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Abstract

The purpose of this document is to develop some of the basic theory of the multipliers
algebra of dual BCK-algebras. In this study we demonstrate the concept of left bi-
multiplier and right bi-multiplier of dual BCK (DBCK-algebra) algebras. Several
examples and results pertaining to these multipliers on DBCK-algebras are developed
based on these definitions. Then we study the characteristics of the bi-multipliers on
DBCK-algebras and obtained some properties of DBCK-algebras. We focused on the
behavior of the elements of DBCK-algebras under the concept of left bi-multiplier and
right bi-multiplier of DBCK-algebras. We also characterize Kera(X) and Fixa(X) by bi-
multipliers on DBCK- algebras. We describe some elementary related properties of these
sets.
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DBCK-cebirlerinin bazi ¢arpanlari

Oz

Bu ¢alismanin  amact DBCK-cebirlerinin ¢arpanlarinin  bazi temel teorilerini
gelistirmektir. Bu c¢alismada DBCK-cebirlerinin sol ikili-carpanlari ve sag ikili
carpanlart tamitilmigtir. Bu tamimlardan yola ¢ikarak DBCK cebirlerinde bu ¢carpanlara
iliskin ¢esitli ornekler ve sonuglar gelistirilmistir. Sonrasinda DBCK-cebirleri tizerinde
ikili ¢arpanlarin iligili karakteristik ozellikleri ¢alisiimis ve bazi ozellikleri elde
edilmistir. DBCK-cebirlerinin elemanlarinin DBCK-cebirleri iizerinde sol ikili-
carpanlart ve sag ikili ¢arpanlart altinda goriintiileri ¢alisilmistir. DBCK-cebirileri
tizerinde Kera(X) ve Fixa(X) kiimeleri DBCK-cebirleri iizerinde iKili-carpanilar aracilig
ile tamimlanmistir. Bu kiimelerin ilgili bazi temel ozelliklerine yer verilmistir.
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1. Introduction

The notion of MV-algebra was invented by Chang [1] to provide an algebraic proof of the
completeness theorem of infinite valued Lukasiewicz propositional calculus. The
algebraic theory of MV-algebas was deeply studied by [2-5]. The notion of DBCK-algebra
which is an algebraic system having as models logical systems equipped with implication
was introduced by K. H. Kim and Y. H. Yon [6] in 2007. They introduced some
characteristics of dual BCK-algebras and MV -algebras, and proved that the MV -algebra
is coincided to the bounded commutative dual BCK-algebra. It was also studied and
generalized in [7].

A partial multiplier on a commutative semigroup (A,.) was introduced by Larsen [8] as a
function F from a nonvoid subset Dr of A into A such that F(x).y=x. F(y) for all x, y in
De. The concept of multiplier for distributive lattices was defined by Cornish [9]. For a
distributive lattice multipliers are used to give a non standard construction of the maximal
lattice of quotients [10]. In this study, we establish the notion of left bi-multiplier and
right bi-multiplier of dual BCK (DBCK- algebra) algebras to study the properties of the
bi-multipliers on DBCK-algebras. We characterize Kera (X) and Fixa (X) by bi-
multipliers on DBCK -algebras.

2. Preliminaries

Definition 2.1. [6] A DBCK-algebra is an algebraic system (}, =», 1) that has the
following axioms for every x,y, z € V-

DBCKL (x> y) > (Y 2 2) > x> 2) =1,

DBCKZx = (x> Y) > y) =1,

DBCK3.x = x=1,

DBCK4.x=xpy=1landy = x=1implyx =y,

DBCK5. x 3 1 =1.

A DBCK-algebra is a poset with the binary relation < defined by x <y if and

only if x=»y=1.and 1 is the greatest element.

A (meet-) semilattice with a binary operation” =»”’that has the following axiom is
called a Heyting semilattice (or implicative semilattice):

H.zAax<yifandonlyifz<x = y.
Proposition 2.2. [6] A DBCK-algebra } satisfies the properties given below for
every x,y,zey:

D x>y=D>z)=y=>(X=D2),
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(2)y<x Dy

(3)x<yimpliesz=Px<z=dyandy D z<x =Dz,

(4) x <y =»zimpliesy <x = z,

(5) 1 =>» x=x.

G)XDy<(y=>z)=> (XD2)

(7)x<(xDy)Dy,

B)XDy<zDX)D (DY),

O (xDY)DY)Dy=xDy.

(x = y) =» yis an upper bound of x and y in a DBCK-algebra } by (2) and (7).

If there exists an element 0 in  where 0=%»x=1 for all x ¢ J/, a DBCK-algebra (Y},
=», 1) is defined as to be bounded. The element x=»0 will be denoted by x" and
x"=(x")"for any element x in a bounded DBCK-algebra V. In implicative algebras,

implications generate the complementation. Here x=»0= x" means that =» induces

Proposition 2.3. [6] A bounded DBCK-algebra has the properties given below x,y
ey:

(1)1*=0and 0" =1,

(2) x <x™ and x™ = x",
R) xDy<y" =X

(4) x <y implies y* <x",

B) x Dy =y=>»x".

A DBCK-algebra Y is said to be commutative if it satisfies (x =» y) 2y = (y =&
X) = x forevery x,y € J.

Proposition 2.4. [6] A bounded commutative DBCK-algebra } has the properties
given below for every x,y e V-

(1) Vis alattice with xvy=(x = y) 2 yandx Ay = (X"vy")"

(2) x =x™,

@) xDy=y" X"

3. Multipliers of DBCK-algebras

Definition 3.1. Let |/ be a DBCK-algebra. A left bi-multiplier of { isamap”:
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x Y — Y satisfying the properties given below: vx,y,z ¢V,
(L1) 7 (xz, y) =x " (2, y),
(L2) *(x y) =y (x 1)
A right bi-multiplier of YVisamap ¥: V x ¥V — V satisfying the properties
given below: vx,y,zeY,
(R1) ¥(x,yz) =y ¥ (x,2),
(R2) 7 (x,y) =x ¥ (1,y).

Lemma 3.2. Let  be a left-multiplier of a DBCK-algebra }. Then it satisfies the
undermentioned for all x,y,ze -

1) *@Ly)=1

(2) x<#(xy),

(3) * (xz, y) =" (yzx),

4) " (xy.y) =1,

(5)  (x,x) =1.

Proof. (1) # (1,y) =% (X (L y)Ly)="(Ly) ¥ (L y)=1VvyeY,

(2) x * (x,y) =% (xx,y) = (1,y) =1 vx, y € ¥, by (L1) and (1) of this lemma,
hencex < (x, y).

@) ¥ (xz,y) =y ¥ (xz, 1) =y(x ¥ (z, 1)) =y ¥ (z,X) =¥ (yz,X) VX, y, 2 ¢ }, by (L2)
and (L1).

(4) * (xy,y) = * (yy,x) = ¥ (1, x) = 1 VX, y € }, by (3) of this lemma.

(5) # (x,x) = ¥ (1x, X) = 1 Vx € V, by (4) of this lemma.

Lemma 3.3. Let * be a right-multiplier of a DBCK-algebra }. Then it satisfies the
undermentioned for all x,y,ze J:

1) (. 1)=1,

(2) y < (x,y),

(3) 7 (x, yz) =% (y, x2),

(4) * (x,yx) =1,

(5) * (x, x) = 1.

Proof. (1) Forally e /.  (y, ) = (y, * (L,y) ) = * (v, 1) * (v, 1) = L.
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(2) Forallx,yeV,y” (x,y) = % (x, yy) = * (x, 1) = 1 by (R1) and (1) of this
lemma, hence y < (x, y).

() Forallx,y,zeV,  (x,yz) =x* (1, yz) =x(y * (1,2)) =x * (y, 2) = * (y, x2)
by (R2) and (R1).

(4) Forallx,y e ¥, 7 (x, yx) = (yy, X) = * (1, X) = 1 by (3) of this lemma.

(5) Forallx e ¥, * (x, x) = # (1x, x) = 1 by (4) of this lemma.

Example 3.4. (1) Let } be a DBCK -algebra. If we defineamap *: |V x ¥V — Vhy
(xy)=a(yx)

for everyx, y € Yand some a € ¥, then ¥ is a left-multiplier of V. In fact, we have

(xy,z)=a(z(xy) =ax(zy) =x(a(y)=x"(yz), and

xy)=a@yx) =y@)=y@lx) =y’ (x1).

(2) Let | be a DBCK -algebra. If we defineamap *: VY x YV — YV by # (x,y) =a

(xy)

foreveryx,y e ¥ and some ac Y, then * is a right-multiplier of V.

Definition 3.5. Let 7 be a left-multiplier of aDBCK -algebra V. Fix a€ | and define
aset F (V) by Fa(y):= {xeylz(x,a) =X} forall x € }.

Lemma 3.6. Let 7 be a left-multiplier of aDBCK -algebra V. If x e V, y € F,(})
thenx Dy e F,(}).

Proof. Let x € V, y € Fa (V) and by using the definition of left-multiplier of a
DBCK -algebra | we have 7 (X = y,a) =X 7 (y, @) =X & Y. Therefore, X D Y ¢
Fa(p)-

Lemma 3.7. Let * be a left-multiplier of a DBCK -algebra }. If Y ¢ F,(})thenX V
y € Fa(y) for a bounded commutative DBCK-algebra V.

Proof. Let y € Fa(y) and by using the definition of left-multiplier of a DBCK-
algebra Ywe have ¥ (x vy,a) = * (x> y) P y,a) = (X D y) > ¥ (y,a) = (x

= y) & y = xVy. Therefore,x vy e F,(}).

541



AYAR OZBAL ., YON H.Y.

For the rest of the study it is assumed that * is a left-multiplier of a commutative

DBCK- algebra } unless the contrary is mentioned.

Lemma 3.8. Forany x,y € V,ifx <y and x € F,(}) theny ¢ F,(})-

Proof. Let X, y be any elements in } where x <y and x ¢ F,(}) then
*a="1dya="*((xDy)Dya="(y 2N DIxa)=@yDIx >~
X, a)=(=PX)DPx=y.

So,yeF, ().

Let | be a DBCK -algebra. A nonempty subset A of V is said to be * -invariant if
X (A, A) € Awhere * (A, A) = {7’ (x, X) |[x € A}.

Lemma 3.9. Every filter T is *-invariant.

Proof. Let y € (T, T) theny = * (x, z) for some x,z ¢ T. We have x <% (x, 2)
from Lemma 3.2 (2). So, x" — * (x, z) = 1. Since T is a filter, we have * (x, z) €

T. So, y € T. Therefore, T is *-invariant.

Lemma 3.10. ¥ (XVYy,z) =% (X, z) V % (y,z) and ¥ (X Ay,z) = » (X, Z) A ¥ (Y, Z) for

a.” X, yizfy'

Proof. Letx,y,zeV.

In that case

X (xvy,z) =% (X" vy™ z)

=X ((x"AYy) " 7)

=% ((x"Ay") > 0,2)

= (x"Ay") > % (0,7)

=" #0,2) vy > *(0,2)
=X (x"»0,2)v¥(y" 2 0,2)
=% (x™ )V (y™ 1)

=X )VH(y, 1)
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We can prove the case of meet in the similar way.

Lemma3.11. * s isotone left-multiplier, that is if x; <x, then * (x;,z) <* (x,,

z), foreveryzey.

Proof. Let X; <X,. Then X (X,,z) = (X,V X5, 2) = (X1, 2) VX (X, 2) forall z e Y.

This implies that * is isotone.

Definition 3.12. Let 7 be a left-multiplier of a DBCK-algebra }. Fixa € Y and
define a set Ker,(}) by Kery(y): = {x€ y|r(x,a) =0} forall x € }.

Lemma 3.13. Let # be a left-multiplier of a DBCK-algebra }. If y € Kera(}) and
x€ Y'then x Ay e Kera(}).

Proof. Let y € Kera(}). Then * (x, a) = 0.

X (x Ay, @)= (x, a) A" (y,8) =0A% (y,a) = (Av[* (v, a)]") "= (1 > [* (. a)]")
=2 [* (y,a)]") " =1"=0forall x e X. This impliesx Ay € Kera(}).

Lemma 3.14. Let # be a left-multiplier of a DBCK-algebra }. If x € Kera(}) and
y <xtheny e Kera(}).

Proof. Let x € Kera(}Y)and y <x Then * (x, a) = 0and y = x = 0. Hence

oy, @)= (xAy, )= (y, ) A (x, @) =7 (y,Q) A0= (¥ (y, @) "v1)" = ((* (v,a)
"3 1) 1)" =0.

This impliesy ¢ Kera(})-
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