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Abstract

Let n € Z* and X, = {1,2, ...,n} be a finite set. Let D,, be the order-decreasing full transformation
semigroup on X,,. In this paper, we find the left zero-divisors, the right zero-divisors and two sided zero-
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divisors of D,,. Moreover, forn > 4 we define an undirected graph I'(D,,) whose vertices are two-sided
zero divisors of D,, excluding the zero element 8 of D,,. In the graph, distinct two vertices @ and [ are

Diameter; Clique adjacent if and only if aff = 8 = Ba. In this paper, we prove that I'(D,,) is a connected graph, and we

number find diameter, girth, the degrees of all vertices, the maximum degree and the minimum degree in

I'(D,). Moreover, we give lower bounds for clique number and choromatic number of I'(D,,).

Sira Azaltan Donlisiim Yarnigruplarinin Sifir-Bélen Cizgesi

Oz

n € Z* olmak uzere X, ={1,2,..,n} sonlu bir kime olsun. X, (zerindeki tim sira azaltan

Anahtar kelimeler
Sifir-bélen gizge; Sira
azaltan déntsimler;

Cap; Klik sayisi

donustimlerin yarigrubu D,, olsun. Bu ¢alismada D,, yarigrubunun sol sifir bdlenleri, sag sifir bélenleri
ve iki-yonlii sifir bélenleri bulunmustur. Ayrica, n > 4 igin koseleri D,, yarigrubunun sifir elemani 6
disindaki iki-yonlu sifir bolenleri olmak tizere I'(D,,) yonsiiz gizgesi tanimlanmigtir. Bu gizgede a ve 8
farkl koseler olmak tzere bu iki késenin gizgede bir kenar olusturmasi igin gerek ve yeter kosul a8 =
6 = fa olmasidir. Bu g¢alismada I'(D,,) cizgesinin baglantili oldugu ispatlanmis olup, ¢gizgenin ¢api,
cizgedeki en kisa devir uzunlugu, tim koselerin dereceleri, en blyik derece ve en kiglik derece
bulunmusgtur. Ayrica, I'(D,,) gizgesinde klik ve kromatik sayilari igin bir alt sinir bulunmustur.
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graph of R is denoted by I'(R). DeMeyer et al. have

considered this definition on commutative

1. Introduction and Definitions semigroups, they found some basic properties of

The zero-divisor graphs were first defined on
commutiative rings by Beck (Beck 1988). The zero
element of ring is a vertex in the zero-divisor graph
within Beck’s definition, then the standart zero-
divisor graphs on commutative rings were defined
by Anderson and Livingston (Anderson and
Livingston 1999). Let R be a commutative ring and
Z(R) be the set of zero-divisor elements of R. The
zero-divisor graph of R is defined by the vertex set
Z(R)\{0} and distinct two vertices a and S are

adjacent if and only if aff = 0. The zero-divisor

zero-divisor graphs of commutative semigroups
(DeMeyer et al. 2002, DeMeyer et al. 2005). There
are some papers about zero-divisor graphs of some
special classes of commutative semigroups (Das et
al. 2013, Toker 2016). Redmond defined some zero-
divisor graphs for the noncommutative rings
(Redmond 2002). Let R be a noncommutative ring
and Zr(R) be the set of two-sided zero-divisor
elements of R. Then zero-divisor graph of R is
defined by the vertex set Z;(R)\{0} and distinct

two vertices @ and 8 are adjacentifand onlyif aff =
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0 = Ba. The zero-divisor graph of R is denoted by
['(R). If R is a noncommutative ring, then I'(R) does
not need to be connected graph. Moreover, these
definitions can be considered on noncommutative
semigroups. Let S be a semigroup with 0 (zero),
S§* = S5\{0} and

T(S) ={z € S|zx =0 = yzforsomex,y € S*}.

If T(S)\{0}# @, then we similarly define the
(undirected) zero-divisor graph I'(S) whose the set
of vertices is T(S)\{0} and distinct two vertices x
and y are adjacent by an edge if and only if xy =
0 = yx for some x,y € T(S)\{0} .

Recently, some properties of zero-divisor graphs of
Catalan monoid and zero-divisor graphs of partial
transformation semigroups researched (Toker 2021,
Toker 2021). In this paper, our aim is research of
zero-divisor graphs of order-decreasing
transformation semigroups. Let n € Z* and X,, =
{1,2,...,n} be a finite set. Let T}, and D,, be the full
transformation semigroup on X,,, order-decreasing
full transformation semigroup on X,,, respectively.

Then,

D, = {a € T,|(Vx € X;,) xa < x}.

D,, is a noncommutative semigroup for n = 3 and it
is also a monoid. Let 1, be the identity element of
Dy. Then x1p = x for all x € X;,. Umar studied
some algebraic properties of D,\{1p } (Umar
1992).

It is clear that |D,| = n! and 1a = 1 for all @ € D,,.
Let 8 € D,, suchthat x8 = 1forallx € X,,. Thenwe
have a8 = 6a = 0 for all « € D,;, so @ is the zero
element of D,. Throughout the paper, the zero
element of D,, is denoted by 6. Let D,,;” = D, \{6}
for n = 2. We define the following sets

L = L(D,) = {a € D,|aB = 6 for some B € D,,"},

R =R(D,) ={a € D,,|Ba = 6 for some B € D,,"},

T =T(Dy)
={a € D,|aB = ya = 6 forsomey,B € D,;"}

which are called the set of left zero-divisors, right
zero-divisors and two-sided zero-divisors of D,,.
ThenitisclearthatT = L N R.

For semigroup terminology see (Howie 1995) and
graph theory terminology see (Thulasiraman et al.
2015).

2. Preliminaries

In this section, we find the set of left zero-divisors,
right zero-divisors and two sided zero-divisors of D,,,
and then we find their numbers.

Lemma 2.1 letn > 2. If o, € D,, then aff = 0 if
and only if Im(a) € 1871. In particular, a? = 0 if

and only if Im(a) € 1a™ L.

Proof: Let a,f € D,,. If aff =0, then we have
x(aB) = (xa)p =x6 =1 for all x € X,,. So we
have yf =1 for all y € Im(a). It follows that
Im(a) € 1871, If Im(a) € 1871, then we have
x(aB) = (xa)p =1 for all x € X,,, it follows that
aff = 6.

Lemma 2.2 For n = 2, let L be the set of left zero-
divisors of D,, and R be the set of right zero-divisors
of D,. Then, L = Dy\{1p,}, R =
{a € D,| |[1a~1| = 2}. Moreover, |L| = n! — 1 and
IRl =n!—(n—1)L

Proof: Let n > 2. Let L be the set of left zero-
divisors of D, and a € D,\{1p, }. Then we have
Im(a) # X,, from the definition of D,,. Let B € T,
such that xf = 1 for all x € Im(a) and yB = 2 for
ally € X,\Im(a). Then we have f € D,,” and aff =
6. Thus, a is a left zero-divisor of D,,. If @ = 1) and
af = 0 for any B € D, then 8 = 6 since Im(a) =
X, and by Lemmaz2.1. Thus, 1Dn is not a left zero-
divisor of Dy,. So L = D,\{1p, } and it is clear that
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|L| = n! — 1. Let R be the set of right zero-divisors
of D,and a € {a € D,,| |1a™1| = 2}. Then we have
ta =1 for some t € X,,\{1}. Let § € T}, such that
xB =1forallx <tandxB =tforallx >t.Sof €
D,* and Ba = 6. Thus, «a is a right zero-divisor of
D,. lfa €D, and a & {a € D,| |1a™t| = 2}, then
we have xa # 1 for all x > 2 and 1a™! = {1}. Let
Ba = 6 forany § € D,,. Then we have Im(f) = {1}
by Lemma 2.1 and so f =6.If a €D, and «a &
{a € D,| |[1a™| = 2}, then a is not a right zero-
divisorof D,,. SoR = {a € D,,| |1a™1| > 2}. Let

B={a€D,||la"t| =1}
={a € Dy|1a™t = {1}}.

It is clear that |B| = (n — 1)!. Moreover, RUB =
D,, and RN B = @. So we have |R| = |D,,| — |B| =
n!l—(n—-1).

We have the following corollary since T=LNR
andR C L.

Corollary 2.3 For n = 2, let T be the set of (two-
sided) zero-divisors of D,,. ThenT = LN R = R. So
IT| =n!—(n—1).

3. Results and Discussions

Let G = (V(G),E(G)) be an undirected graph
where V(G) denotes the vertex set of G and E(G)
denotes the edge set of G. A graph whose edge set
is empty set is called as a null graph. If G does not
have any loops and multiple edges, then G is called
a simple graph. We consider simple graphs for the
following definitions. If u,v € V(G) and there is a
path from u to v, then it is said u and v are
connected vertices in G. If all vertices are connected
in G, then G is called a connected graph, otherwise
G is called a disconnected graph. A simple graph is
called complete graph if every pair of distinct
vertices is connected by an edge. The complete
graph on n vertices is denoted by K,,. Now we give
some examples about those definitons.

U1 Uy

[2) U3

Figure 1. (Complete graph with 4 vertices) K,,.
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° ° °
° ° °
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Figure 2. Null graph with 6 vertices.
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Figure 3. (Disconnected graph) G.

v, and v, are adjacent and connected vertices in G,
v; and v3 are not adjacent vertices but they are
connected vertices since there is a path from v, to
v3. There is not any path from v; to vy, so G is a
disconnected graph.

Let u,v € V(G), the length of the shortest path
between u and v is denoted by d;(u,v). The
diameter of G is denoted by diam(G) and defined
by

diam(G) = max{d;(u,v)|u,v € V(G)}.

The degree of a vertex v € V(G) is denoted by
deg;(v) and defined as the number of adjacent
vertices to v in G. Among all the vertex degrees in
G, the maximum degree in G is denoted by A(G) and
the minimum degree in G is denoted by 6 (G).
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The length of the shortest cycle in G is called girth of
G and it is denoted by gr(G). If G does not have any
cycles, then its girth is defined to be infinity. Let C
be the nonempty subset of V(G). If u and v are
adjacent vertices for all u,v € C in G, then C is
called a clique. The number of vertices in any
maximal clique in G is called clique number of G, it
is denoted by w(G). The chromatic number of G is
defined by the number of the minimum number of
colours required to colour all the vertices of G with
the rule no two adjacent vertices have the same
colour, and it is denoted by x(G).

Let I € V(G). If G' be a subgraph of G which has
vertex set I and edge set consists of all of the edges
in E(G) that have both endpoints in I, then G’ is
called (vertex) induced subgraph of G.

In this section, we prove that I'(D,,) is a connected
graph for n > 4. We find diameter, girth, the vertex
degrees, the maximum degree, the minimum
degree and we give lower bounds for clique number
and choromatic number of I'(D,,) for n = 4. In this
paper, we use I instead of I'(D,,). Let T* = T\{6}.
Then we have T* = V(I") and

IT*| = [n!—(n—1)!]—1.

Leta, B € V(). a and S are adjacent vertices if and
onlyifIm(a) € 1871 and Im(B) € 1a~! by Lemma
2.1.

Lemma 3.1 T is a connected graph forn = 4.

Proof: Let n > 4. Let & € T,, such that xa = 1 for
l1<x<n-1landna =2.50

Thena € V(T). Let § € V(I)\{a}, we will show that
there is a pathfrom ftoainT.

Case1: If § € V(I)\{a} suchthat 28 = 1and nf #
n, then @ and § are adjacent vertices in I by Lemma
2.1.

Case 2: Let § € V(ID\{a@} such that 28 =2 and
nP # n. If there exists t € X;, suchthat 2 <t <n
and tf = 1, then there exists y € T,, such that xy =
lforl<x<n-—1andny=t.Soye€V() and
there is a path in " such that § — y — & by Lemma
2.1. Othercase, we have 28 = 2, nff =1 and tf #
1for2 <t <n-—1since |1871| > 2. There exists
p €T, such that xp =1 for 1<x<n-1 and
np =n,n € T, suchthat3n = 2andxn = 1forx €
X, \{3}. Then thereisa pathin T suchthat § — p —
n — a by Lemma 2.1.

Case 3: Let f € V(ID\{a@} such that 28 =1 and
nf = n.Thenthereexistsk € X, suchthatl <k <
nand k € Im(pB). Let A € T;, such that kA = 2 and
xA =1 forall x € X,;\{k}, T € T,, such that 3t = 3
and xt = 1 for all x € X,,\{3}. Then we have 1,7 €
V(T). If k # 2, then there is a path in ' such that
[ —A—a by Lemma 2.1. If k = 2, then there is a
pathinI'suchthat f — A1 — 1t — @ by Lemma 2.1.
Case 4: Let f € V(ID\{@} such that 28 =2 and
nf=n. Let A={x € X,\{1}|xf =1} and B =
{x € X,|x € Im(B)}. Then it is clear that A # @,
B+0, 2¢A and n¢ B. Let k =mind and t =
maxB. We have k # n and t # 2. Moreover, we
have t = k from definition of D,,. Let u € T,, such
thattu = kand xu = 1forallx € X,,\{t}. Thenu €
V(I') and there is a path in " such that § — u — & by
Lemma 2.1.

Thus, I is a connected graph forn > 4.

Lemma 3.2 diam(I") = 4 forn = 4.

Proof: For n>4, let a,f € V() and a,f be
different vertices. First of all, we will show that
dr(a,B) < 4.If @ and B are adjacent vertices in T,
then dr(a, ) = 1. Suppose that @ and f are not
adjacent vertices in I'. Let

A = {x € X;\{1}|xa =1},
B = {x € X,|x ¢ Im(a)},
C={xeX,\{1}Ixp =13,
D = {x € X,|x & Im(B)}.
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Let k; = minA, t; = maxB, k, = minC and t, =
maxD. Lety € T,, suchthatt;y = k;andxy = 1for
all x € X,\{¢t,}. Let p € T}, such that t,p = k, and
xp =1 for all x € X,\{t,}. We have t; >k, t, =
k, and it is clear that y, p € V(I'). Moreover, a and
y are adjacent vertices in I, similarly 8 and p are
adjacent vertices in ' by Lemma 2.1. If k; # t, and
k, # t; then ¥ and p are adjacent vertices in " by
Lemma 2.1 and so dr(a, f) < 3. Let k; = t,. Then
we have ki =k, since t, = k. If t; =k, =k,
then p =y and so dr(a,f) < 2. If t; > ki =k,
then there exists r € X,,\{1, t1, k;} since n = 4. Let
A €T, such that rA =7 and xA =1 for all x €
X, \{r}. Then 2 € V(T') and there is a path in I such
that a—y—A1—p—pLF by Lemma 2.1 and so
dr(a,B) < 4.I1ft; = kq > k,, then there exists r €
X, \{1,kq,k;} since n=> 4. Let u €T, such that
ru=r and xu =1 for all x € X,\{r}. Then pu €
V(I") and there is a path in [ suchthata —y — u —
p — B by Lemma 2.1 and so dr(a, ) < 4. Llett; >
ki >k, and n € T, suchthatt;n = k,andxn =1
for all x € X,\{t1}. Then n € V(I') and there is a
path in I' such that « —y —n — p — by Lemma
2.1 and so dr(a, B) < 4. If t; = k,, then we have
similar case. So if a, § € V(I"), then dr(a, B) < 4.
Let a; € T;, such that 3a; = 1 and xa; = x for all
x € X,\{3}, a, €T, such that la, = 2a, =1,
3a, =2 and xa, = x for all x = 4. Then a4, a, €
V(T). Moreover, a; and a, are different vertices
and they are not adjacent vertices in I'. a; has only
one adjacent vertex which is y; € V(I'), 3u; =3
and xy; = 1forallx € X,,\{3}, similarly a; has only
one adjacent vertex which is u, € V(I'), 3u, =2
and xu, =1 for all x € X,\{3}. Furthermore, 1
and u, are not adjacent vertices and so
dr(aq,a,) = 4. Thus, diam(T") = 4 forn = 4.

Notice that if S is a commutative semigroup with
zero, then T'(S) is a connected graph and
diam(T'(S)) < 3 (Demeyer et al. 2002). However,
these results may not be correct in noncommutative
semigroups. So we have showed that I'(D,,) is a
connected graph for n = 4. Moreover, we have
proved that diam(I'(D,)) = 4 forn = 4.

Lemma 3.3 gr(I') = 3forn = 4.

Proof: It is clear that gr(I') = 3 since I is a simple
graphforn > 4. Lletn >4 and a,f,y € V(I') such
that 2a = 2, xa =1 for all x € X,\{2}, 38 =3,
yB =1 for all y € X;\{3}, 4y = 4, zy = 1 for all
z € X, \{4}. Then there exists a cycle in I which is
a—pB—y—a.Sogr(l') =3 forn > 4.

To find vertex degree of any vertex in T', we will
define functions associate with vertices. Let a €
v({), A=X,\Im(a)={ay,ay..,a}, la’1=
{1=>b4,by,...,b.} with 1 =b; <b, <--<b,. If
a; € A,thena; = b, orthereexistsj € {1,2,...,n —
1}and b; < a; < bj44. Let f: X, = X, such that

() fa =
1, if x € Im(a)
j, if x ¢ Im(a) and b; < x = a; < bj4q
r, if x € Im(a) and x = a; = b,.

Theorem 3.4 Let n>4 and a € V(I'), A = X,,\
Im(a) = {a,ay, ..., ar}, la7l={1=
bl'bZ' ""bT} with1 = bl < b2 < < bT' Then

(1_[ ifa> -1, if Im(a) € 1la™t

i=1

degr() = ( n

nif“> -2, if Im(a) € 1a™ L.

=1

Proof: Let n >4 and a € V(I), A = X,\Im(a) =
{a;,ay,...,a;}, la™'={1=by,b,, .., b} with
1=by<b, < <b,.Let f€V(), @ and B be
the adjacent vertices in T. If Im(a) € 1a™?, then
a? #+ 6 by Lemma 2.1. We have x3 = 1 for all x €
Im(a), thus |17 > 2. If x € Im(«), then xf €
la~landxfB < x.Ifx ¢ Im(a), thenx = q; for1 <
i < k. So, it is clear that we have (a;)f, different
choices for xf8 where x € Im(a). However, we have
B € T with those choices. If we take xf = 1 for all
x & Im(a), then B = 6. So, if Im(a) € 1a™%, then
degr(o) = ([T ify) — 1. If Im(a) € 1a™?, then
we have a? = 6 by Lemma 2.1. Moreover, we have
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similar proof for this case. So, if Im(a) € 1a7},
then degr(a) = ([T, if,) — 2 since a® = 6.

let n=>4 and a€V({), A=X,\Im(a)=
{a,,a,,...,a;}, la t={1=by,b,, .., b} with
1=0by < b, << b,.We have |A| <n — 2 since
|Im(a)| = 2, moreover we have 2<r<n-1
since a €T". So, if, <i for 1<i<n-—1 and
nf, <n— 1sincer < n — 1and the definiton of f.
It can be if, # 1 at most n — 2 different elements
in X, since |Im(a)| = 2. Thus, for the maximum
degree we take 1f, =1, 2f, =1, if, =ifor3 <
i <n—1 andnf, =n— 1.Inthis case, we have

a? = 0 and so degr(a) = (Q (n— 1)) - 2.

Moreover, it is clear that

(@.(n—1))—2><@.(n—1))—1

2

for n = 4 and k = 3. Thus, a is the unique vertex
which has maximum degree in . Let

then degr(B) =1. So we have the following
corollary.

Corollary 3.5 If n > 4, then

A(T) = (@.(n— 1)) —2

and 6(T") = 1.

Theorem 3.6 For n >4, w(l) =r"" —1for2 <
r<n-—1.

Proof: Letn >4 and X, = {1,2,...,r}for2 <r <
n—1. Let

A={aeV@|la"! 2 X, and Im(a) € X, }.

If « € A, then we have Im(a) € X, € 1la™ 1. Let
a,B €A and a # 8. Then we have Im(a) € X, €
1871 and Im(B) € X, € 1la! and so @ and 8 are
adjacent vertices in T'. If G be an induced subgraph
of T induced by the vertex set A, then G is a
complete graph. Moreover, it is clear that |A| =
r™"~" — 1. Thus, we have w(T) = r"" —1 for 2 <
r<n-1.

For any graph G, it is known that x(G) = w(G)
(Chartrand et al. 2009). So we have the following
corollary.

Corollary 3.7 For n>4, y(IN =2r* " —1for2 <
r<n-—1.

Example 3.8 Let ' =T'(D,). Then T is a connected
graph, V(I') = 17, diam(T") = 4, gr(l') = 3,A(T) =
7,8(IN =1, w(I") = 3 and y(I') = 3. Moreover, T
is isomorphic to following graph.

vt

V16

U1s

Figure 4. T'(D,).

4, Conclusion

In this study, we find the set of left zero-divisors,
right zero-divisors and two sided zero divisors of D,
for n=2. It known that D,
noncommutative semigroup for n = 3. We define a

is well is a
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graph associated with D,, which is called zero-divisor
graph of D,, and it is denoted by I'(D,,). One can see
that T'(D,) is a null graph and T['(D3) is not a
connected graph. We have introduced I'(D,,) for
n=4.
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