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Abstract: In this study, the 2D steady-state seepage analysis of  the dam body and its base is investigated using the m nite element 
method (FEM) based on Galerkin’s approach. The body and foundation soil is considered as homogeneous isotropic and anisotropic 
materials and the eff ects of  horizontal drainage length and the cutoff  wall on seepage are investigated. The diff erential equation 
governing the response of  water in the soil is obtained with the help of  Darcy’s law and continuity equations. A program has been 
prepared in Fortran programming language to m nd the hydraulic load, pressure values and phreatic line pressure values   at the points 
inside the dam body and the quantity of  seepage on the bottom of  dam. It has been shown that the obtained values   are in good 
agreement by comparing them with the results of  existing studies in the literature.
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compared it with all other Ĕ ow calculation methods. Çe-
lik [5] performed a two-dimensional seepage analysis on 
the Ikizdere Dam body cross-sections with the Seep/W 
program. In the selection of the material parameters of 
the model entered into the program, the laboratory test 
results presented in the project sheets and the literature 
were used. Sağlıca [6] wrote a program that performs 
seepage analysis with the đ nite diff erence method (FDM) 
and compared the values found as a result of the analysis 
with the results obtained by other methods. Darbandi et 
al. [7] developed A Moving-Mesh đ nite volume method 
(FVM) that can solve the seepage problem in arbitrary 
geometries. Rađ ezadeh and Ataie-Ashtiani [8] improved 
the three-dimensional boundary element solution based 
on the transformation approach for the analysis of seep-
age in a multi-domain general anisotropic media. Ouria 
and Touđ gh [9] used the FEM based on Nelder-Mead 
simple optimization and the changing mesh technique 
to solve the unconđ ned seepage problems. El-Jumaily and 
Al-Bakry [10] examined the seepage analysis through and 
underneath the hydraulic structures together without di-
viding the structure into parts, and then analyzed it with 
the FVM using rectangular elements separately for each 
of the parts. Mesci [11] investigated the methods used 
to determine the seepage occurring in the dam bodies 
and calculated the total seepage amounts by determin-
ing the Ĕ ow of water in the dam body with these meth-

1. Introduction
As with many engineering problems, the state and move-
ment of water in the body and foundation ground of im-
pounding dams need to be analyzed. Seepage; It is the un-
controlled, unmeasurable continuous movement of water 
accumulated in the upstream part of the dam towards the 
downstream part. Seepage in the bodies of the dams caus-
es water loss from the reservoir, as well as erosion in the 
đ ll, causing piping to occur. ă is situation causes damage 
to the dam’s body and may even cause the dam to collapse. 
For these reasons, seepage problems in the dam body and 
its foundation continue to be a current issue and are be-
ing investigated by many researchers. Ardıçlıoğlu [1] used 
the FEM for the analysis of the 2D steady-state seepage 
analysis of the embankment dam body and calculated 
the pore water pressures of the element nodes in the Ĕ ow 
regions and the seepage rate through the unit width of 
the embankment. Keskin [2] studied the potential and 
velocity distributions of various sheet piles, spillways, and 
earth-đ ll dams in the body and bottom of the seepage in 
two dimensions using the FEM. Çilingir [3] investigat-
ed the seepage in the body of Büyükçekmece dam, which 
was chosen as a mathematical model, by using the FEM 
and the Geo-Studio computer program. Fakhari and 
Ghanbari [4] developed a new formula to đ nd the total 
amount of seepage through a clay core dam body and 
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ods. Çakır [12] sophisticated a numerical model for the 
two-dimensional groundwater Ĕ ow using the collocation 
method. For the purpose of comparison, they prepared 
a MATLAB program with the FDM. õuanshu and Ji-
anjun [13] adopted a numerical simulation method for 
leakage analysis and investigated the inĔ uence of core and 
other factors by comparing the leakage area under dif-
ferent conditions. Mansuri and Salmasi [14] focused on 
the eff ectiveness of using horizontal drainage and cutoff  
wall in reducing seepage Ĕ ow from a heterogeneous earth 
dam. For this purpose, they investigated the eff ect of var-
ious horizontal drainage lengths and shear wall depths 
on seepage under the earth dam at diff erent locations of 
the foundation. Sakhmarsi et al. [15] investigated the in-
Ĕ uence of cutoff  wall depth, position, and permeability 
properties on seepage in the homogeneous earth-đ ll dams 
using SEEP/W computer soĕ ware. Yuan and Zhong[16] 
used the weak-form quadrature element method for the 
analysis of three-dimensional unconstrained seepage 
problems. Zhang et al. [17] proposed a moving kriging 
mesh-free method with Monte Carlo integration to deter-
mine the phreatic surface while investigating the seepage 
analysis. Khassaf and Madhloom [18] found the quanti-
ty of seepage that occurs in soil dams with the eff ect of 
changing the core permeability and the core thickness of 
a core region by using the FEM SLIDE V.5.0 soĕ ware. Ze-
wdu[19], calculated the amount of the seepage occurring 
in the Koga earth-đ ll dam body and foundation using 
the đ nite element-based PLAXIS 2D soĕ ware. Taghvaei 
et al. [20] prepared numerical modeling of earth dam in 
diff erent clay-sand compositions using SEEP/W soĕ ware 
and validated it with experimental results. In their paper, 
Doaa and Molla [21] aimed to determine the eff ect of the 
existence of the sheet pile as well as its height and location 
on the total seepage discharge and velocities through the 
dam’s cross-section. Sanayei and Javdanian [22] developed 
a new analytical solution for steady seepage from dams 
with nonsymmetric boundary conditions. Non-sym-
metrical boundary conditions for two-dimensional cases 

were created in dams with diff erent unit step functions 
in the downstream part of the dam plane. Salmasi et al. 
[23] used the FEM to investigate the eff ect of the cutoff  
wall and downstream đ lters on seepage events occurring 
at the dam foundation and veriđ ed the experimental data 
with numerical modeling. Kheiri et al. [24] calculated the 
seepage under clay core embankment dams using the đ -
nite element based SEEP/W program and demonstrated 
the accuracy of their results by comparing them with the 
physical modeling results.

Preventing seepage in dam bodies is very diffi  cult and 
requires great economic costs. For these reasons, it is 
important to calculate the amount of seepage that 
will occur by carrying out detailed research and stud-
ies during the design phase before the dam construction 
starts. In this study, the 2D steady-state seepage analysis 
of the embankment dam body and its base will be exam-
ined by the FEM. As it is known, the FEM is a numerical 
method used in the solution of engineering problems, es-
pecially in recent years, due to its many advantages [25-
29]. ă e main purpose of this paper is to demonstrate the 
eff ective and easy usability of the FEM based on Galer-
kin’s element approach in seepage problems in isotro-
pic and anisotropic soil mediums. For the suggested 
models, a computer program is coded in Fortran for 
the steady-state seepage analysis. With the aid of the 
written program, diff erent types of seepage problems 
can be solved effi  ciently and accurately.
2. MATHEMATICAL FORMULATIONS
2D steady-state seepage in a permeable, anisotropic soil 
(Figure 1) is expressed by the following partial diff eren-
tial equation with the help of Darcy’s law and continuity 
equations [30]. 

2 2

2 2
0x y

h h
K K

x y

 
 

     
(1)

where, Kx and Ky are the coeffi  cients of hydraulic conduc-
tivity in the x and y direction, h is the total hydraulic head.

Figure 1. Flow of water through saturated pervious soil beneath a hydraulic structure
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 It is the sum of the elevation head and the pressure head 
as stated in the eq. (1). ă e velocity head is ignored due to 
the very slow movement of the water in the ground.
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(2)

ă e partial diff erential form of eq. (1) is written in inte-
gral form by applying the weighted residuals method as 
follows:
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 Eq. (4) is obtained by the application of the partial inte-
gration to eq. (3).
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In these expressions, the second part represents the 
boundary conditions,   represents the boundary of the 
element, xn and yn  are components of the unit vector, q 
is the inĔ ow or the outĔ ow of the unit boundary surface 
and is the integration variable along the boundary in 
the counterclockwise direction.

In the Galerkin method, the variation of the hydraulic 
load is taken into account as weight functions.

h     (5)
Equation (6) is obtained by substituting the weight func-
tions in eq. (4).
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FEM is one of the eff ective numerical methods. ă is ap-
proach divides the problem domain into several elements 
with limited sizes and gives approximate solutions for 
the nodes of the system. In this study, an isoparametric 
8-noded serendipity element is used in the formulation. 
ă e hydraulic heads at any point of the element are given 
in eq. (7).

      

1

2

3

4
1 2 3 4 5 6 7 8

5

6

7

8

       

h

h

h

h
h N N N N N N N N N

h

h

h

h

 
 
 
 
 
    
 
 
 
 
 
    

(7)

where is  N  the matrix of shape functions and     is 
the element hydraulic heads. ă e coordinates of any point 
in the quadratic element are given below depending on 
the shape functions.
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(8)

where ix  and iy  are the coordinates of a node. For iso-
parametric elements, the geometric shape functions and 
interpolation shape functions are the same. ă e hydraulic 
head at any point of the element can be calculated with 
the help of element node loads depending on the shape 
functions.
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Substituting Eq. (7) into Eq. (6)  gives the following equa-
tion
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Eq. (10) is based on the hydraulic head gradient vector 
and can be given as follows:

 

 

      

Nh

x x
gv B

h N
y y

  
                        

(11)

Accordingly, the hydraulic head variations are expressed 
as follows.
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Substituting of eqs. (11-12) into eq. (10) leads to,
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ă e simpliđ ed form of eq. (13) is given as: 
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where  K   is the conductivity matrix.
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ă e element stiff ness matrix,  es , and the element ap-
plied Ĕ ux vector , sf , are:
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ă e general form of đ nite element equation for steady 
state seepage analysis is: 

    e ss f    (17)

where   is element hydraulic head vector. ă e value of 
 sf  is 0 (zero) at the nodes that are not on the boundary. 
In any Ĕ ow region, the global conductance matrix and sys-
tem hydraulic head vector are formed by taking the con-
tribution of the elements.

    S F    (18)

where,  S is the global conductance matrix,    is the 
system hydraulic head vector and  F  is the system load 
vector for all nodes. Under the speciđ ed boundary con-
ditions, the total hydraulic head at the nodes is found by 
the numerical solution. ă en, hydraulic gradients, Ĕ ow 
velocities, the quantity of seepage and pressure values can 
be easily calculated.

In seepage problems, boundary conditions are used to 
solve the main diff erential equation of seepage. Boundary 
conditions are related to initial conditions and diff erent 
Ĕ ow patterns of the system. ă e boundary conditions do 
not depend on time under steady-state Ĕ ow conditions. In 
this study, upstream and downstream levels are deđ ned as 
constant head boundary conditions in order to model the 
seepage through the considered dams. A seepage line may 
be formed at the downstream region of the dam. Bound-
ary conditions for seepage problems of the embankment 
dam with tailwater in the downstream region are given 
in Figure 2.

Figure 2. Seepage and boundary conditions in an embankment dam

Since the position of the phreatic surface BC in Figure 1 
is not clear, it requires an iterative solution of the đ nite 
element analysis. First of all, the free surface estimated 
seepage line is determined, and a solution is made. Aĕ er 
each iterative process,  the free surface is updated by sub-

stituting the newly computed hydraulics heads to the old 
coordinates of the free surface. ă ese processes are repeat-
ed until the error is the convergence criterion [31]. 
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2. Numerical Examples and Discussion
In this section, seepage analysis of dam bodies and foun-
dations with diff erent geometries and material properties 
has been studied. Element stiff ness matrix and hydraulic 
head vector are calculated by the Gauss-Legendre numeri-
cal integral method. Several types of seepage problems are 
investigated with the programs written in Fortran using 
the FEM [32].

Example 1
Firstly, time indepented seepage phenomenon has been 
investigated in the homogeneous isotropic đ ll dam body. 
ă e material and geometrical properties are given in Fig-
ure 3. 

Figure 3. Geometry and material properties of the dam

ă e seepage value passing through the đ ll dam body, 
calculated by the FEM based on Galerkin’s approach, is 
being compared with the results present in the literature 
in Table 1. It can be seen that the results are in a good 
agreement.

Table 1. Seepage rate per unit width of the dam (m3/s/m) 

Ardıçlıoğlu [1] Flow Net Method [1] Present Study
  6.9803x10-5                            6.8572x10-5     6.8478x10-5

 

To perform the calculations, the seepage region is divided 
into 40 đ nite elements (149 nodes). ă e hydraulic head 
and pressure values of the embankment dam at the nodes 
indicated on Figure 4 are calculated and presented in Ta-
ble 2.
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Figure 4.  Finite element model of the dam

From Table 2, it can be clearly seen that the highest hy-
draulic head and pressure load values are in the region of 
the upstream part close to the foundation.

Example 2

Figure 5. Geometry and material properties of the dam

ă e seepage quantity of dams in diff erent situations with 
isotropic and anisotropic đ lling material properties are 

calculated and given in Table 3. ă e geometric properties 
of the dam are given in Figure 5. 

Table 3. Seepage rate per unit width of dams with different soil 
properties (m3/s/m) 

Permeability Coeffi  cient (m/s) Present Study

Case 1

84.5  10xK x 
71.060903  10x 

84.5  10yK x 

Case2

81.6  10xK x 
70.3974995  10x 

84.5  10yK x 

Case 3

84.5  10xK x 
71.001256  10x 

81.6  10yK x 

 

In Table 3, where diff erent soil conditions are compared, 
it can be seen that the permeability coeffi  cient in the x di-
rection is more eff ective on seepage. 

Example 3
For the embankment dam with anisotropic material (Fig-
ure 6), with horizontal drainage at the downstream part 
of the body, the unit width seepage rate has been calculat-
ed. ă e eff ect of the drainage length on the seepage has 
been investigated. ă e results are presented in Table 4.

Table 2. Hydraulic head and pressure load values of the dam

NODE
X

(m)
Y

(m)

HYDRAULIC 
HEAD
 (m)

PRESSURE 
HEAD

(m)
NODE

X
(m)

Y
(m)

HYDRAULIC 
HEAD (m)

PRESSURE
HEAD

(m)

1 0.000 0.000 45.000 45.000 91 128.750 15.938 32.685 16.747

2 10.500 0.000 44.998 44.998 97 67.500 33.750 45.000 11.250

3 21.000 0.000 44.966 44.966 98 74.100 32.287 44.412 12.125

19 189.000 0.000 10.084 10.084 99 80.700 30.825 43.502 12.677

20 199.500 0.000 4.712 4.712 105 120.300 22.050 35.033 12.983

21 210.000 0.000 0.000 0.000 106 126.900 20.588 33.348 12.760

22 11.250 5.625 45.000 39.375 107 133.500 19.125 31.582 12.457

23 30.950 5.137 44.889 39.751 115 186.300 7.425 11.741 4.316

31 188.550 1.237 10.332 9.095 116 192.900 5.963 8.038 2.075

32 208.250 0.750 0.750 0.000 117 199.500 4.500 4.500 0.000

33 22.500 11.250 45.000 33.750 118 78.750 39.375 45.000 5.625

34 31.700 10.762 44.928 34.165 119 90.650 35.963 42.789 6.826

35 40.900 10.275 44.759 34.484 127 185.850 8.663 12.003 3.340

51 188.100 2.475 10.589 8.114 128 197.750 5.250 5.250 0.000

52 197.300 1.987 5.764 3.776 129 90.000 45.000 45.000 0.000

53 206.500 1.500 1.500 0.000 130 95.300 43.003 43.004 0.000

73 108.200 14.700 37.478 22.778 131 100.600 41.001 41.001 0.000

74 116.100 13.725 35.690 21.965 147 185.400 12.300 12.300 0.000

75 124.000 12.750 33.775 21.025 148 190.700 9.650 9.650 0.000

90 114.250 18.375 36.283 17.908 149 196.000 6.000 6.299 0.000
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Figure 6. Geometry and material properties of the dam with horizon-
tal drainage

Table 4.  Seepage rate per unit width of dams with horizontal drain-
age of different lengths (m3/s/m) 

Horizontal Drain Length, 
b (m)

Sağlıca [6] Present Study

15.5 71.000 10x  71.023 10x 

18.0 - 71.041 10x 

21.0 - 71.058 10x 

25.0 - 71.106 10x 

Table 4 presents that the amount of seepage per unit width 
increases as the horizontal drainage length increases.

So that the rate of seepage increase for the length of the 
horizontal drains with 15.5, 18.0, 21.0 and 25.0 meters are 
2.17%, 3.97%, 5.67% and 10%, respectively.

Also, for the horizontal undrained (Case 3) and horizon-
tally drained embankment dams with anisotropic mate-
rial, the location of the phreatic line is determined and 
shown in Figure 6.

Figure 7. Phreatic line of the dam

It can be seen in Figure 7, that the seepage line in dams 
with horizontal drainage is inside the dam body and it 
cannot cause any possible damage to the downstream re-
gion due to piping.  ă is result demonstrates the impor-
tance of using the horizontal drains to control the posi-
tion of the phreatic line for the stability of earthen dams.

Example 4
In this example, the seepage amount has been calculated 

for the rectangular dam body with water in the down-
stream region. ă e geometric and material properties are 
given in Figure 8. ă e results obtained in this section are 
given in Table 5 and compared with those of Parsi and 
Daneshm [33] and Parsi [34]. ă ey [33, 34] examine the 
position of the phreatic surface, which is unknown at the 
beginning of the solution and must be determined in an 
iterative process, with diff erent theories.

Figure 8. Geometry and material properties of the dam

In comparison with the current literature, it is seen that 
the seepage results given in Table 5 are in excellent agree-
ment. 

 Table 5. Seepage rate per unit width of the dam (m3/s/m) 

Parsi and Daneshm [33] Parsi  [34] Present Study

9.60 9.64 9.61

Example 5
ă e value of the seepage discharge through the founda-
tion of the dam is calculated and given in Table 6. ă e 
geometric properties of the dam are illustrated in Figure 
9. It has been seen that the results of the suggested ap-
proach are quite close to the result found in the literature.

Table 6. Seepage rate per unit width of the dam foundation (m3/s/m) 

Mansuri  [35] Present Study

57.7015 10x  57.6502 10x 

   

While performing the calculations, the seepage region 
has been divided into 1250 đ nite element elements (3901 
nodes). ă e hydraulic head and pressure values of the dam 
are calculated and shown in Table 7 at the points of the 
foundation ends and the middle (1,50,1200,1250) and the 
two elements (1221,1231) located under the body down-
stream and upstream region.

Several studies are carried out to reduce high upliĕ  forc-
es which is a result of water seeping when the foundation 
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Figure 9. Geometry and material properties of the dam

Table 7. Hydraulic head and pressure load values of the dam

NODE
X

(m)
Y

(m)

HYDRAULIC 
HEAD
 (m)

PRESSURE 
HEAD

(m)
NODE

X
(m)

Y
(m)

HYDRAULIC 
HEAD (m)

PRESSURE
HEAD

(m)

1 0.0 0.0 32.412 32.412 3690 20.5 24 33.279 9.279

2 0.5 0.0 32.410 32.410 3691 21.0 24 32.793 8.793

3 1.0 0.0 32.407 32.407 3709 30.0 24 26.359 2.359

99 49.0 0.0 27.520 27.520 3710 30.5 24 26.026 2.026

100 49.5 0.0 27.517 27.517 3711 31.0 24 25.847 1.847

101 50.0 0.0 27.516 27.516 3747 49.0 24 25.169 1.169

102 0.0 0.5 32.413 31.913 3748 49.5 24 25.169 1.169

103 1.0 0.5 32.408 31.908 3749 50.0 24 25.169 1.169

151 49 0.5 27.519 27.019 3750 0.0 24.5 34.912 10.412

152 50 0.5 27.515 27.015 3751 1.0 24.5 34.912 10.412

153 0.0 1.0 32.416 31.416 3770 20.0 24.5 34.137 9.637

154 0.5 1.0 32.415 31.415 3771 21.0 24.5 32.987 8.487

155 1.0 1.0 32.412 31.412 3780 30.0 24.5 25.853 1.353

251 49.0 1.0 27.516 26.516 3781 31.0 24.5 25.430 0.930

252 49.5 1.0 27.513 26.513 3799 49.0 24.5 25.085 0.585

253 50.0 1.0 27.512 26.512 3800 50.0 24.5 25.084 0.584

1873 24.0 12.0 30.198 18.198 3801 0.0. 25 35.000 10.000

1874 24.5 12.0 30.082 18.082 3802 0.5 25 35.000 10.000

1875 25.0 12.0 29.965 17.965 3803 1.0 25 35.000 10.000

1950 24.0 12.5 30.206 17.706 3841 20.0 25 35.000 10.000

1951 25.0 12.5 29.966 17.466 3842 20.5 25 33.756 8.756

2025 24.0 13.0 30.215 17.215 3843 21.0 25 32.986 7.986

2026 24.5 13.0 30.091 17.091 3861 30.0 25 25.000 0.000

2027 25.0 13.0 29.966 16.966 3862 30.5 25 25.000 0.000

3649 0.0 24.0 34.824 10.824 3863 31.0 25 25.000 0.000

3650 0.5 24.0 34.824 10.824 3899 49.0 25 25.000 0.000

3651 1.0 24.0 34.823 10.823 3900 49.5 25 25.000 0.000

3689 20 24.0 33.625 9.625 3901 50.0 25 25.000 0.000
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with high permeability is used. ă is can pose a danger in 
hydraulic structures. So, the researchers and engineers try 
to reduce this undesired situation as much as possible. 
ă us, the stability of the dam can be ensured.

Example 6
In the last example, the eff ect of the cutoff  wall shown in 
Figure 10 on the quantity of seepage from the dam foun-
dation has been investigated. An impermeable cutoff  wall 
with depths of 7, 8, 9, 10, 11, and 12 m has been installed 
at the upstream ends of the dam model. For a cutoff  posi-
tion at the upstream end of the dam, the rate of the seep-
age discharge from the foundation in the depth of 7- 12 m, 
the rate of seepage discharge reduction to the base model 
are 28.97%, 32.43%, 35.72%, 38.85%, 41.84%, and 44.69 
% respectively. From Table 8 it can be understood that the 
cutoff  wall has a signiđ cant eff ect on the seepage and the 
seepage decreases as its length increases.

Table 8.  Seepage rate per unit width of dams with cuttoff wall of 
different depths (m3/s/m)  

Cutoff  Wall Length, X (m) Present Study

0 57  .6502 10x 

7 55  .4336 10x 

8 55  .1689 10x 

9 54  .9176 10x 

10 54  .6780 10x 

11 54  .4495 10x 

12 54  .2311 10x 

  

3. Conclusion
In this study, seepage analysis of the embankment 
dam body and its foundation is investigated using the 
FEM based on Galerkin’s approach. By writing a program 
in Fortran language, hydraulic head, pressure values and 
quantity of seepage are found at the dam body and foun-
dation points.

 It has been concluded that permeability in the x-direction 
is more eff ective on the seepage amount in đ ll dams. 

ă e presence of horizontal drainage is important for the 
downstream region. 

ă e seepage rate increases as the horizontal drainage 
length increases. 

ă e cutoff  lengthens the seepage length and reduces the 
permeability seepage rate per unit width.
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