 5 def
/ 1l (s)| dsg/.t/ i (5)|2ds < Cis [E(r) — E(t + 1)) % F2(¢), with Cis =
t t

The inner product in L2(Q) of (1.1) with u(¢) implies

d
dt

Integrating from ¢, to #, and by using (H.2) we have

/z:zM(d(u))a(u)df < Kolud' (t1)[[u(tr)| + Kolu' (t2)||u(12)

IR Iy
ko [ (5) Pds+ [ 10 ()] (s s
s 1

=l % (9)]Jus)l| ds + C (V) Koy / % ()] )| ds.

(1)), where, Bi(r) = /0 "M(s)ds.

1= u(r+C(nko) ~

Therefore, from (5.2), there exist #; € [t,t+ %] and 1, € [t + 3,7+ 1] such that |/ (t;)| < 2F(t), i=1,2.

(Kl (1), u(t)) = [K" 20 () + M(alu))a(u) + (o (1), u(t))) = (o (@), u(r)).

5.1)

5.2)

(5.3)
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Now,

M (a(u))a(u) > moa(u) = mol|u||*, where mg = o rnin( )M(s) > 0. (54)
<s<a(u

Then, by (5.2), (5.3) and (5.4), we obtain

t) 3 (5]
mO/ |u(s)||* ds < 4uKoF (r) supess |[u(s)| + C16F>(t) + fmo/ l|u(s)||* ds,
n

1<s<t+1 4 1

K7 | HC(V)KG
mo mo

1
where Cig = UKo+ — + > 0.
mo

Then we have,

: 4ukK, 4C
/2 lu(s)|2ds < Cr7F (1) supess u(s)|| +CisF2(1) < G2 (1), being C17 = ~P20 and Cpg = ., (5.5)
1 1<s<t+1 mo mo
From (5.2) and (5.5) we obtain
'ty
[ 1 WP+ )] ds < F20)+ G*(0). (5.6)
J1
Thus, by (5.6) there exists * € [t1,1,] such that [/ (£*)|* + ||lu(t*)||* < 2[F*(t) + G*(1)]. (5.7
Now, not that,
M(a(u((t*)))) < my||lu(e)|)? < 2mi[F?(t) + G*(t)], with m; =  max  M(s). (5.8)
0<s<a(u(r*))
From (5.7) and (5.8), we have E(t*) < Ci4[F>(t) + G*(1)]. (5.9)
1+1
Since that E(¢) is increasing, we obtain supess E(s) < E(t*) +[1 — u(y+ C(y))Ko/ | () ds. (5.10)
1<s<t+1 t

1
Now, by (5.2), (5.9) and (5.10), we get supess E(s) < C17[F*(t) 4 F () supess ||u'(s)|| < C1gF>(t) + = supess E(s).

t<s<t+1 t<s<t+1 t<s<t+1

Then, by (5.2) supess E(s) < C[E(t) —E(t+1)], where C;, i = 15,16,17,18 and C are positive constants.
1<s<t+1

1
Therefore, by Nakao’s lemma, we obtain E(1) < Ce™ ¥, with @ = o forallz > 0.

The exponential decay of the solution was been proven. O

6. Conclusion

We prove the existence, uniqueness, and exponential stability of the solution to a degenerate hyperbolic equation where the
greatest lower bound for Kirchhoff function M( ) is zero. We consider strong damping as a stabilization mechanism. We have
improved previous results in the literature, mainly because the exponential decay for this type of problem, as far as we know,
has not been previously considered.
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